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1 . 	 IntroO.<lction 

Recently, we have constructed new integrable systems with exten
ded supersymmctry (SUSY) in two dimensions,~=2 and N24 supcrextensions 
of the Liouville equation (LE) /1-3/ These systems have been written 

in a manifestly covariant superfield form and have proved to exhibit 

a number of remarkable properties. In particular , they possess local 
internal sYlI'lTletries U(l)xU( l) (in the N=2 case) and SU(2)xSU(2) (in 
the N=4 case). By analogy with the N-O and N=1 LE 's /4/ one may ex

pect that the N-2 and Nz4 LE's are closely related to the realistic 
theories in higher dimensions: superstrings, supergauge theories, etc. , 

and may thus have nontrivial physical applications. The boso~ic sector 
of the N=4 LE contains , in addition to the ordinary (NzO) LE , the equa 
tions of nonlinear ~ -model of the Wess- Zumino type /5/. 

In the present pape~ we continue studying of the group-theoretical 

structure of the N- 2 and N=4 LE's . A common feature of the integrable 

systems is the presence of the Backlund transformat1ons (BT) relating 
to eaCh other their different solutions. Here we derive the BT'5 for 
the N=2 ,4 LE's and discuss the group-theoretical meaning of these with
in the general approach/ 1- 3/ based on the nonlinear realizations of in

finite-dimensional symmetries. In Sect . 2, the general techniques are 
illustrated by the familiar exa~les of the NsO and NEl LE's . In Sect. 
3 the BT ' s for the N-4 case are constructed and then the reduction to 

the N=2 case is performed. Besides the BT's acting among the solutions 
of a given 5uper-LE, we find the BT's to the solutions of the related 

free equations. 

2. 	 Backlund transformations as the right qauqe ahifts on coset 

spaces: the N=O and N-l cases 
The standard BT is defined 8S a family ( t -parametric in gene

ral) of transformations converting a solution of a given nonlinear 
equation to a solution of the same or other equation. These transfor

mations do not affect the space-time coordinates and operate on the 
fields and their derivatives. The BT's for N-o and N-l LEis are well 
known /6,7/. Here we reobtain them within a new method which admits a 

straightforward generalization to the N:2 and N:4 cases, 
The basic idea of constructing BT's for the NmO LE and its 8uper

extensions is to consider most general gauge t ransformations which do 
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not shift the coordinates and preserve the zero c urva ture r epr esenta 

tion 

I n. ~ U " U- (1) 

for the corresponding super-LE o We begin with t he BT relating to each 
other solutions of the N=O LE. We have s hown in /1/ t hat this equation 

results from the covariant reduction of an infi nite-dimensional coset 
space G/H to i ts fully geodesic subspace SL(2, R) /H . Here G is the con

formal group in two dimensions with the algebra 

lo ll"'..., L":. 1 =t", - """,)L"' :"'" 
{
 - - - (2)


r..t. L '" ., L_l .... ::: 0 t t"'I_=_.t,O,-4, .. . ) 

H oC. { U :: LO ... - LO_ \ is the corresponding Loren t z g r oup, and the 
group SL(2 , Rl has generators R+ =L~... "",~Li_. R_:\.:'~ ... ....t. l.04" , U (l.",'11_C'l.), 
The covariant reductio n means t hat in the d ecompos i tion 

+ 
-I 1 '" •
'J ~ c L.- w::; L"'.. (3)q. 

"--i 
with ,. . ...' . ... ~~ t <.x.) L't ~ u<.:x.) (Lo... ... LO_)o " ~I , ,,, - l: 

" / H ::. e.. t. .. .. (4 ) 

• 
one nulli fies all the l -forms w~ e xcept for those l ying in the 

algebra sl( 2, R) . By that pr ocedure . the Golds t one fields {e!<:21 are 
e xpr essed in terms o f the dilato n Lt ( .%.). The surviving l -form IT in 
(3 ) sat i s fies the zero - c ur va ture condition ( l) on the algebra sl( 2. R) 
which i s equ i va l ent t o the LE fo r the fie l d u(x) 

u. ... _ =- .,.,2. e- 2.t.L 
(5)

R'"
Explicitly, the l - form ~ i s a s fo llows 

r-::"" =.;: L« ~~ :x.' R + ' !. d:x.- L) . ( u _d x.-- ... . J"'·) V. (6) 

h J ~ 
Note that ~ involves a "spec tral" parameter '1 which is in t r o 
duced, acco rding to the pre script i on of refs./ l /. via a constant righ t 

shift by the stability subgroup H : 
_~ i..t V..c. 

.0. ( ~ ) : ~ t ,) ct. ~ (~) ; ~ (~) ~ '3 " , '1. = .. . (7) 

Since the l-form rlRcJ (6)is completely def i ned by the coset elements 

~ (4), the transformations of ~ are induced by those of these ele

ments. The structure of <.J implies tha t the trans formations having 
no effect on the coordinates .::c.~ are generated by certain right shifts 
on the coset space (4). With account of the relation between e~ (z.) 
and u.{~) /1/ 

e~ ( 3:.) = 'd %.U(~) 
most general gauge transformations realized on u ( :Je.) and ~:!: l.({X.) 

are the following ones 1: • -4
""" i...,,& (.;lr..) L ... ~ a t :c.) t Lo .. .. LO_) 

~-~=~.. -.. ( 6) 

2 

a.. j@.!.being certain functions of,x.:f , arbitrary for the [!.lQr:Jent . 

Now, let us require that the transformed 1-form ~ 
( 9)K = l-'''/ 3" 

obeys the same zero-curvature condition (1) on the algebra st{2,R) as 
-'" Ie." 

the initial l - f orm ::.n.. does.ln other wo rds,wc require:
K ~ ~e (':1.,R'\. (10) 

Computing.n. explici tly , one gets two systems of the equations on 
parameters a.. (,:x.)and ,1' (x.): 

- u _Q.4.0 _u)a m'l~ e. = d"'~- +""',~ _'- ~+(.t 


b) ()_, - + '-~_ c..c + !!1 (C-)~ e.- u :10 ( 11 )
,
c) ~_Q. ... !n e.- u c

1 

and 

1'1'\ - 1.4 - 2.G.. •' ''!!i -I,,(a) ., 42. G. = ')_ ... '\ e. - , ~Lu 

(12 )b) ,) ... ,'" .... e+ (l.u + \IM~(C·)~e.-t.c 7:-0 


c ) ~.G\. :: ""' '1 cz.-uC· • 


It is demonstrated in the Appendix that the systems (11) and (l2)are 
equivalent so we may consider only the first one. 

The second and third equations of ( 11 ) imply 

11_ 0.. : -?_ ( .. . e..e-) ( 13) 

whence 
0.. = -(u +~C- ) + 'f'<..~") . 

Wi.thout l oss of gene r ali t y . one may put 'f<..x,. ) .. 0 (see the Appendix ) • 

Therefore, 
a. ~ - ... - e.. ' -. (14 ) 

Having 1n mind that the structure of the coset eleme nt (4) and of 

the right shift (8) suggests the fo l l owing r elation betwee n the trans
formed and initi a l fields 

( 15)cr,. -:=, l4.+-CL 

we immediately get from eg . (1 4 ) • ,- - ;:;: ( 16 ) • e- • 
Substi tuting t hi s expressi on into the fir s t two equations of the 

system (1 1) we arr i ve at the BT for the N-D LE (5) 

~+ .. u.. .. .. 2. 'I '" ~'" (u - u, (11)
{ u _ - u_ = ':; " f' t- ll1 ' '''I\. 

It is a Simple e xercise t o check that the Inte<jrabi 11ty cond i tiona 

of the s ystem ( 11) are j us t the LE's for the fields U(.:x.)and il<:z.) 
To obta in the BT transforming a sol ution of eq . lSI to tha.t 

of the free ma•• less equation it suffice. to demand that the trans

formed. 1-form Ii. poss e ••ea the zero-curvature repreaentati.on on t he 
algebra of t he t wo-dimenai ona l Po incare' group 9'-. { L-! ) U J. 

I 
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In this case, we have : 

f u... + + u.... = "\ W\ ~p <...c.: - u) ( 18) 
_l <:t- _ - l-L ~ ~ .... pt- lG ....)\. 

The field !.Atx-) satishes the free equation 

( 19)l:l.. +_ :;::: 0 

which is the compatibility condition for eqs . (18). So , eqs . (18) de

fine BT's fro~ the solutions of the NuO LE to those of eq . (19) . 

The geometric significance of the constructed BT ' s is thus as 

follows. ThcSQ transformations relate to each other different geode

s ie hypersurfaces of the coset space G/H (a pseudosphere SL( 2, R) /H 

to the other pseudosphere or pscudoplanc .P/ H ) and have a uniform 

representation by the right gauqc shifts (8) Wtich act in the whole coset 

space G/H and are oonstrained I:rt the requirement of preserving the zero

-curvature condition (1) . The difference between the BT ' s (17) and 

(18) is traced to the difference in geometr i es of t he hyper surfaces 
to which one qoes (pseudosphere or pseudoplane ). 

Construction of B~ ' S for the N= 1 LE proceeds in a complete pa
rallel with the case of NsQ. G is now the N= l superextension of the 
conformal group based on superalgebra IK+(-H<t) (£I 1\(-('H-C) /2/: 

.. lL~. L~ 1 .t._*) L.·"M 

-L L" r~'" I!,-_ ,,) ;,.." (20)


'!:.,\::II"%l~ \. 1 ~~{ 
( G~ , G.~ \ ";. - '2. L~;~ ( ", .. .. - .,0.«, .. . ; "t. ,S --!, ! ,i.... ).I 

The stability subgroup H includes. a s before. only the Lorentz 
rotations with the generator U while the zero-curvature represen

tation is written now on the superalgebra O~P<'1\~::: t R. I R_, 
U, Q .. = G:!. + """' G]: , Q = G:t - ....... G! J: /2/ . An element of the 

relevant coset space G/H . with the Goldstone superfie lds covariant l y 
expressed in terms of the superdilaton u.(.x,S) has the form 

. ' l- t • ,.- '1 .... i 1. . I.' .0)~ .x. 1. f;!-...,. . i..O' .t.u lt, %>±uG. t:l. .. u, L ....... _ 12 1) 
~ ::: ~ e. - eo e.. "'- f 

where ~t. are the flat N-l covar iant spinor derivatives 

!!It : . o iL , 2- (22)
?~:t 'd e::! 

We will be interested in the right gauge transformations of (21) 

which do not affect the supers pace coordinate {;c. :t:1 e S 1and are 

realizable on I,...l. 'd"t U and 2) % u. 

\.0.. ( Lo... t- L"_)e. ~ ! ~t (23)~~ j= ~ •.'~~' L\ e. . 

n . t 
In the element the parameters .-,15. , a. are general N- l super~ 

fields. ~ '!:::Ja. being boso nic and ~ t ferrnionic . The latter shift 


lIl ~u 

~ 

Requiring the 1-forrn 

.fi = ~-' el3 
to lie i n superalgebra osp('I2) and using the explicit expression 
for the l-fonn n ::z ftcl~ /2/ we obtain , as in the N=O case, two sys

tems of equations on the superfields t1:., Z;1) a... . Again, it is suf

fiCien\~ ~ consider _0,21Y .ono of these systems (see the Appendix), 
..._.. CL ~::.-,e. a. 

~ ... ~. -'le-i'+ - ~'&+0 ..U=-O 

~ i 1(0,· ...) ~ e,.\ 1 9)~ -.;+ - !:n i''t • -i ~+I>_u ] (24) 

~1>+C+ ... :. ,.2)+(.4 -z't £'t ~...,+ ... ~+ I>+'=-. :> 0 

~'L'+ +~'·0_lA -~i'\ S... .. ~+ »_ ~. =0·, ~ 

It follows from eqs. (21) I (23J that Lhe transformed sl1perfield U. 

is r elated to tA as 

c: ";::: lA. .. (l... . (25) 

Solving eqs. (24) with respect tq t" we get the BT's for the N= 1 LE /7/ 

..... ... -1 (,4'+l.C\ 
f>"A-l>''' ~_ l. ~ .. 

!>- <l" - "'- ~ : !! J • .l.. H.t4-~) J (26){ "'.l.' . .., ....I" t: i t" .~)\ 
_,,- I.' ~ !.OiI. • \ .... ~ 1.

with t+:::ltL'\. '!;.+ . '\ 1."", 2. <'I..I -~ )} 


It is easy to see that the consistency condition for (26) i6 the 

N= 1 LE for the super fie l d ;::;:.. 
 -

1> + !>_ ;:; = .:,.., e. 
-w 

( 27) 

Analogously to t he case of N~O LE, one may impose also different 
conditions on the transformed l-form 1l , e.g., demand it to belong to 

the flat N=1 Poincare superalgebra/ 2 /. In this case , i nstead of 

(26) we have -1 <.'W'+u)"',,, -".u ~.,~' " 
lD_ L:r .. ~ _ ..... =~ 1." e.l r. 4-'4) (28) 

1> ... 1. ... - -'l.~xpt-\<.~+u)~ 
"-1.+ ......p { \.ll;-~)\1 , and the superfield u obeys now the free equation 

2> .... !O_ U :z. 0 • (29) 

It is worth noting that the spinor superfie l ds ~~ have a clear geo 

metric meaning in the present approach: they are parameters of the 

right gauge transformation C2~ preserving the reduction conditions . 

Before going to the construction of BT's for the N=2 and N=4 
LE's let us point out relevancy just of the superfield form of BT's 

for supersymmetric integrable equations . To get the component ST's, 
one should repeatedly act on egs. (26), (27) by the covariant deriva

tives (22) and use the anticommutation relation 

5 



{t>1 ,)I), ) ~ 2. .. 'd t • 
(30) 

However, even with the auxiliary fields eliminated . the oo~ponent BT's 

for the N=l LE involve ten rather cuml~rsome equations and thjs number 

increases when going to the N~2 and N=4 LE ' s . Therefore, in what fol 

lows we restrict ourselves to considering only the super field nT ' s . 

3. 	 Backlund trnnsformations for Na 4 and Nz2 super-Liouville 

eguations 

The supcrfield Nz:2 and N-4 LF.' 5 have been constructed for the 

first time 1n our papers / )! by the method analogous to that one w·ork

Ing In the N=O and Nzl cases. We have started with the coset spaces 
GIll where G is the N=2 or N=4 superextension of the conformal group 

in two dimensions and H is one of its subgroups. The covariant reduc

tion of G/H to its proper geodesic subsupermanifold naturally results 

in 	the equations for essential superflclds of the theory which gene
ralize the N=l LE . An important distinction of the N==2 and N==4 LE's 

from tho N~1 L£ is the pre~encc of the internal symmetry groups in 

the relevant stability subgroups H (U(l) and 5U(2) in the N=2 and 

N=4 cases, respectively) . Such an enlargement of the stability sub

group means . according to the concept of refs./ 1- 3/ , a possibility 

to 	introducp two and four 9pectral parameters in the N~2 and N=4 ca

ses . Except for the increase in the number of spectral parameters, 

the construction of ST's for the N.,2 and N==4 LE ' s goes along th.e same 

line as for their N=O and N""l prototypes. Since the N::2 LE follows 

from the N:::4 one by a dimensional reduction in Grassmann coordinates 

13/, we shall build first DT ' s for the N=4 LE and then descend to 

the N=2 case. 

The N==4 LE emerges as one of the constraints of the covariant 

reduction of the coset space GA/H to its subspace SU(1.1 \ 2)/H 

where GoA is the N=4 superextension of the conformal group in two 

dimensions with the superalqebra y"'= J(~(~I2.)<t) [\(~ {i\2) /3/ : 

~ lLt.L~l=("'-"")\."'''.- {<irk ,," t_ \;::" '1:0( 7S.~ '- - 0 
- I "'t, t~J - ""t , .... :1rJ- I 

tG-i t G~"' 1. =-21!L,",+$ ""<'''C-S) (¢"")'"T"t.+&·
'_J t. .... ~t ' 

;'lL;)c;.;tl= c.~-'t.)(;~ ..t, ~lLtIT..P~1 "' - rT!;tt, 
()1) 

. t f' '\. i.t) f 'l.+P t , f' L ,.t.

.. \.1" .~Ic;. ... t).::'-1."'CS""'" c;.,,'t.. . \.,Toct. , T;t:] _ t.~.i~ T .. :t. 

<.. ... ,-..,,-(.o,., ...;'t,s."'-i.l,i,.'.; 1',l.:zo,.,1 •... ; J., p:.f,1.; ~,j, t ::: .. ,1. #3 ). 
the stability subgroup HcSQ(1,1)xSU(21 is generated by the set 

~ .,(. \ U;.\..o .. - \..0_ 1 To. ::. r:.. +T~_ \ and the ze r o-curvature representation 

superalgebra su(1,112) is spanned on the generators tR.)1l- , U, 
_L i -_ -t! -_}

T .. ) Q",.:, r;. ....a..+"'" c:. ..._,Q. lQ"'-"~oI~-'"".... ,Q _ . An infinite array of 


the Goldstone superfield parameters in the coset element 


6 

L 
S-A/ ~~yt:~ &t.I¥i:l.. .. e"t~:t ~-l~L". It f;~ 

~ II. / 11 c eo e. - e 1 - ~ 2. 

'Ill I( T..... .:.""t LO."L.-_' 'f1(T:... - T:_"\
• ~ .... Cl- e. J 

I 
is expressed in terms of four essential superfif!lds 

turn out to be subjected to the system of equntions 
CoL f» - f>2>_ ~r = 0 , %I,,(.t. ~ .. ) ,: 0 

1J~ ( 'to 'ilJ! ~-' It ,:0
{ 

llJ; (z,.-' iii-a- ~)/ + qt."., i,..a .... =- 0 

~_(-"'-''''~)P'_~_'-~+''''' ) f _ _ ~ f ~ 
'1- .... 	 =- e. ... , 1,..t. = ....e "" - l.ll ( 'l-l' 

i. e"'± 2. .. ..a... jj~ ... ... '9 t 1.. +2...
.!I~ 	 ... "a.x.:!. ,)9"'!:

')0;.1: 119: 

--- .,<{ %I:t. 1 ,!)~p'J::: 2."6 ~ dt· 

The system (33) is the N~4 superextension of the LE . 

In the general Cartan l-form 

..n. ~ f'.IS 

· 1:i~f.• 
(32) 

{u) 'f lo( l which 

(33) 

(34) 

OS) 

extending first over the whole infinite dimensional superalgebr~ 

~A (3 1 ) there remains after the covarian t re~uction only the com

ponl?!lt with values in superalgebra Sou( 1,1 \2) . It obeys the 2.er~~ 

curvature condition on that supera l gebra . The reduced l-form rL 
has been explicitly 1iven in our papers /3 I . 

Let us consider right gauge transformations of the coset element 

(32) which affect the superfleld '1-1 and its first derivatives but 

not the coordinates {xt ,l9""t} 9"1:..t:}. The TOClst 

transformations directly generali zing that of 

Is as follows 
-	 -... . ('0 0).~'t.G,.i:. .. 0. L ... +L.: ~ .... ~ ... &t. L·t. ~t Gi 

o... . 

~~~~~~ 
Computing the 

expl icitly and 

on 5 · ... (1 , 1\2)' 

~ 
transformed form SL 

li~l·.I1 

ge neral form of such 

the N=O and N~1 cases 

"To TO)'t' 	 ...... - >t
.. (6) 

requiring it to have a zero-curvature representation 

Le. , 

II ~ Su. (.f,~ \?.) I (37) 

we derive the following system of equations for the parameters of 

the right shift (361 (we agai n r estrict ours elves to one of the ari 

Sing systems , s ee the Appendix): 

('j.'~!f-'): - (1'btJ-')1 · 2 . ;!Cr,r)r 
' •• "~C .t(P.t~-·1· .. C - (~~'~)(}":i-'''·) +.. ( ....)t..~ )... 

- 2C(~i:-)"',," .. ~ .tl : K .... IJ+~S S·o 

7 
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less equation ( M:::'O in eq . (J3) ) xl arc Qlvf.-'fI wnlcally by the same
'm~~' -~ (~%)~"-')f ~~ -tt.~.~)(,,-' %)~~ ~') - 2 .. (-~'il· ~ system (42) ; minor differences appear only in the sucond and fifth 

+ os. 'D!- ~ + 2>:'- ~~ _0 equations : , 2, ... ' 

~'!£'~'2C l'i.t)·~t .t. l~".l~("t ..~~,...·) - ~ .:;.tlp!,'): ~o %J_.l. u ' ... fJ_J.. u :.. (~~)oi, L(.'-( - ~:: (!.~)1 
145) 

I)-"'(~ 5).1' - ... ('It), •.
2>~~~ - .. t Ct'): ~ '-(<;'~)(~lf'" - t<'''·i>:"it- I~) l~. C)~ Thus, ~o11owlng the general method of constructinq n'r 's described 1n 

Scct. 2,we have constructed 8'1' · 5 for the N",4 I.E. Now,it Is easy to -~ ('b"!H-'l: ~t 2 0 
find the BT for the N-2 LE /2/ :I 
 _ _U I

2>:- . ~!, - ~(;Pr - i(I):1t-',,") (or"f.)f + 138) :e-!l>+ 'If":: -2;'~ Q. (46) 

"- r---" ... -. ( ~ ,,,, Indeed, taking into account that the N=2 LE follows (rom the N=4 LE 
+ a ('b_ '" '" ,~ ';;. to ~ - - 'j,.'\. '.I' when the values of indices are restricted as /3/ 

A ,,~~ I & ( - 11'-_' ) " 0 __,/>=-1 j i. <= j:.K ;:. 3 ( 47)'J):- ~r + i ( <; ....Y (",-' !l>_'" 'I- ... ") + g ~r 'j. 1&_ ~ • ~ . 
and introducing the supcrficlds 'l.I and 'tf t by 

( 0) , _ ( _(u .... ..,.s(" S)) ~ _- (l..f+ • .,.3) -V" . ."..~t 
." 1 = e. of = -- :;: eo • u :: u-" (48)

Here - t _ I -'t -C 't:[ ) f'"._ ",e. J. 
139) we arrive at the following N-2 BT's 

I . , ~ ( - '" - , ...... ) ~!\;h) .. 7£ e ... !t)+1j- - %I"1f =- 2.L.1 ~ e.-i(:~.+ .. 1ft) 
and the t ransformed quaternlonic superfie ld (q,I'J..~ I s given by : 

- h." (,,-V' )lJ- U"~ f-%)-tr"':= T J eJ, -;:
(0.')/5(e.-" '-'."O')/ - (~ 'I- . ~V· . 140) (49 )~"".I :. 0 , Si)- J -= 0

Just as in the previously considered cases of the N"'O and N-1 BT's , 
.bot i = _;; e.-f (iT#-,.y+)

the super fIeld & can be expressed in terms o f the remaining quanti  ;r.
ties: ji- f ~,t.. (V-V') . :< .e .. S? .. ,g ~ e- U ' e'" (>; ~ )'l . 

,.~. 14 1) 
The integrability conditions of the system (49) are just the equaSubstituti ng this expression i nto the system ( 38 ) we obtai n the BT 
tions (46) for 'tr" and !if The same reduction (47), (48), beingfor the N=4 LE: 
appl i ed to the DT from the N=4 LE to its M::. 0 relict, yields the01.. I .. • ( -:::; ) '" 

J>+ l.( - i>... u::: .. \.l;\f , 2.~ ' I. tu' following system: 
~~~ ~ ~,,: ... ' • .,:" : "(l>1.)· l~"- C:: ll>!.)J "("~.'i)£l"" • -,:. l ..~)1 
#oJ V _ Z#'lf":: !J. ~ 'I "1 «.- ~(V#"+1T"') 
._......... 1.( 
...., U'- t- »-1I1"".&i:. } e...a. "21" --u)'2>~('t~)t-"'(i" '- !::t..l.)')tpt" + .l..~)<.\.)/ + 142) 

Jb1-., -=. 0 JI,- 1_
• Jb~U l't~)f ~o ~ J .J _0 (50)

,l)1-J= - if e.-f(£/"~"vt'" )

1&; (<;,)1 • 2.t~)"' (<;t)~ - ( .. ~)".:u ~o 
 :o;-! ~ '" .. f rfi- of) 


,,-'" (i io:),.. = - (J)/ - - (,/':l/ 'i 

These equations define the BT's from the N=2 LE to the free equationlI>_-«>;J),c =0· 

s ince the integrability condition for (50) is
It may be checked tha t the consistency condition of the system (42) 


1s just the system (33) for (Cf.,' )/ . The dependence on spectral para ~- S"'V =-0. (51) 


meters is implicitly contained in t~)! ().): Note that the spectral parameter in N=2 BT's is complex 


('\.)}O.l ~ (~)/(').)l 143) (H=SO(1,1) xSO(2» and, because H is now Abelian, the dependence of 

l~)/ = (..-(~.+'~.r))/. 144) 
x) ry fact, even in the limit ~=-o the N=4 LE describes in 

BT from solutions of the N~4 LE to those of the corresponding mass- teracting fields because of the presence of the Wess-Zumino nonlinear 
6 -model in its bosonic sector . 
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the BT's (49) , (50) on this parameter is much simpler than in the N=4 

case. In principle, one may get rid of the spectral parameter at all . 

putting it equal to unity by the proper right gauge transformation of 

the 1-form ~L~."" (tnlS. property is exclusively inherent 1n the LE and 

its superextensions,for other integrable systems it is, in general . 

not the case). Ho....ever, it 1s convenient to explicitly keep ~ (and 

)~~ in the N=4 case) in order to have a manifest H-covariance . 

To close this Section, we discuss the status of the additional 

spinar superfields which appear in theBT ' s f o r super-LE ' s . In our 

approach these superfields are parameters of right gauge transforma

tions of the coset elements (23), (36) . The need for them 1s obvious 

already from the fact that the spinor objects cannot be formed from 

~.f > 1f otherwise as by applying the spinor derivatives . So, if we 

want to have BT ' s of the first order in spinor derivatives, we arc 

forced to include additional spinor superfields in the right-hand 

sides of such BT's. Of course, these objects can be eliminated from 

BT's but in this case one immed iately earns the equations of the se

cond order 1n spinor derivatives which are nothing but the original 

6uper-LE's. Thus, the structure of BT ' s given by eqs. (49) , (SO ) is 

unique . 

4. In the present paper we have described the uniform method of 

obtaining BT's for the ordinary and super -LEis and have constructed 

with its help, the BT's for the N=2 and N=4 super-LE's . It is wel l 

known 18 , 91 that , having an explicit form of BT ' s,one may easily find 

infinite series of the conservation l aws i nherent in the integrable 

systems, expose the relevant hidden symmetries (different from those 

with respect to the orig i nal (super) group G) , etc. Besides , it has 
been shown recently 1101 that 1n the case of N-l LE the BT's t o the 

free em .0) equation provide a straightforward tool to obtain the 

general superf±eld solution of the N- l LE (this solution has been 
found earlier In our paper /2 / by a different method) . One may expect 

that the BT's for the N-4 LE presented here can also be used to pro

duce the general solution of the N-4 LE which is unkno~n as yet. We 

intend to consider all these questions in more detail elsewhere. 

APPENDIX 

We demonstrate here the equivalency of the systems (11) and (12) . 

It follows from eqs.(11b,c) , ( 12b,c) that 

O' eo. C· 
{ 11_ eo. c

-. _u +
wheref.=ct.£, 

.. ~r (2. ~ r a.. ) ;::. 0 

.f. ~_ Uu r"') ~o, 

"l'  _ -4 c
~ - e. . 

(Al ) 

(A2) 

10 

The system (Al) has the general solution 

'« = .... f l -~ u- o.. + 'l' C r.- ) \ 

r = ""'r i- :1u- 0.. 'ft,..+) 'J 
CA3)

• 

with '+' and 'f being arbitrary functions of ~- , ~+ . Requiring 

the systems (11) and (12) to be compatible to each other constrains 

the functions ..., and '-i' as follows "f 
( _ 2.,, _ + '1'_') "-'I' ~ ( _ 2. ..... + 'f +') e. CA')

f or , bearing in mind (l l c) and (l2c): ~ 

~ , 'I' ~ " ( - 2. I.t _ + ~_ )Q.. "::=. <.._ '2 U: .. ~ \f" J e.. . (AS) 

Now , inserting (A3) into (11) , ( 12) we arrive at the two systems of 

BT ' s : 

(e.'t'(Lr _ +Ll._ - 't'_) = ~k. lti - u) 
(M )1....'1' l(:; .. _ u". ') = ....p \.- t::r +u ) \ 

i"': ( ::i .. + u .. - '1' 01 ~ .,t.. l" -ul 


1.... ( a_- u _ ) : e.>,(p ~- (J"' u)1 " (A7) 


Sinc e the conditions (A4) , (AS) imply 


.:z.'t' c.. u- _ + u _ - 't"'_) '".:I. e..'f ( -u. + .. u. .... - 'V .. ,\ 


eo '" (u....... to - u.... '\ :::t. e. ..., ( u ,... _ - u-") 

the syste ms (A6 ). (A7) and , hence , (11) and (12) are equivalent , pro 

vided the constraints (1\4) and (A5) hold . So , 

eq. (M) ( and (AS») is actually solvable with 

easiest way to be convinced about that i s to 

e q . (A4) the gener al solution of the LE: 
-'l. u s- t+. 

... = - t3 " ~ )>.. 
Then it i mmediately follows 

'f ~ _ eo. ~+ I '1' = - eo. ~ -

it remains to show that 

respect to If ) 't' . The 

substitute for U in t o 

that completes the proof of equ i valency of the systems (11) and ( 12) . 

Note that the BT (A6) can be cast in the standard from (1 7 ) by 

the following conformal transformation 

'"' ~ !'. ~ 
lA " =;. U - 2.. 1 lA~ = u - 2 (AS) 
<I ",- = ....- ~ l"'-- ) 

\ 'b ...

Thus the presence of functions ~ J ~ in BT's (A6) , (A?) reflects 

the freedom of the lat ler with respect to conformal group. 

In Lhe COS(' of SUIK'It"xh'nded LEis , the arising two systoms of 

the superficlll OT'S 1\190 cunte}i.n orlqinally a number of superfunc 

tions connecLed wilh till' f n'pdom under the relevant superconformal 

II 



group. Fixing properly this freedom (constraints of the type (A4) , 

il 	15 again possible to show the equivalenc y of two systems of BT's. 

With the 	restriction to one of these systems only , one may always 

find a superconformal transformation which puts these BT's into the 

standard 	form (26) , (42) , (49) . 
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We de s cribe n pron'dlln' (II ohi ll inin r, 11ll' Ba ck l u nd tnms
f o rma t i ons for t lw I. io ll vl ll ,' " qll . l( i fll1 nnd its s u per e x t e n sions 
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as the c·OtlN l n,int·cI righ!. WHlgt· li h ifts on t h!.' correspond i ng 
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