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Fig.l. Bremsstrahlung contribution to ,the energetic fermion 
spectrum and to the total cross section of е+е-~ r+r-y. 

to do the analytic fourfold integration of Bremsstrahlung diag
rams over the whole phase space being complicated Ьу the oc
currence of two different masses. This became possiЪle Ьу а 
dedicated choice of variaЪles and integrations and Ьу the exten
sive use of the system of analytic calculations SCHOONSCHIP 181• 
Since the total cross section is а o-even quantity and initial 
and final state radiation have d1fferent C-parity, their inter
ference does not contribute and initial and final state radia
tion may Ъе calculated separately as is shown in Fig.l. Despite 
cumbersome calculations, we got rather compact expressions for 
the total cross section and, on the way; - for1the energetic 
fermion spectrum which may Ье of interest at high energies (com
pared to the masses) too. 

The article is organized as follows. In Sec.2 we formulate 
the proЪlem tO Ье solved and determine the energetic fermion 
spectrum. Finally, in Sec.3 the total cross section is presented. 

2. ТНЕ ENERGETIC FERМION SPECTRUМ 

We start with the following matrix element for the Brems
strahlung process (2): 

- 1 А 1 . А 
м 13 = Q1 u(-k 2 , m)[-z(2~{3-yf3p)y11 -z-r

11
(2k 113 - -pyf3)]u(k1 ,m) х 

1 - - 1 х M 2 u(P1'~t>r11 u(- ,p2 , 11 ) + Qru{-k 2 ,m)y11 u(k1'm)s х 

- 1 А 1 А 
xu(p 1 .~t)[v(2p 1f3+Yf3 р)у 11 - v y/2P 2f3+Pyf3)]u(-p 2 .~t). 

(3) 

The Q
1 

(Qr) are initial (final) particle charges. The denomina
tors of propagators in (3) are: 
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S=-(k 1 +k 2) 2 , М 2 =-(Р 1 +Р 2) 2 , Z==-2k1,P • 

- 2 z = - .2k 2 p = S- М -z, V=:_ 2p1 p=S-X, V-=-2P 2P =Х-М 2 • 

Here and in the following we will use: 

х = -2р 2 (k 1 + k 2) ' t = - 2k1 р2 ' т = - (р 1 + р) 2 = s- х + IJ. 2 • 

The Х may Ье interpreted in terms of the c.m.s. energy of 
Х = 2ySp 20 • The t is connected with the c.m.s. scattering 

+ ~ ..... ..." . 
of r ' е = (k 1 р 2 ) cms . 

х 1 1/ 2 
t =-· - · -(Л Л ) сове, 

•2 28 s х 

where, with 

Л(х, у, z)= (х-у -z)2 - 4~z. 

Л = Л (S . m 2 m 2) = S 2- 4m2 S = 4S 1 k · 1 2 
S ' ' . . 1,2 cms' 

~х = Л(S,т, р.2) = х2- 4,.128 = 4SIP212cms. 

f + 
• angle 

.. 

. Finally ,т is the invariant mass of ( Г,у). The process (2) depends 
on five invariants, so the integration over the invariant phase 
space is four-dimensional. The following choice allows us to 
perform the analytic integrations without approximations: 

(] 

tot 

з 
~Q2Q2 JdГ 
2- i t 

" ..;.. s 
'i IMI2 

spinв 

- 2 s - +1 +1 2" 
Г = .L r v' Лх dX ..1. J d сове . ...:!.._ J d coseR J dфR 

4S 2p.JS 2 -1 4"т -1 О 

(4) 

The integrations over dX and dcose reflect the d3p2 and the re
maining two integrations result from the choice of the so-called 
.R -system, the rest system of (f-y): р 1 + р =О. The Оа· Фа are 
the photon angles in this system. 

Having pтoperly defined the proЫem, we will say only а few 
~ords on the more or less straightforward but tedious calcula
tions. They are completely contained in а computer program 

~ written in SCHOONSCHIP 181, which run at а CDC-6500 approximately 
130 seconds to do the organization of all necessary integrati~ns 
(including the treatment of infrared - (IR) divergence to Ье 
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mentioned later)*.Our input information to the program consisted 
~ of the matrix elements (3) and three taЬles of basic integrals 

over (i) dU = dcosOи dфR>(ii) dcos8, (iii) dX,which have been ,cal
culated anarytically Ьу hand and are puЬlished separately/10/, 
They contain 29 , 15, 11 integrals, respectively, and may Ье 
useful in similar calculations~ too. Besides several checks 
on the basic integrals used, we also proved explicitly that 
after thE[ integral over dcose the interference of initial aria 
final Bremsstrahlung vanishes as it should Ье and as is explai
ned in the Introduction and shown in Fig.1 • 

The resulting energetic fermion spectrum is: 

...L д.!!.. = 1!.. ..l.[Q2S (х) + Q2(1 + 2p)S (х)] 
а0 dx " {З 1 I r F ' 

4rra2 2 2 
ао"" ~QtQr' (5) 

s
1 
{х) = 2'х{З х (1 + 2р )(1 + 2pr )( (1- 2р) .МШ. -1] + xf3 [ (7 + ЗОр )JJl!L 

1-х · f3 х f3 

"" -10-26p(l +2pмm_)]-2x2f3 [(4+21p)L(,8) -7-17p(l+2p_цm_)] + 
{З х f3 f3 

. (б) 

+3L(f3x )[ (1 + 2р r + 2р(1- 2р )(1 + 4pr)) L(f3) · - (1 + 2р)(1 + 4pr )] -
f3 

- Зх (1- х) L(,8 )[ (1 + 4р) (L(,В) - 1) - Sp2 L(f3) ] - · ЗL(х, {З )[ L({3) - 1], 
х f3 f3 х f3 

2(1 - 4р? ) ' xf3 х 8:(1 + 2р t) 
S (х) = L(x,f3 )[ -1-х-4р] ---[1 + __ _...;... 

F х 1-х r .4 1-х 

1 
+ 

1 - х + Pt 

Pt(l-Pt) 

(1- х+ Р r ) 2 
] . 

(7) 

The following dimens i onless variaЬles and functions are introdu
ced: 

х = .!_ = · Р2о ( [ L ' 1 ] ' 
S Е Е 

f3 "" (1 - 4р //2 
л1/2 
s -. s 

р = ..!!!! s ' 
Pr = . .е:.=_ 

s 
1/2 

f3x= (1 - 4pr /!1:2)1/2 = Лх 

* The aomputer output aontaining aU the subsequent steps is~ 
in prinaiple~ availaЬle at Dubna~ see also/91. 
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f3 = f3 1 ' = (1 - 4 ) 
112 

f Х Х= 1 р f 

1 + f3 1 2- х(1- f3x ) 
L(f3) = ln-, L (х, f3x) = -[L(f3x) + ln ], 

1- f3 2 2 - х(1 + f3x ) 

where х and ·{3 х are the с. m. s. , energy ( in uni ts of Е ) a.nd veloci
ty of one of the final fermions, f3r its maximal c.m.s. velocity, 
andf3 is the velocity of annihilating fermions. 

As is evident also from the. corresponding Feynman diagr~ms, 
final state radiation is - up to а factor ~ dependent on and 
only on the final mass /l, whereas initial state radiation has 
а mixed dependence on both the masses. As an example, in Fig.2 
we show the energetic fermion spectrum for рр ... е+е-у at Ё = 
=100 GeV. For not too large values of х initial state radiation 
is ,enhanced compared to final state radiation. This may Ье 
traced back to the emission of hard photons from the initial 
fermion which leads to а smaller photon propagator denominator 
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Fig. 2. Energetic fermion spectrum for рр ... е+е-у dt 

1.0 

Е= 100 GeV. (Sol.id aurve - initial. state radiation~ da
shed cu1"'Ve - finaZ state radiation). 

J 

. 1 

м 2.For sufficiently sma.ll final fermion mass this produces even 
а weak local maximum at small values of х (in Fig.2 at х=О.О6). 
The usual IR-divergence resulting from soft photon emission may 
Ье seen at х = 1. There, radiation from the lighter electтons 
dominates that of heavier protons*. 

In the case of small masses, (m/ E) 2 , (/l/E) 2 « 1 the spec
"trum may Ье approximated as follows: 

_1_ , ~-,;.= ~- ( Q12 S I (х) + Q~SF (х)] ' 
u0 dx rr 

2~х 2 
~ (х) ., (L-1) [--· + 3(1- х + х ) L{f3x) - ЗL(х, f3 х )] + 

. 1- х 

+ х.&;.Н7- 8x)L + 2(7х- 5)], 

1 + х 2 
S (х) = -L(x, f3 ) 

F · х 
1- х 

~x[l 
.4 

1 where L = L({3) 1 = ln-. 
f3 =1 р 

3. ТНЕ TOTAL CROSS SECTION 

+-8- _ 1-х ], 

1-х (1- х + Pr ) 2 

(8) 

(9) 

The remaining integration over х would Ье t~ivial without 
the IR divergence from terms proportional to (1-х)-1 in (б), 
(7). The IR proЬlem forces us to take into account also the 
vertex corrections to process (1) for the calculation of the 
total cross sections. Since · there is no contribution from Ьох 
diagrams to order а3 , the и tot reads: '- . 

и =и 
tot о 

.!!..!_(3 - ·f3 2)(3- {3~)[1 + 8I + 8 F + 8VP], 
4{3 

( 10) 

where Bvp is the contribution from vacuum polarization/7,12/ to 
(1) not to ьJ considered here, and 

2 2 8r = 8 rв +QiBV (m,{3), BF "' 8 Fв +QrBv(/l, f3t) • 
) 

*Of course~ rather simil.ar concZusions тау Ъе dгawn from 
other spectra too~ as has Ъееп done in/111 for the energetic 
photon ' spectrum. 
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The 81в<8rв> being the integrated over х initial (final) Brems
strahlung contribution (б), (7), and 

cz n 1 + д2 · 
8v (m,/Л = -H-P

1
R + ln_.)[ ~ L(~) - .2] - 2 + 

rr m ~ 

(11) 

+ 4-~2 ~L~) + 1+~2[Ф(~) -Ф(~) +rr2 ]1 
3- ~ 2 2~ ~ - ·1 ~ +"l 

1 - · Here P 1R =(n - '4)- +у/2 -ln2yrr 
(n - the regularized space-time 
stant), and ТJ is some parameter 

contains the infrared pole 
dimension, У -the Euler con
with dimension of mass, 

1 dt . 
Ф(х) =- J tln(1-xt). 

о 

The Bremsstrahlung IR singularity has also been isolated 
using dimensional regularization following the method developed 
in/ 13/. Some technical points are described in / 101 including 
а list of ne~essary integrals. Here we only remark that most of 
the corresponding calculations have been done within the 
SCHOONSCHIP programme already mentioned. We end with the fol
lowing expressions for 8 1 , 8 F : 

8 = ~-Q 2 1 [ ~L(~) _ 2н1n ~г + ..!.. 1n.l > 
1 rr i ~ Pt 2 Р 

4L(~ t )[ ~ L(~) -1 1 1 + ~ 2 2~ 2~ rr 2 1 · + [Ф(-· -) -Ф(-) +- -

.в,<3-~ 2)(3-~~) ~ <~-1) <~+1) 2 

L(~) [1 + <1 -~ 2) .• (24+9,8 2 -2~~ -5~ 2~[>1 + 
3~(3-{J 2 ) 2(3-~;) 

2 
2 1 ~2 3- 2~ t 

+-3[1+2(- 2)( ~2 ))! _, 
3-13 3- t 

8F = : Q~ { 
1 ~~; [lnbt ·ln((1-bt)(1- Ь~)) + 4Ф(Ь t) + 2Ф(-Ь r>1 

r 

~2 
- 2ln--L 

рЗ/2 
8 r 

t~2 4 
33 + 22,.... t - 7~ t 

8~ r (3 - ~~ ) 

3 
ln br + 4 < 

2 
5- 3~r 

2 
з- ~r 

) \ ' 

(12) 

( 1 3) 

where 

ь = r 

~· 

1- ~r 

1 + ~ r 
The 8~ being only dependent on the final mass ~ has been given 

already 1n /6 / which article has been devoted to the study of 
final mass effects. It may also Ье taken from1141,where the 
imaginary part of the two-loop vacuum polarization has been cal
culated. The 8I is а new result which in the limit of small ini
t ial mass m co1ncides wi th the approximated result gi ven in /6/ . 

Deviation between the exact and the approximated expressions 
arises not too far away from the threshold. In Fig.З both values 
are shown for Pl) ~ f +r-(y) (f =е, ~. т, ... ) at Е .. 2 GeV. For compa
rison, we included the 8F too. Whereas 8F takes for small final 
masses ~ the constant value 0.2%, 81 is non-negligiЬle both for 

о 
-2 -L. -б -8 -10 

-21 11 t log _р1 t 
mт . m}J me 

1 Ji 
-1. 

-б 

-8 

Fig. J . Dependence of 81 and 8F оп the mass of final 
f ermions f or рр-+ r+r-(y) at Е = 2 GeV; dashed
dotted curve is approximated 8 
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• 
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small and large ~ showing some deviation between the exact and 
approximated results over the full range of final masses. 

We are indepted to S.B.Gerasimov for helpful discussions. 
We would like to thank F.Kaschluhn, V.A.Meshcheryakov, and 
D-.V.Shirkov for interest in our work and support. 
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