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1. INTRODUCTION

. ¥ 3 5
We have calculated the exact to ordera in QED cross sec-
tion of

&k, m) + 6k, m) £, 1) + 70, 1) + ¥, 0)

without neglecting any of the masses /L,2/  This is a novel re-
sult compared to the literature/3-5/ The present note contains
some technical results we have to work out studying the above
process, namely, the Bremsstrahlung integrals. These integrals
are useful for the study.of related processes, both in QED and
QCD. They have been used as input for a SCHOONSCHIP - program
of the analytic calculation, which by itself helps to organise
the fourfold exact analytic integration of the squared matrix
element to get the spectrum do/dX (X is the energy of f* in the
cms - system) and the total cross section ¢,,,. The integrals
have been calculated by hand and tested in several ways, e.g.,
numencally and by compar1309 of o,,, with a result previously
obtained in the limit m-»0 Furthermore, some of the inte-
grals have been used earlier in the crossed channel

2. KINEMATICS

We use the following invariants:
kf- kg = -mf, pf--pi= ~¢% pP=o0;
$ = -Gty + k)% t'=(k,=p)% t=-2kp, 8 =8-1;
X=-2p;. (y+kp, S5,=-85-X, X, =X~t, 8y =8-X+1¢;
r =~-(;:\2 + p)z- S-X+ #2.

The following denominators of propagators will be utilized in
what follows:

M2 -0, + pz)2 (photon propagator for initial state radiation)

xu-»- 2plp - X nt (f+ is radiating)
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8¢ :j-‘-ngp ‘gz (£~ is radi;ting)
Z=~2k -p (e~ is radiating)

zZ = =2k, P =8 --»M2 --Z (e is radiating)

The cms energies and 3-momenta may be convenlently expressed

using the A- function:

Ax,y,z)=G -fy~-'z) —dys v

45, 1% = A6, n%, n) = 8% - an’8 = 2,

1,2l
48131226, 1) =X 4Ban
4SI32|2,=-MS. X, + A
Wit -8 uH

48k > =~4Sk2 =82 .4Spf°=.x2,

’ rr oy

t 5 = cosf, X, ry + 5 cos

0=(kp) €lo, al.
1" 1 cms

Furthermore, we will make extensive use of the so-called R-

system, defined by 32 + p =0, where:

et
4r|E,|

2 2 2 2
'A("'xt +m +4 ,7, “12)’=‘st —-4m’r = ASt"

2 22 2 2 2
4r|_1;2| =A(-t+m +p¢ ,7,m) =84, -~4m 7 = ASXt'

47‘;1|2 ='A(s' T, “2) =A

x'

- 2 » 2 g 2 2
4T'p2‘ = 41;‘pl =A0,7,p )= SX'
: s
:47k10 = St' .47[{ th :

4rpf0 = (X -:2#2)2, '4rp20 =(r + yz)z, 4rp: = (7 -:p2)2 =VS§,

cosh (8 (X -8 - 2],

VAxVRg

0, = k. p 1)RG-[O, nl.

2.

' The folievzné qdantity had to be calculated:

i

ra ..%’i.a‘m’[-fr R,

where A i{s the corresponding squared Bremsstrahlung matrix ele-
ment and

B
'.‘fx(B) = [ a&X.B = integratmn over the f* -energy
28 in the cms,
) --1-- f dcosf.B - integration over the cms-angle
2 4 between £+ and e~
s +1 2n
bi ] (B).T—. f dcosfp f d¢p- B - integration over the photon

" angles in the R-system.

3. THE INTEGRALS '3R(A)5[A]

To carry out the first (twofold) integration we use, e.g.,
the following quantities being defined in the R-gystem:

l -~ 291 p= 290[910 rlsllcosﬂ 1,
Z - -2k p = 2po[k - 1k |(cos 6 cosb, + sinﬂ sinf cos ¢ )];

which may be expressed through invariants by using the formulae
of section 2.

: Table of R-integrals
1l K '
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[—-E] = ——-—-,(Lx -L).

M \/—x ‘
[1 e -1 -
m”sx
[;{-—2—] =—-!—-
1 Sx
[;1-;] =u282:
Pl 2y
22 SxVig 7
.1l =""“2"'%Lt
ZXy sx‘/"t
Ly gl
ZXn ZM .
Eiiiar: o
2 i : Xt
ZM S xxz
[l -1
ZM2 yATES
Juy .s..x.(st.t_ 2m2a)[_}.]’+ ..3.5.[3.‘_@:":3.‘.)_ - 28]
z St : Z St r
X X
(2 =12 -
Z z .
: g
z,  aber, B GeE)  g
XM Ax XM Xx T
(2] - L (x@E+0 -25¢+u®00210 4+ D
X Ag Xy L 2
2 2
(2% Sy + 2By Ly - ié-{z:sﬁ A iy

28y 9
[;;] '-':\;-(8 + IO)[—;]+ Ax(—-— +F+ 4¢)

8,8~ a’)
[-T]= —b[—’-]-—;[-—-———-—r -8-t]

11 g1, ht"xtsl 2%
ZM® Sy, ZM? Sy, wfS, 8

1 '
[zsusl ’lznmz}

: 8_X 8.p

1 2/ X 2 1 - :

=2y 8. X, -2m*(-—=— 3l ]
[zm"] sax,[ . g (s 15 w2832y,

3

[—] = [——

M4 M4

]= { ~-X, +2 - 4m*p*- )][ ]+

ZZut a,. & ' By, § 5

! SgAx 128
+ b X -t =) I, — 2 @figaf8-aiX))
mestAg, sx uBstag, 8%,

1 1
ZWe

We employ the following abbreviations:
a=X- 2#2 ’

b=X.t~2%8,

c=m2 4 —3§-(u28 ~tX,),
Ax

X‘ = t2 -4m2u2
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The quantity A is defined as follows:

A(t,x ) A(X i

At the end of this section we would like to note that some of
the integrals contained in the above table have bee}1 calculated

for the crossed channel in the earlier publication

4. THE INTEGRALS ff?(A).E (Al
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We tabulated only a subset of integrals. The others may be ob—
tained using the property

+1 ; 4--1
fdcosOt(cos8) = [dcosff(~cosf)
| -1

that allows us to replace t and X, under the integral wherever
it occurs: :

[A(x‘)] = [A@®)].



5. THE INTEGRALS JXA) = (Al

] 1 AF F
WAl .-.s<-,~,.\/i_’;-~pex,s)

[x\/xx] & ...()«")3/’3

e '
[l/-é.-l -@6-2HL] -Jx;
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Ay
(A, Vi)

\/p .S.+ 2“2-LF
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LY =vVAg - 2p7Lg
(XL] = @8 S L

F FV

[L;] =-8Lg -:2\/As

8 2. F N
[XLgl = _2.-[(3 - 2L} _\/}fr;]

5 i
2 S F o9 F3/2 F
[x Lx]‘= _3.:1,8 -79.()« s\/—
Here : 2
F S+\/;;‘

F 2

Agm AGS, m® ; 2 8% —4p°8.
The above integrands are finite in the limit X8 ‘and,thus,yield
finite integrals. Two integrals, however, are IR-divergent
and must be regularized:

ﬁ o 4
2u \/gm
F S AF>
L o 2
R ES pim . 1w E tal
S -X - 2uw s = 4 8
8 : :

s-J_F o :

s\/;;: s‘]_.

B 1 CHSE s

S +\/XS S+ﬁ
where
2 :
# X -2 +\/)«,x

Lx=».1.-(L+ L) el -
2 A A

d(X) = _}'y .dy - Injl-y| 1is the Spence function, and the range of

= -2‘1@(1) + 20(

1ntegrat10n has been limited to [2;1\/8 S -2uw}. The limit @50
has been taken wherever this is possible.

6. INTEGRALS CONNECTED WITH THE IR -DIVERGENCE

If the IR- d1vergence is handled with the help of the general
method developed in 71/ the following integrals arise:

6.
.‘3‘ [ 1 ta] = _-S .lA.LuL:
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The remaining integrals over the Feynman parameter ¢ may be
calculated using the following expressions:
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L L Ted Vel | :
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whete
S (Al=ldo A

0
and ¢ is a regularization parameter.
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B 06veauHEeHHOM MHCTUTYTE RAEPHEX MCCNEQOBaHWA Havan
suxoauTh cGopHuk "Hpamxue coobyenusn OHAH", B Hem
6yAyT NOMEWaTbCR CTaTbhM, COAEPHAUME OpPMIMHANbHLE HayuHwe,
HayuHO-TexHHHeCKue, MeTOQMYECKME M NpMKNagHwe pesynbTaTw,
TpeGyouue cpouHod nyGnuxaummu. Byayunm uvacTeo ‘'Coobuernin
OUAK'', crtaTou, Bowepuwme B cOOPHUK, MMENT, KaK W apyrue
usaanna OHAK, cratyc oduyuanbHux nyGnmkauwi .

- C6ophuk '"Kpatkue coobuieHun OUAW'' Gyaer BsuxoauTh
PEerynapHo. ‘

The Joint Institute for Nuclear Research begins publi-
shing a collection of papers entitled JINR Rapid Communi-
cations which is a section of the JINR Communications
and is intended for the accelerated publication of impor-
tant results on the following subjects:

Physics of elementary particles and atomic nuclei.
Theoretical physics.

Experimental techniques and methods.

Accelerators.

Cryogenics.

Computing mathematics and methods.

Solid state physics. Liquids.

Theory of condenced matter.

Applied researches.

Being a part of the JINR Communications, the articles
of new collection like all other publications of
the Joint Institute for Nuclear Research have the status
of official publications. v

JINR Rapid Communications will be issued regularly.
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AxyunoB A,A. H ap. E2-84-777

WxTerpams, BCTpevawmuecs MpH TOYHOM BHUHMCIIEHHH TOPMOSHOTO
HsnydeHna B K31

IlpuBeseH HcuepnuBawmMUil Ha6Oop HHTErpanoB, KOTODPBH GbUI MCHOJNIB—
30BaH NpPH NOJYYEHHH C NOMOMbK CHCTEMh AHAJIMTHYECKHX BBMHCJIEHHH
SCHOONSCHIP TouHOro pesynbTaTa A SHEepreTHYecKoro crnexktpa dep-—
MHOHOB H nogﬂoro ceuenns npouecca ete™ 5 fH(y) (I = fgirs )
B nopagxke a B KJ3J. 3TH uHTerpans BeMHCIeHH 6es npeHebBpexeHMs
MaccaMH 4acTHI H NpencTaBiAnT ofmuil HMHTepec ONA TOYHBIX BbMHC—
JIeHHH npoleccoB TOpMOsHoro HsnayueHus B K3JI, a Takxe aHaIOTHYHBIX
NMpoOlleCCOB B KBaHTOBOM XpoMOOWHAMHKE .

Pab6ora BumonHeHa B JlaGopaTopuH TeopeTuueckoil ¢puauke OUAHU,

Coobmenue OGbenMHEHHOro HACTHTYTa AAEPHWX HcclenosaHuRt. [lyGha 1984

Akhundov A.A, et al. E2-84-777
Some Integrals for Exact Calculation of QED Bremsstrahlung

An exhaustive list of integrals is presented which has
been used together with the system of analytical calculations
SCHOONSCHIP to obtain exact results for the energetic fermion
spectrum and the total cross section of the process ete™ .
- " (y) ¢ =g, n..)to order a® in QED. These integrals are cal-.
culated without neglections in the particle masses. They are
of general interest for exact calculations of bremsstrahlung
processes in OED and in analogue processes of quantum
chromodynamics.

The investigation has been performed at the Laboratory
of Theoretical Physics, JINR,

Communication of the Joint Institute for Nuclear Research. Dubna 1984




