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1 • INTRODUCTION 

We have calculated the exact to order а 3 
in QED c;ross sec

tion of 

- · + - · + • е (k 
1
, rn) + е . (k

2
, rn) .... f (р 2 , /l) +-! (р 

1
, /l) + у(р, О) 

without neglecting any of the masses 11•21. This is а novel re
sult compared to the literature13- 51.The present note contains 
some technical results we have to work out studying the above 
process, namely~ the Bremsstrahlung integrals. These integrals 
are useful for the study -of related processes, both in QED and 
QCD. They have been used as input for а SCHOONSCHIP - program 
of the analytic calculation, which Ьу itself helps to organise 
the fourfold exact analytic integration of the squared matrix 
element to get the spectrum daldX (К is the energy of с+ in the 
cms - system) and the total cross sect.ion atot· The integrals 
have been calculated Ьу hand and tested in several ways, e.g., 
numerically and Ьу compariso? of а tot wi th а result previous ly 
obtained in the limit rn .... О /Б . Furthermore, some of the inte
grals have been used earlier in the crossed channel 161 

2. KINEМAТICS 

We use the following invariants: 

2 2 2 2 2 2 2 
k1•k2=-rn, p1-P2=-/l, р .. О ; 

s = -<t 1 + t/. t'= (k 1 -p:l
2
, t .. -2k 1·p1' st = s- t; 

Х = - 2р 1 · (k 1 + k 2), SX,. S - Х, Xt = Х - t, SXt = S - Х + t; 

2 2 
т = -(р2 + р)- s- х + /l • 

The following denominators of propagators will Ье utilized in 
what follows: · 

2 )2 м ,. -(р1 + р2 (photon propagator for initial state radiation) 

2 Х .. - 2р р "'Х-М 
м 1 

•· ·< 

. :. 

(f+ is radiating) 
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8 .. -2р р '" 8 - х .. (Г is radiating) 
х 2 

z =- 2k1. р (е_ , is radiating) 

- · - 2 ( е+ is radiating) z "' -2k . р - 8 - м - z 2 

Тhе cms energies and 3-momenta may Ье conveniently expressed 
using the Л-function: 

2 
Л(х, у, z) = (х -у- z) - 4yz <(, 

... 2 22.. 2 2 
48lk 1,

2
1 = Л(S, m, m J = S - .4m S = Л8 , 

- ... 2 2 2 2 
48lp11 = Л(S, r, iL)"" Х - 4~-t 8 = ЛХ' 

-+ 2 2 2.. 
48 1 р 1 = Л(8, Х + /l , /l J, 

2 . . м 
"4 1 ... . 2 2 2,. 2 . 8pl =Л(S,M,O)=(S- , MJ, 

48k 2 =4Sk 2 =8 2 
10 20 • 

48р2 
= Х 2 

10 • 

х Глs Глх 
=·- ,+ ·cosO 2 2S • 

t = х Гл~Гл. 2- х where :?R · СОВ 0' Xt 

0=-(kp) Е-[0,11]. 
1 1 сmв 

~ 

Furthermore, we will make extensive use of the so-called R
system, defined Ьу р + р = О, where: 

2 
". 2 2 2 2,. 2 2 

.4тlk 1 1 = Л(-Х + m + /l, r, m J = 8 _, 4m т=. Л 8 ., -t t t 
-+2 2 2 2 2 2 

4тlk 2 1 = Л(-t + m + /l , т, m) =8xt- 4m т= ЛSXt' 

... 2 2 
4тlр 1 1 =Л(8,т,jl)=Лх, 

... 2 ... 2 . 2 2 
4тlр2 1 = 4тlр 1 = Л(О, т, ll ) = 8Х' 

4 2 2 2 2 
' тk10 = 8t' .4тk 20 = 8xt ' 

4тр2 =(X- · 2~-t~ 2 4тр 2 

10 • 20 = (т + /l ~2 , ,4 тр 2 = (т _ , /l 2~ = 8 2 
- · о . х' 

cos0
1 

1 
· [S (Х Гл, тл- · , t - 2j.t2) - 2t т] 

Х yлSt ' ' 

0 1 = (k1~1)R E- (O , 11]. 

~ -

.. 1 

' 1 

Тhе fol1oving quantity had to Ье calculated: 

2 х 8 а 
Г (А) • . .!.... '1 t ·1 ( •1 (A)ll, 

:48 

vhere А is the corresponding вquared Bremвstrahlung matrix ele
ment and 
х 8 

•1 {В) "" J dX • В 
2Ws 

integratio~ over· the 
in the cms, 

r+ -energy 

. 8 1 + 1 
·j' (В) -- f dcosO ·В 

2 .. ,. 
- integration over the cms-angle 

betveen r + and е-, 

\; 

а 8 +1 2rr 

•j' (В)·'* f dcosOR fdФa· В 
. '" -· о 

R 
3. ТНЕ INТEGRALS •1 (А) = (А) 

- integration over the photon 
angles in the R-system. 

То carry out the first (tvofold) in~egration we use, e.g., 
the folloving quantities being defined in the R-system: 

tм-- 2р1. Р • 2po[Pto - IPtl cosOR] • 

Z ~ -2k1 • р • 2p0[t 10 -lk 11(cos0 1cos8R + stn8 1 sin8Rcos·фR)] 1 
vhich may Ье expreвsed through invariants Ьу using the formulae 
of вection 2. 

s 
[ 1 ) • • ....1... 

т 

2 

t z) 
sxst 

- ":'""""2 . 
2т 

82& 
[Х). "' ..:.с._ 

М 2r 2 

1 (-] . 
z 

1 -___. .. 
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ТаЬlе of R-integrals 
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[ 1 1 -] = (-] z z 
[..!..] =__L(Lx- ·L) , 
м2 ..;л; · 

[_!_] = _1_(Lx + L) 
Хм /Лх 

1 1 1 [-] = [-:-] 
z 2 z2 m2sx 

1 1 
[-у] е -т.;-
ХМ /1. Sx 

1 Sx [-] =-· 
м• ~~.2 8 2 

[~] 
zz 

2 
-L 

sх.д:; s 

[-1-] = 2 L 
ZХм S .J):':' t 

х t 

[...L] = [ 1 ] 
zхм ZМм 

1 1 
[-] = Lxt 
zм2 s ;л-

vлхt 

[-1-] = [ 1 ] 
zм2 zм 2 

[Хм] = ~(S ·t- 2m2a)[ _!_] + S Х [ Sc(2S;....X) - 28] 
z Лst t z Лst r 

Хм Хм 
[-] = [-] z z • 
[~] 
Хм 

[ ...!..] 
х2 
м 

2 
[~] 
х .. 

4 

Sx Ь 1 Sx S t (S - 11. 2 ) 
-[-] + -[ - ·S- t] 
Лх Хм Лх т 

1 2 1 ь = -[X(S +t) -2S(t +/1. )].[-] +-
Лх х., ".2лх 
g2 g2 g2 

= .З..(t2+ . ~2c)[L] _ __!_[2tS,+ a(c--L)] 
Лх Хм Лхr 2r 

,., 

у 

z8 28х 1 Вх sf t 8 
(-1- --os, + •·oH-J + -<- +- + :4о) 
ха Лх Хм Лх r 11 2 .. 

[ z s - 1 Sx . s, (8- 11а ) 
ма] = льr::тэ- ..--[ -s-t] 

Х М "Х r 

1 1 - 1 1 . Azt + х, Sx 2Х 
(-]=-Ь[-1+-( ·--) 
z 2ма & zм2 & mas s Xt Xt . Х 

1 1 (-] ... [-] 
z2м8 z8м8 

1 1 8хХ 1 SiJ 
(-] = --[S Х -2m 2(-+ ~ 2 )][ -) + · . 
zм4 &xt ' ' s zм 2 ~~. 2s 3 Лxt 

1 1 [-] =[-) 
ZM 4 zм 4 

1 1 Sxt зь 2m2 Sx·X 1 
[--] = -[- - Х + ~2 + -(8 Х - 4m2 ~~. 2 - }][-) + 
z2м • & s ' & t ' s zм2 Xt Xt 

1 Лх SхЛх 12Sx . 
+ _ _.;;._(s, + х,- .4m2+__!_)+ ·+ (m2 Лх+ "'2 s2-StX,) 

m2s2лxt Sx "2s•лх, 8• лSStt . 

1 1 
[~) =[-] z м 4 z2 м 4 

We employ the following abbreviations: 

а= Х- ~2 , 

2 Ь = X·t-~ S, 

с = m2 + .!§..(/1.28 - tX ) , 
Лх ' -

Л = t 2 -4m 2" 2 
t ,. ' 

\ • 2 4 2 2 
"xt • s, - . m ". ' 

5 



,.... 
28 - ·Х + '1/Лх 

L .. ln ·, 

28 --:: х -Глх 
v +..;г 

8 L • · ln У , , v= -8,X,t,xt,8t, xt· 
v /\ ' 

V- уЛv 

Тhе quantity А is -defined as follows: 

А (t, Xt, ... ) • А (Xt, t, .: . ) . 

At the end of this section we would like to note that some of 
the integrals contained in the above taЬle have Ьее?в calculated 
for the crossed channel in the eariier puЬlication 61. 

4. ТНЕ INTEGRALS 

[ 1] . .. 1 

[ t ] х 

2 

(J 
·j" (А)= [А] 

[ 2. 1 2 л8 лх t J • -(Х + -) 
4 3S 2 - · -

1 8 1 ILY Л s + m У Л Х 
[-] ' - - . . ln > • 

л - · - · - - · t 2'ПIIl уЛ 8уЛ х 11vЛ 8 - mуЛ х 

[...!... .] ... __!__ [..!. (11282 + m2X2) _ [_1_]] 

л~ 8m 2,}! d 2 лt 

t 8 sулх+ х..;лs 
[л] ·- - - ln - С! 

t уЛ 8 уЛХ 8'1/Лх- ХуЛ 8 

t s2x 
[лr) ... 2d2 

t 

1 [-L ] . 
-... . t 

уЛt . 

[ i ..;л:. · Lst J 
б St 

L L . s х 

s 
- --L L 

VЛS VЛх s 

llt 
\ ~. 

l 

J 

[ v\ Lt] • -2m21l2[ ~ Lt] + Х(8 - 2m2)L + Х2 -.2f.t 28 L - _!. 
У Лt 2ут; 8 2VAX х 2 

- 1 (2 2 2 2 
[ уЛ8t L

8 
] ·= -2m 2r[- L ] + .S- X)(S -2m )L S(8-~ ) +.81 ·L 28-Х 

t - · st . 8+ ·--
у Л St 2уТS 2уЛ Х 2 

[_L.L] "'_L_[_t_] + ~(_!_L - ·8 Lx) 
\3/2 t 2m2 2 лt 2d 2./г s 2_r\ 
"t ll ll v s m v"x 

[ -L.. L ] .• 2[ ..!_ ] + _! ( _§_ L
8 

- _L L х> 
лз12 t лt d -!Л . !Г . 

t v s У" х 

[~ L] .. _1_ 1_ !_ [__!___: L ] + 1 [_t_] + ..!_ [1_] + 
лБ'2 t 2m2 2 2 лз12 t 12m2"2 л . 3 л2 

ll t r- t t 

8 [ 1 ( 4 2\ 3 4 2 \ ) х +--mx" + 118" -L-
12d4 2 х s . rr- s 

ll vпs 

1 4 2 4..2 8 ] 
- - ( 11 8 Л + 3m ·л Л ' - Lx 1 

2 s 1r .rr-
m vпх 

[ t ) 2[ 1] 8 8 2 :::1! х 2 2 
7б72'4 •- 2 + -(-(S Л +3Х 1 )L --(Х Л+ 3S Л 'L] 
л 3 л 12d8 - rт- х s s . rт- s 1r х 

t t vпS V"X 

Here 
2 2 ' 

d-118-mX. 

We tabulated only а subset of integrals. Тhе others may Ье ob
tained using the property 

+ 1 + 1 
f dcosO f(cosO) • f dcosO f(-cosO) 

-1 -1 

that allows us to replace t and Xt under the integralwherever 
it occurs: 

[А (Х ) ) ... [ A(t)) • 
t 
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s: ТJiE IЮ:EGRALS ·3"~Л) = [Л] -' 

r.- · 1 h\i J' [улх] .,.. S(-yA-.,
8

- ll ~ ) 
2 . s 
r 

- 1 J' З/2 
[ХуА~ ,. 3(As) 

v'Ax . ~ r r; 
[-] .. (S - 2 ll J L - "А: 

т s s. 

[ v'Лх] ... vЧ _ S + 2/ L { 
,2 ll2 S-ll 

r.;- 2 J' 
[L] ·= vлs- 2р L 8 

1 ' 2 Г"j . 2 2 J' 
[ XL] = "4 (ЗS - 2 ll ) у А~ - ll (S + ll ) L s 

·*·-

[Lx] = SL~ - 2Д 
s 2 J' r:i · 

[XLx] =- [(S- 2/l )L . - уА~'] 
2 s s . ' 

[x2L]- S
3

LF . 2 ('F)З/2 8 2 ГF х - 3 s - 9 "s - -з jl s vл·s 

Here 

F S+~ 
L s = L х j = ln . ·, 

X=S .р · s- лF . s 
F 2 :t· 2 2 

Л s • Л(S , m , ll ) = S - 4 ll S • 
/ 

Тhе above integrands are finite in the limit Х ... S and, thus,yield 
finite integrals. Тwо integrals, however, are IR-divergent 
and must Ье regularized: 

~· F 
У 11. Х reg fF ЛS · ГF Q F 
[-J =vл·,m -v>-: -.W..L 

S-X 8 2r.;- S 2 s 
. 2/l yS w 

F s R 
Lx reg F S . F + S 1 F 2 
[- ] · = L ln- + 2 L ln - - (L ) -
s - х s 2jlbl s 28 4 s . 

8 

\ 

3 
s-J:f s-Ц 

-Ф(1)+2Ф( )+Ф(- . ), 
2 ГF ГF s +v>-~ s+v>-8 

where 

2,;--
F 1 1 Х .- 2/l +у Л J. 

L =- (L+ L.) =- -ln---
x 2 2 X- · 21!2-vfл: 

х х 

ФОО =- fy- 1
• dy. lnj1-yj is the Spence function, and the range of 

о - · 
integration has been limited to [2j!yS, S -2~1. The limit ~ ... О 
has been taken wherever this is possiЬle. 

б. INTEGRALS CONNECTED WIТН ТНЕ IR -DIVERGENCE 

If the IR-divergence is handled with the help of the general 
method deveioped in 171 the following integrals arise: 

(} 1 S 1 F 
•3" [ -- L ] = • - · L L s 

r-- · ta у'Лу'ЛF' u u 
у л ta S S 

•3" (} [ ~ L ] = _1_ · .!_ · L + _s_ L F .- 2 . rr- ta у'Л u u г,т S 
Y"ta s уЛS 

2. 2, s +и "s О · 2 2 •3"(} [ ___!__ L а] + _ . . L u + •3" [т;: L ] =- 2/l (-ka) . tт- t 4у'Л u V Л ta ta у" ta S 

2 
+ S(S - 2/l ) 

2~ 

F S 
Ls- 2 

(} г 2 
·3" [tav'i\taLta] = ~jl 2 (-k 2) _ ~- (S- 4m

2
) (S -4/l~ 2 3 а 6 ·- u + 

where 

F 2 F 2 
S >. 8 + 3u >.8 3>.8 + u >. 8 F 

+ - ·( L + L ), 
12 1\ u д· s uуЛ, Л F s s 

u = 2а - · 1, 

-k 2 
= m 2 + (S- 4m 2)a(l- а), 

а 
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4; 

' 
\ 

t '"' (8 - t ) а + t . • (1 - а ) , 
а О о 

to.!.- ~J:: 2 28 сов8 

л 2 '42 2 ta • ta - ·· 1.1 (-ka), 
' 

Lta • ln ta+ VX';a 
t 

. .• 
а_ , .,;;;: · 

ta 

L 8 + u· 'A u•ln v 8 

s - · uvЛ. 
8 

Тhе remaining integrals over the Feynman parameter а may Ье 
calculated using the following expressions: 

а t 2 
•3' ( -;:т .] ·• -:::- L8 

-ka vЛs . . 
а 1 · · "../Л8 fЛs •3' (--L 1 .... Ф(-)- Ф(- -> u u в 8 

а u s 8 . s - v'As в + ..;~ 
13' [--L ] ·• -- [L ln- + 2Ф( ) - 2Ф( )] . 

-lt~ u Л 8 s m 2 28 2S 

а 1 ·1 
·~ { - ·1 ·--1 

u2 f 

· а 1 У~ 2 2m2 
•3' [ -:r- L ] • -(- - 1) - - · L 

ull 0 S f · 8 8' 
whei'e 

а 1 

·~ [А] = f da • А , 
о 

and f i s а regularization parameter . 
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В Об~единенном ин~титуте ядерных исследований начал 
выходить сборник "Краткие сообщения ОИЯИ" . В нем 
будУт nомещаться статьи, содержащие оригинальные научные, 

научно-технические, методические и nрикnаднwе результаты, 

требуJОЩие срочной nубликации. БудУчи част\10 "Сообщений 
ОИЯИ11 , статьи, вошедшие в сборник, име10т, как и другие 
издания ОИЯИ, статус официальных nублика~ий. 

Сборник "Краткие сообщения ОИЯИ11 будет выходить 
регулярно. 

The Joint Institute for Nuclear Research begins puЬli
shing а collection of papers entitled eЦNR Rapid COf'ff1'4lni
cationв which is а section of the JINR Communications 
and is intended for the accelerated puЬlication of impor
tant results on the following subjects: 

Physics of elementary particles and atomic nuclei. 
Theoretical physics. · 
Experimental teGhniques and methods. 
Accelerators. 
Cryogenics. 
Computing mathematics and methods. 
Solid state physics. Liquids . 
Theory of condenced matter. 
Applied researches. 
Being а part of the JINR Communications, the articles 

of new collection like а11 other puЬlications of 
the Joint Institute for Nuclear Research have the status 
of official puЬlications. 

JINR Rapid Cormrunicationв will Ье issued regularly . 

- ~ 

\ 
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COHMUNICATIONS, JINR RAPID COMHUN ICATIONS, PREPRINTS,AND 
PROCEEDINGS OF ТНЕ CONFERENCES PUB LISHED ВУ ТНЕ JOINT INSTITUTE 
FOR NUCLEAR RESEARCH HAVE ТН Е STATUS OF OFFICIAL PUBLICATIONS . . 

JI NR Commun ication and Prepr lnt references shou1d cohtain: 

- names and ln lti a 1s of authors, 
- abb rev la ted name of the lnst i tute (JINR) and puЫicatlon 

lndex, 
- 1ocation of puЫ i sher (Dubna ), 
- уеаг of puЫ i ca t lon 
- page number ( l f necessary). 

Fo r exa mp1e: 

1 . Pe!'1JUвhin V.N. e t al. JINR~P2-84-649~ 
Duhna~ 1984. 

References to concret e art lc 1es, lnc1uded into the P гo
ceedlngs , shou1d conta i n 

names and 1n l tla 1s of authors, 
- t 1 t 1 е of Proceed i ngs ,1 ntroduced Ьу word 11 1 n r 11 

- abbrev lated name of the lnstltu t e (JINR) and puЫ i ca t lon 
lndex , 

- 1ocat lon of puЫ i sher (Dubna), 
- уеаг of puЫicat l on , 
- page number . 

Fo r examp1e: 

Kolpakov I.F. Inr XI I ntern. Syrrrpoвiwn 
оп Nualear ELectronicв~ JINR~D13-84-53~ 
Duhna~ 1984~ р.26 . 

Savin I. A . ~ Srrtir7101) G. I. I n: JINR Rapid 
Communicatioпв~ N2-84~ DuЬna~ 1984~p . 3. 

• 
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Интегралы, встречающиеся при точном вычислении тормозного 

излучения в КЭД 

Приведен исчерпывающий набор интегралов, который был исполь

зован при попучении с помощью системы аналитических вычислений 

SCHOONSCHIP точного результата для энергетического спектра фер
мионов и поf/ного сечения процесса е+ е- ... с+с -(у) (f .. /L, т, ••• ) 
в порядке а в КЭД. Эти интегралы вычислены без пренебрежения 

массами частиц и представляют общий интерес для точных вычис

лений процессов тормозного излучения в КЭД, а также аналогичнь~ 

процессов в квантовой хромодинамике. 

Работа выполнена в Лаборатории теоретической физике ОИЯИ. 

Сооб•ение Объединенного ккстнтута идерных исследований. Дубна 1984 

Akhundov А . А . et al. Е2-84-777 

Some Integrals for Exac t Ca lculation of QED Bremsstrahlung 

An exhaнstive list of integrals is presented which has 
been used together with the system of analytical calculations 
SCHOONSCHIP to obtain exact results for the energetic fermion 
spectrum and the total cross section of the process е+е- ~ 
... r+r-(y) (f = /L, т, ••• )tо order а 8 in QED. Тhese integrals are cal- . 
culated without neglections in the particle masses. Тhеу are 
of general interest for exac t calculations of bremsstraЦlung 
processes in qED and in analogue processes of quantum 
chromodynamics. 

The investigat ion has been performed at the Laborat ory 
of Тheoretical Physic~, JINR. 

Coшmunication of the Jo i nt lnstitute fo r Nuc lear Research. Dubna 1984 


