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1. Introduction: 

Recently, the concept of harmonic вuperspace was proposed for 
obtaining an unconвtrained formulation of' N=2 matter , вuper Yang
-Mills (SYM) and вupergravity theori eв / 1 /. The ваше approach proved 
to Ье вui taЬle for eonstructing an off-shell N=J SYM theory / 2/, 
thuв ci rcumventing the famouв N=3 barrier/3/. The main ideв con

вiвts of enlarging the or dinary superspace Ьу some new even coor
dinates ~~ t hat form а Ьавiв веt of harmonic funct i ons on во 
те сов еt manifold G/ H, G being the gr ou p of automorphiвm of the 
superвymmetry (SUSY) algebra (i.e., JU ( 2) in N=2 вnd SU( J ) in N=J 
саsев etc . ) , Н being one of' its su1.J11;roups . Then it is possiЬle 
to extract from this enlarged superвpace а вuЬврасе , called analy 
tic/1• 2/re l evant for constructing uncon s tr·ained SUJY theories . The 

fundamenta l вuperfield objects of those theoriea appear vгry ele
gantly as analy tic functions defined on thiв subspвce . 

The purpose of the pres ent pa pe r i s to give а kind of glosвa
r y of hвrmonic ca lculuв for the в implest gr oups and their совеtв 
G/ H. Only а Ьit of the exampl es considered here have been already 
used i n construc t ing ex t ended SUJY theor i es, the relevance of the 
remain ing ones may Ье reveвled later . There is в reшarkaЬle inti
шate connection be tween t he geometric structure of а SUSY theory 
and the choice of the homo geneous space G/Н used to def i ne the har

monics ~1 . We intend to liвt all harmonic super-spaces of 
intercst w1d their W1a l ytic subspaces in ano ther paper based on the 
mat t er 8iven here . 

The paper i в organized ав follows . Sectioп 2 deвcribes the ge
neral techniqueв of constructing harmonic~ оп ваше совеt врасе G/Н. 
For the pedagogicвl rеавоnв we illuвtrate these techniqueв Ьу the 
fвmiliar SU (2) /U(1) example extenвively used in Nc2 SUSY/11. All 
other сввев are tre ated analogouвly to thiв вimpleвt one. Sect.2 
t reats совеtв associated with GcSU(J) (both for HкSU(2)xU(1) and 
U(1)xU(1)),in Sect.J we consider совеtв of G=SU(4) for HcSU(3)xU(1) 
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SU(2)xSU(2)xU(1 ), SU(2)xU(1 )xU(1) and U(1)xU(1 )хЦ(1). Sect.4 iв de
voted to the свае of G~us~(2) with НЕ SU(2)xSU(2), SU(2)xU(1) and 
U(1 )xU(1 ). Sоше brief concluding reшarks are given in Sect.5. 

2. General technigues and SU(2)/U(1) example 

We begin Ьу introducing the set of harшonics~ defined on the 
шanifold G/Н, HCG; H,G being сошрасt groups. We take the шatrix rep
resentation of П and Н, and во we can define u.r € G/H to Ье, say, 
NxN шatrix. For instance, if G&SU(2) and H•U(1) is its diagonal sub-

group, the~: . + _ _ _ ~ 

-и./-= (е~р LllfT + lf' 1 )] .... ' (2.1) 

where (f iв cqfuplex variaЬle, т+ .. \g 6), т-=(~ g) are SU(2) genera
torв, i,j=1 ,2. 

The action of an eleшent g~ of G on the coset eleшent iв de-
fined ав / 4/ • 

1 

' tj k f 1 J (Q ) -u4-+ и . =- ;] . иА. rte 1 1 ц. <2.2> 
t. t. ... 

where h~ Н is а "coшpensating" right Н transformation. Next, let us 
introduce а set of Ьавiв vectors q~ in the G-representation вра-

1-'с. 
ce(normally , the fundaшental representation is considered) such that 

for any h ( Н f А В 1 А 

С/~~ С1 1~= h· 'te= ~;_ пв (2.3) 
А v t... v а.. . t. 

and hB hав а Ьlock-diagonal forш. Here indices i,j refer to the 
fundaшental irrep. of G and А,В, .. , run through all irreps of Н 

· which are contained in the fundamental _irrep. of G. Th~s А~ is 
the шatrix in thiв reduciЬle Н representation. 

Now, the "harmonicв" are defined ав: 

UA = u.J а~ 
L - i. VJ (2.4) 

А Al стk · вtА G: -uL ~- Ut = -d~ uk. ttв 
and they belong to the representation врвсе of Gx representation 
space of н. So, they transforш under GxH, where G acts froш the left 
e.11d Н froш the right • 

According to (2.2) and (2.3) the right Н transforшation is 
not independent, it iв coшpletely fixed Ьу the left G ones. However, 
we can in fact introduce {,{~ ав "free" objects in the GхН rep-c. . 
resentation space, i.e,as а kind of vielbeins converting G reps into 
Н reps. The group ·G is originally realized on theш Ьу left шultipli
cations (without coшpensating H-transformstionв). At the ваше tiшe, 
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~~ are transformed froш the right Ьу new independent gauge group 
H'l:wh~se paraшeters are erbi trary functions of ·U ~ themвelves. If 

1. 

we then fix the H~gauge во ав to reduce the number of independent 
perameterв in ~1 (equel originelly to diш G) to diш G/H, we 
recover the вtenderd совеt formuletion (2.4). Thuв, requiring inve
riance under right gauge Н~ tranвforшations one шву adhere to the 
"vislbein" interpretation of и~ which is convenient in а number 

/.. 

of авресtв . А 
vectorв are evidently For the SU(2 )/U(1) севе the q, -

с(:(~), t~~ (~) ,(+ and- labe~ the U(1) irrepв) 
to (2.3) and (2 . 4), gives us ~he harmonics from/

1
/, thet, according 

namely 
+- ~ 'U . -z:i<. · 
1. L 

U"7-= U~ L L. 

v) = (ui ui ) . 
"' ·и:... и-

2 • 2 

(2 .5) 

") 

Let uв point out that, вince t<1 iв а G matrix, thiв 
-u_A, e.g., in the SU(2)/U(1) севе 

" 
implieв воmе reletions between 

-u.tu= -ии+= iL ( ct) 

whence 

-и·~-и-L-= i # 1А: UJ- а;и: = E~i (!) 
(2.6) 

-t<~+ t/ "' ui.- u-: -= о 
L (. 

(с) 

-и: -= (и ... ' ) · 
Here (2.6) repreвentв the uniterity and .unimodulerity properti

eв of SU(2) matriceв. We .вhall вее that such conвtreintв are proto
ty peв of thoвe for more compliceted савев liвted below. Moreover, 
(2.6) giveв uв the poвsibility to convert ; ав have been вtated above 
for the generel севе ' su (2) indices into U(·1) о nев snd vice verвa' 
namely: 

1f!. -= 1А.+ \f-- u~ 'f'-r 
t. L ., 

r± -= t.{± 'fi 'f'i = rJ (. lf~ 
. J ' ) 

uJ+ = EI~Ui , eic.. 
Finelly we note that with the help of hermonics 

can expand а function defined on G/Н and belonging in 
indices to an Н repreвentation, in powers of tL Namely 
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г(А .. . В) ~ А •••• " E..ct.i - -- f 
г С 6/н)_ =- L 1~ '- 1А J с.-1 < J • < 2. 7 > 

_1_1.1- -- f .AJ where J о are G irrep.coefficients independent of -~ and 
the summation is over all (usually infinitely many) monomials in 
1~1 belonging to the ваше H-repr~sentation ав F(these are no

thin8 but higher harmonics оп G/H), For e~nple, in the SU(2)/U(1) 

casfC~e~)has . ::у .U[t -- - -и;;_н ~1Jl- · .. . иJk. J C~t -- · j~) . . 
(SUL2)/UL-L)) ~о (2.8) 

For such functions (they are exactly the repв~ of G induced 
from Н irrepв) one may define covariant differentiatio~ with reв
pect to the coset parameterв using the вtandard technique of Car
tan'в formв (see,e.g.<4 1). We would not present а general formula 
but just illuвtrate this again Ьу the example of SU(2)/U(1), The 
·covariant derivativeв in -- and ++ directionв of SU(2)/U(1) have 
very вimple form in termв of harmonicв 1.-t ~ 1 

D ++ t ... d --,.,.-- ·-~ = { t. ') и: ) .v = -и .: (~ -и : ( 2 • 9 ) 

Together wi th the oper,ator _ ~ ') . 

·Dз-= ~ ( t-t'"•0~~'- 1.-t ~ -t-ГL ) 

(which iв juвt the generator of right U(1) tranвformationв and is 
equal to overall U(1) charge when applied to any function of the 
type (2,8)) they conвtitute an SU.(2) algebra : 

[D ...... , D-]= 2 D3 

1 
[ D-t!: ,"D3

] = + D±t. 
The last property can Ье underвtood from the fact that D++, 

D--, D3 can Ье alternatively defined ав generatorв of right SU(2) 
tranвformations of the совеt SU(2)/U(1) (which are realized on in
diceв +,- of harmonicв), One more remark concerning that свае iв in 
order, Бевidев the uвual complex conjugation (-) 

-и~'~ --u*i. = ±-uf (2.10) 

one can defin'e another involution <•> 
-v'[ C#J_ (и:t._)•:. ± иу (2.11 > 

allowing, together with (2,10) t~ define вelf-conjugated charged 
objects, вау 

-r (tн-) ::: ( f (11..-)) ~ (k=-2.k). (2,12) 

4 

The geomet~ic meaning of ~ is very simple: it takes any point 
of the sphere SU(2 )/U(1) to the opposite one, i.e.,is the antipodal 
mapping of this sphere, We shall вее that auch an operation i s not 
always possiЬle and respectively the reality in the sense of(2.1 2 ) 
can Ье defined only for certain G/Н. This places а вtrong restriction 
on the choice of subgroup Н, 

J, The harmonics for G~SU(З) 

Now we are ready to collect useful formulaв for harmonics of 
G/Н, G~SU( 9 ), н~su(2)xU(1) and н~u(1 )xU(1) 

ТаЬlе 1. 

G ~ SU(З) н~sU( 2 )xU(1) н~U(1 )xU(1) 

SU(-t) · Т = i't'.: 0
) 1' о о) Generatorв of Н U/~> j т~ = о -4 о J ~ о о 

in the ЗхЗ matrix where ~i are 2х SU(2) о о о 
form generators 

т=(1 о о) . с о о J U~) i и~ сп i т -t = о А о 
о ~ о 

о о-~ 
о о-~ 

jt SU( 2 ) (~r~J· l!i t•.•)_ щ 
douЬle t 

~i - о 

9' =т 
(о, -<~ () 

su ( 2 ) 1~- - о 
a i nglet ~ 

Ji'•')= !!) 
" 

' in what follows, а 

couple of indices(a,b) 
represents ~ and Т 
charges,respectively 

~а. -- ..U.. ~J,4) ,U~J, 1) Ц~О1 -t) 
Har monics (Li ).ui С. ) L > С. 

and their con j ugates and their conjugateв 

-
~ ++ i. (: I;J) )) . .'· (! 1-1) JJ__i (oJ L) 1.. -а. 

..и· .и-
1 ~ ) ) 
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- Uni tarity 

u+u,.ШL+ =1 

Unimodularity 
condition 
detiUЦ =1 

Harmonic 
derivativeв 

preвerving 

uni tarity 
and 
uniдюdulari ty 

Converting 
indices 

+ - ~ 
Ut:a. .u.b :: 

-- ~+t 
«с:. и = 

Е-а.Ь 
{ 

+ i+t ~- --
.и io.. и .: .и. ь .и. i. =- о 

coh + J- -- Jн 
-с.. .и . .и.ь +.U · ц-

a.t. . ' -
J. = 5i 

а..!:. + + 1<.+~ 
с д . LLь.~ ~ .. ,_и 
(.., си. if ';}"'-

. 'k + + --
(._ '-J ua.i. u~. J..Lk. = у 

and their conju~~teв 

lJ..z-41 4) LL'' (-IJ -1) = J. 
ц[-''') t/ Uгl) = J.. 
и/о,-t) LLl(_o,t.)"_ 0 

(J..
(N) J{::IJ-J.) ц(.-~,1) iUJ ·1l 
,и +,; U- + 

+ u .Lo, -t-) .u...j (о/1-) = Б'_.j 
' ' 

J.L (o,-t.} >. (.-l,-lJi (1 -l)k 
j, = ~·х. и и 1 

and their conjugateв 

D?.~= LL-нi_,J_.--t-1./. ~ D('J3)=-J..L(o/r,)i.() +ll~'') О 
о. о Li QA. Q,(. о и:- О.ц_ (-4,- IJi ' 011~o,.."J 

' D3-:_ и-.-....1._ +и-~ _Е_ ос91 co~t->' а f:1,1) э 
ь- с, +11 --" ++i ""- ,LL - +. и . -

(JLJ..,i, ОД O.U(J1-I)L "О JJ.~o1 -t) 
. ' 

D('LP) c<~;-t)l. э t.•,,J а 
=-).1., -- +и.. --

o.u...C-l,-4)i. 'ou~...li) 
and,thefr con~~teв ' 
DLJI-3{: D L-113) 

o<=J~-3~ о u,3) 
ot-1-)0): fГ(tJO) 

'/;; =- f ь и . 'f +-lГ 1f 1f. -J.l ~~, '>u.(:A~-') (-4,,) ,J!~·'J 
о. ,_ ' i - ' т + .и,· т + 

· +ct -Ь 1 
if

-b - Ьi 1f' 11 (o1-t-) 1f (о, 'l-) 
- 11 d • • + ........ _ ,..,..., J ~ 

'JL.-~-~- ++j. 11.-
т - J..L 1: 

J 
?f(.,J..J,-Jj:::. и (rii-J">J_' ~ 

*lf[ot''-)= ,и_ (01 '1-),i ~ 

Note that in the case of H=SU(2)xU(1) there iв no proper in
volut i on between ttt harmonicв allowi ng uв to define an appropriate 
notion of r eality for the harmonic decompoвition. 
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On the other hand, in the саве of H•U(1)xU(1) along with the 
usual complex conjungation. 

U _(1 ,t) ~ -uC-1 , - t)/.. 
1. ) 

etc. 

there ехiвtв another involution generalizing the operation (2.11) 

о~, (~,i) :lf (о -2) • 
V\~ ~ 1Ai. 1 

uc~,- 1..)i ~ -uf1,1)L 

.,,(- J.,-i)i. :и- {02.)~ 
(.Л ~ u 1 • 

Together with the usual conjugation the latter involution pro
vides а tool for defining reality in the N=З SУМ theory/~/ 

4. Harmonics for GaSU(4) 

Now we briefly list all the resultв in our analyвiв with GaSU(4) 
for H•SU(З)xU( 1 ), H•SU(2)xSU(2)xU(1), HaSU(2)xU(1)xU(1), and 
H8t1'(1 )xU(1 )xU(1) (вее ТаЬlе 2 ) 

Note that for the case HaSU(2)xSU(2)xU(1) the involution (*) iв defi-
ned as 

l+) 'fl< (-) 

'U;a.. ~ 'U.:p 
which together with the usual conjugation · (--) 

-(t-) 

U~a. = 
-c-J -
Yt.p -

u··ctc-) 
-z/PC+) 

allows us to define reality in N•4 SUSY theory 

5. Harшonica for G•USp (2) 

Before estaЬlishing the harmonic analysis for G•USp(2) let us 
briefly recall the definition and introduce ~he matrix representation _ 
of USp(2) 

The Lie algebra corresponding to USp(2) iв forшed Ьу 2х2 quater-
nionic matrices 

( ~с_) Е USpC2 ) 
_с е 

(5 .1 ) 

а,Ь are pure imaginary quaternions (8 • -а, Ъ • -Ь),с ia an arЬitrary 

quaternion. Representing а,ь ав SU(2) matrices, we obtain the fol
lowing 4х4 matrix representation 
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. SЦ.('l.) 

-с 

с 

Slkl2) )Е USp(2), 
(5.2) 

с is а general GL(Z 1 ~) matrix . Matriceв belonging to USp(2) group 
are unitary and have unit determinant ав can Ье checked eaвily from 
(5.1) and (5.2) . USp(2) iв а вubgroup of SU(4). The USp(2) group iв 
аlво 

rank 
known to ро ввевв an invariant antiвymmetric 

Д ~d (symplec(ticD m;t;i.~в )), that iв 

Q ·· = 001. 0 
~J D- iD O 

-i о о (J 

._l]_"J :=:: sг_Т = _: S2_ ::: SL_{ 

tenвor of вecond 

(5.3) 

We вЪаll liвt below the harmonic analyвiв on USp(2) совеtв with 
H=SUf2) xSUJ2) ; H=SUf2) xUJ1) ; Н=~(1) xUj1) , U(1) being the dia
gonal вubgroupв of su1 (2), 1=1,2. (ТаЬlе 3) . 

б. Concluвion 

So far we had conвtructed objectв that can connect the repreвen
tation врасе of воmе group with the repreвentation врасе of воmе of 
itв вubgroupв. Thiв вituation will Ье eвpecially uвeful in N-exten
ded dУМ theorieв. In thoвe theorieв, Ьу adding the веt of harmonicв, 
we come to the concept of harmonic вuреrврасе. It turnв out that in 

the harmonic вuреrврасе there iв а hyperвurface вpanned Ьу the 
eo-called analytic baвis. All the fundamental objectв(e. g., вuperfi
elde) appear naturally in thi в Ьавiв. Roughly epeaking , the appea
rance of analytic Ьаеiв iв connected with the exiвtence of Cauchy
-Riemann1e вtructure/6/, With the help of harmonice SU(N) indiceв 
of the epinor covariant derivativeв fall into the Н С SU(N) onee. 
After the Yang-Mille covariantization of thoвe epinor derivativeв 
Ьу adding to them connections, we can pick out а eubвet fullfilling 
the "flat" algebra. Thi в condition i e equivalent to the integraЬili
ty condition of the Cauchy-Riemann'e вtructure. Itв preвence cruci
ally depende on the choice of Н. For the NaJ саве, e. g ., H=SU(2)xu{1) 
dоев not allow the exietence ~f (~- вtructure ав H=U(1 )xU(1) doee. 
In the саве N•4, С R-etructure doee not exiet with н~su(З)xU(1), 
SU(2)xSU(2)xU(1), SU(2)xU(1)xU(1), while it can Qe conвtructed for 
HaU(1)x U(1)xU(1). 
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СООБЩЕНИЯ, КРАТКИЕ СООБЩЕНИЯ, ПРЕПРИНТЫ И СБОРНИКИ ТРУДОВ 
КОНФЕРЕНЦИЯ, ИЗдАВАЕМЫЕ 06ЪЕДИНЕННЫМ ИНСТИТУТОМ ЯДЕРНЫХ ИССЛЕ
ДОВАНИЯ, ЯВЛЯЮТСЯ ОФИЦИАЛЬНЫМИ ПУБЛИКАЦИЯМИ. 

Ссылки на СООБЩЕНИЯ и ПРЕПРИНТЫ ОИЯИ должны содержать сле
дующие элементы: 

- фамилиw и инициалы авторов, 

- сокращенное название Института /ОИЯИ/ и индекс nубликации, 
-место издания /Дубна/, · 
- год издания, 

-номер страницы /nри необходимости/. 

Пример: 

1. Первушин В.Н. и др. ОИЯИ~ Р2-84-649~ 
Дубна~ 1984. ... 

Ссылки на конкретную СТАТЬЮ, nомещенную в сборнике, должны 
содержать: 

" 
- фамилии и инициалы авторов, 

- заглавие сборника, nеред которым nриводятся сокращенные 
слова: "В кн." 

- сокращенное название Института /ОИЯИ/ и индекс издания, 

- место издания /Дубна/, 

- год издаt~ия, 

- номер страницы. 

" 

Пример: 

Колпаков И.Ф. В кн. Х1 Мехдународний 
симпозиум по ядерной электронике~ оияи~ 
Д13-84-533 Дубна~ 1984~ с.26. ' 

Савин И.А.~ Смирнов Г.И. В сб."Краткие 
сообщения ОИЯИ"~ N 2-84~ Дубна~1984~с.3. 

Основной технический апnарат нe»Jioto .• ~ .. 1t ~рас.ирен
ным суnерсимметриям, анапиз rapНPJf:lt'l•~ ~ка одао
родных nространствах rруМ автомо~ .coO.,..~flt~ 
cynepanreбp, nодробно oiUicaн. ~ cayq. ... .. ·, . • ... ·.· 2;3·,·· • Мы.· е~.. . 
базисные rармоНИJСи · на оди(фодRid IЦ»()c'J'P4.ШRa О ti с с.. • 
• SU(2), Н • U(l)' ~ • $U(3) ·• Н • 'S\J(2)xti(I);K • U(J):&t1(1)1 
G' • SU(4), Н • SU(3):~~:U(I) 1 Н • sti(2):11:SU(2)itU(I)• lt • SU(2)1t: 
xU ( I)xU( l), Н • U(l)xU(I)xU(I ) ; G • USp(2), И* SU(2):~~:SU(2) , 
Н • SU(2)xU(I) , Н • U(l )xU( l ) и nриводим рЯд nonesныx соот
ношений м~у ними. 

Работа аuпопиека в Лаборатории -reopeтJNecкoA фКтr.ки оияи ., 

Ivanov Е . et al . · B2...,.~fZO 
Harmonic Superspaces of Extehded Supersymaetry. 
The Calculus of Иarmonic VariaЬ1es 

Тhе 1118irt technical apparatus of the ha~:t! ,.prl-,104! 
approach to extended SUSY, the ealculus Ы h8rlll01\i4 .'t.atf,Diee 
on h01110geneous ераеее of tbe SUSY autoacn:s»hid lf"flt 1/t 
presented in detail foi' N • 2,3,4 . We cc:~nstnct ttw : Ь••!o. 
harmonics for the coset manifolds Q/И 11ith а • StJ(~) ." В ii 
• U(l); G • SU(З), lt • St1(2)xU(I) and Н • U(l)d(i)l О* 
• SU( 4), И • SU(З)xU(I), И •SU(2)XSU(2):ttU(J), .. .a.lfi(zJ• 
xU(I)xY(I) and Н ~ U(J):XU(I)xU(I)a Q • USp(!); il ,. ,lit(J)a 
xSU(2), Н • SU(2)xU(I) .~В • U(t)xU(I) ahd · t&Ьu1 .. e 'A ~ 
ber of uieful relatioaa aldn& th.-, 

The investigation has been perfor.ed at the Labotatery 
of Theoretical PЬysics• JINR. 

Preprint of the Joiat tutitut• fcrt ltaolMt' -..ureь. lluЬaa 198/t 


