
C.Burdlk 

REALIZATIONS 

сообщении 
объединенного 

ИНСТИТУТа 

RдерНЬIХ 

исследовании 

АУбна 

Е2-84-680 

OF ТНЕ REAL SIMPLE LIE ALGEBRAS: 

ТНЕ METHOD OF CONSTRUCTION 

1984 



1. Introduction 

1.1 А re81izAt ion ( 81зо c8nonical re81iz8t jon nr boaon re pre Rent8-
tion) о~ 8 Lie 8lpebr8 р д enotea an expreasion о~ e1ements of р Ьу 

me8nз о~ po1ynomi81s in qu8ntum canonical vari8Ьles pi' qi' which 
ргезеrvез the commutation relatidh of g. severa1 tурез о~ the Ьозоn 
re presentation are used in phvsica1 8po1icAtions (е.р., Ho1зtein
Prim8koff's ·type 111, ~узоn'з type 121 or Schwinper's tyne / 31). The 

amount of pub1i c8tiona on this зubj ect increвseз rAoiд1y in the last 
ye 8rs in connection with the introducti on of the inteгactin~ hoзon 
mode1 in nuc1e8r physics/4-B/. In рарегз /9-ll/ exn1icit formз of 

re81izatioпз . are ~iven for t~e зymo1ectic 8l ~ebraз sp(2d,R). Тhезе 
re81iz8tions вrе phyзic811y inteгestin~ in connection with 8 micгo
зcopic mode1 for the system о~ N nucleons in d ( = 1,2 ог 3) dimen
sions; ~or в pвrticu1ar survey о~ thiз mode1 еее Re~. 12 • Canonicв1 
reвliz8tionв h8ve many 8pn1icationз in the гeoresent8tion theory/l)~ 

1.2 In the p8pers 114 - 221 extensive ~8mi1ies of re81iz8tions for 
в11 comp1ex c18зsic8l Lie 81реЬг8з 8nd for moзt о~ their re81 fnrme 
were constгucted. А11 these realiz8tione have two interestinp nгo

pertiee with reзpect to an 8pn1ic8tion in the represent8tion theory. 
They are Schure8n (i.e. they have the Cвзimir operatoгa reв1ised Ьу 
mu1tip1es of unity), and in the C8Se of rea1 forms, they вге skew
Hermite8n. 

l .) In thiз p8per we present вn 81pebraic method of constгuctin~ 
r e81iz8tions for sny re81 semisimo1e Lie 81pebr8 р. It is зhown thвt 
any induced represent ati on of р C8n Ье rewritten аз the boson one. 
This fвct is в stвгtinp noint of our constructi on . The гesu1tinp 
reвlizвtionв вrе Schureвn and зkew-Hermiteвn. The rea1izвtions of 
the 81Rebra g1(З,R), whi ch we ca1cu1ate 8В an i11ustration of thi s 
method, 8Ге of t he s8me tyne as the rea1ization ory tsined in the na-
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рег lltl. It i s 1ikely th 9t a~plic~tion of the presented method to 
classical si~ple Lie alpabras will l ead to re alizations si~ilar to 
those ~iven exnlicitly i~ the mentioned pa~ers. However, we exnect 
our method to pive other realizations, too, which are not construc
ted there. Some positive i.ndicati on has been ohtained alгeady; the 
гesult s will Ье pгesented in а ~orthco~inv seri.es о~ na~eгs. 

2. Preliminaгies 

Неге we shall гesume bгieflv s ome notions needed iл the followinp. 

2.1 Let R Ье а геаl or comnlex Lie аlреЬг"• qv р we denote its 
complexifi ca ti on; theгe hol<:J s v = Р' i. ~ р is co~~lex. 

2 . 2 Let f7. and р, 0 Ье I.i.e Rl~>ehг,.s , let f'uгther U(~) and U{p
0

) he the 
envelopinp al ~ebгas or thei г c o~ol exi~ic ations, and f'i.nallv, let w2n 
Ье the complex ~eyl "lреЬга in n cananical paiгs o1 ,q1 , i=1, 2 , ••• ,n 
which f ulfil the uauAl canonical ~ommutation гelati.ons 

[Pi,pjl = (qi., qj] =о, [n;_,Q ,J cri}· 

А гeal i.za ti. on о~ А Lie Аl ~еЬгА ~ i s А homomoгnhi.sm 

<[ - ~ ~'.Y 2 n @U (~o) · 

Fог тоге cte t ai.ls about t he r.e ~i. ni. ti on and nгoneгt i.es of the canoni.
cal гe aliza t i.o n s see 1ef'. ~ 2 . 

2 .3 The '1 o -n o 711.oг f' i. 8ш ~r ex t en•js nAt ural l _y to t l]e ho':!omor nh i. c maoni.np 

(denoted Ьу the same ~v-nhol ~ nf the e nveloni n~> elvebгa U(f) i.nto 
~2n~U(R';,)). L~'> t Zti"l Ье the centгe of U(i}. ~ гe ali.z at i.on Ti.s 
called Schuгean or schuг-rP"l i zat i "n i f' al1 c<>ntrq1 е1 e·nents С € Z liJ 

аге гeali. zed Ьу 1 ФС 0 w··· e r P. t 'Je C~ s Are ce .., trAl elP.шent s or the f'n

vel opinp, al<>l"'l r a U(1'
0
). 

2 . 4 Recall t 'Jq t t he i.nvoluti.on on an associeti. ve Аl~>е ЬгА v i.s t l] e 
meppinR "+" : р,~ ohei.n~> t 'le rel a ti. on s 

(.сх + tH)+ = ~х· + iiy+ 

( ХУ)+ =у+ Х+, {Х+)+ = Х. 

Let g
0 

Ье а r eal Li e Аlре Ьге. An i.nv"luti.on on w2n t ope t her wi.th вn 

involu tion on t he enve l oninp А1~>еЬг я U(F
0

) ~e~ines nяturqllv яn 1n
volution on '!#2n ~U (~0) Ьу 

2 

[<><j 7Тj 0gj + 

J 
[ 

+ + 
;J'- 1Т-~Р'· ,) J J 

j 

2.5 In what follows , we cons ider this i.nvol.u t ion de t ermi.ned Ьу the 
involutions on w2n and u(r.

0
), resnectively, whi ch are penerAted Ьу 

the ~ollowing relati ons 

(qi)+ 

(Pi)+ 

-qi 

pi 

on the algebra w2n, and 

+ 
у = -У, у Е: fl.o 

on the elgebra U (i
0
). 

(la} 

(lb) 

(lc) 

Let g Ье а reel Lie аl !ZеЬгв and let "+" Ье en involuti.on on 

w2n!Z)U(g
0

) de scгibed above. А reвlizAtion of" g on w2n0U(~) is 
called skew-Hermiteвn, i~ fог sll elemen t s ХЕ g, the fol l owi.np re
lation ho1ds 

(1:'lx>) + = - 't'tx) • 

). The General Construction 

J.l The cons tгucti on pгes<'n tect i.n this secti o'1 is bas·e~ on an in
ducect гepresentation of Lie el R"ebгas. '!le sunnose th et the гeader i.s 
fвmi lier wi. th the besic noti ons of the theory of the i. nduced гepre
sentations, whose expositi.on cen Ье ~ound, е.Р., in Ref. ~3. ~elow 
we гesume bгiefly onlv the main cte~initi ons. 

).2 Let р.,' Ь е в Lie subaluebгe о~ р And р0 Ье в Lie su belpebгв oi' 
g'; i.e., g

0
c р.'с. /7 . In t 'l e fo llo\vinP , we shall use А bas is 

xl,x2, ••• ,xm in the e lp.ebra р. , with pгoperties: xn+l'xn+2' ••• ,xs i.s 
а basi. s fог g0 end Xn+l'X'1+2 , ••• ,xm is а basis ~ог р : 

Fuгthermoгe, we shall as sume thAt an auxili.aгy rerres en t a tion ~ о~ 

t he al!Zebг a ~ · on the space V is piven such t he t 

rs(x -) = о 
S+J 

j = 1,2, ••• ,m-s {2а) 

G>/g is fe i. thful . 
о 

( 2Ь ) 

з 



J.J On the space ULP)®V, we can simol.v define the renresentation 
-t of g Ьу 

ДХ)(uФv)= Xu®v 

f'ог all Х"' g, u EUlp) and v Е-'!. This reoreвentAtion is cRlled the 
lert regular гepresentation. 

J .4 Consider the subsnace L in tJ lf) QI)V generl'!ted Ьу 

(u УФV)- (u @G"(.YJV), U!OU(.pJ, ye.U(~'J and Vf,V. 

It is eas.v to вее thRt r. is invaгiant wi th respect to ~. Hence we 

may def'ine qu otient representation of' g on the зресе W=(U(f)~)/L. 
·rhiз гepгesentetion is called induced repгesentetion and denoted bv 

ind ( rz., u) • 
If' { v j} is А basis in the вnасе V, then the vectoгs 

1
""' . kl k 
k)®vj :=\tk1 , ••• ,kn)> 18>vj=:x1 .•• хппФ v.i 

k 1 ,k2 , ... ,kneoN
0

, where N
0 

is the set or all non-neP"ative intee-ers, 

form а basis in w. 

].5 We defi ne the creetion and annihil8tion ooer8tors 

Bi' Bi' i = 1,2, ••• ,n РПd the operatOГS ХГ, Г= n+l, ••• ,s in the 

followinp way: 

ai 1 k1 , ... , ki'"""'kn)<&>V=:\kl'"""'ki+l, ••• ,kn)®V 

ai 1 k 1 , ••• , ki, •.. , kn) ~v = ki\ k1 , ••• , ki -1, ••• , kn) G9 v 

(notice the normRlization co~vention), and 

Xr j k1 , ... ,kn) @v=:(k1 , ••• ,kn)®<J(Xг>v. 

The.v оЬеу obviousl.v t he C')ffi "Ut8tion relAtions 

[ai' 8jl 
[ai ,xr1 

[;;i,вJ = о 

L;;i,xJ =о 
L-8. '8 .] = <.).. 1 

1 J 1,] 

(JA) 

(Jb) 

(Зс) 

J.б Theorem: Le t ~=i nd (P,G), then ell the onerAtors ~(Х}, Х €.11, 

can Ье rewritten in the fo~ 

n 

fЩ = L В ; o(~@l + 
i=l 

в 

\~о<х -
L-..:. r ®Х 
r=n+l r' 

4 

(4) 

where ~ , t = 1,2, ••• ,s Rre, in ~e~eral, the i~finite Rums in 

the operators a1 , .. ,an. 

Proof: The formula 

х yk = L=шyk-i [··t[x·:J. :J.J ... ,YJ 
1=0 1 - t1mes 

k 
implies for х х1 1 

kl kn 
х х 1 ••• xn 

k 
xn" the followin~ equality 

~ 
L_ 
.i=l 

~ 
~ х fk) kl-il k.-i .+1 
~cj t\f xl ••• xjJ J ••• 

,=о 

k 

k -i 
Х n n 

n + 

+ y- ) с; l'k) kl-il kn-in 
1\r х1 ..• xn хг ' 

r=n+l i=~ 

х . -where ct i• t = 1,2, ••• ,m , яге constants 1n~e pendent of k яnd 

(~) = (:~}···l::)· Of' course, о means to, ... ,ol. 

For any k, we define 

ka(~ 
k 

Lc~1 
i=O 

i i il 1n 
А where 8 = А1 ••• an · 

(5) 

(б) 

(7) 

Accordin,c: to the def'inition ()8,Ь), }(\k)®v) =О for an.v k such 

that 
n ' Ck. > 

i=l 1 
n 

?= ki. This imnlies the equ<~lity 
1=1 

n n k:J.~l(k) Ql) v)= ~d,~(l'k> ~ v) if Lk'· > 
i=l 1 

С k . , which -~'urther 
i=l 1 

meяns that the infinite sums 

х 
o<t kc~ i ai 

1=0 

are well def'ined. It is obviouз thet o<,~tl'k7 ~v)= kc/.~ll'k> ~v). 

For an.y tli{) ® v) (О w, k:l k 
lf(x)ll'k }Фv)=(х х 1 ..• х 0")® v 8nd 

5 
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according to \За, Ь, с), (6), l7) and (8) the rh8 further equa18 

( L aj 
j=1 

~~~1 + 
J 

8 ~ L k~;~~Дr)llk) Q9v) = 
r=n+1 

=(Lвj 
j=1 

Thi8 prove8 the theorem. 

о(~ <Э 1 + 
J 

8 

L o<;@xr)ll'k>®v). 
r=n+1 

• 
3·7 'Ne g ive now conditions on f!.

1
C.fl. under which о(~, t=1,2, ••• ,8 

defined Ьу (8) are rю1 .vnomia1 s . Reca11 thвt this i8 required i:f 

one wвnt8 to obtain rea1ization8 in the 8en8e of our definition. 

Let S Ье the 8Ub8pace in р which i8 8panned Ьу х1 , ••• ,Xn. For any 

У е g, we define Ьу inducti~n М~ = [s,мi_1] , М~ = f{Y}. 

Prooosi tion: If there exi8t8 k е N 
0 

such thвt М~ = {О} :for eny У Е: g, 

then ~i , t = 1,2, ••• ,m, are finite po1ynomia1s. 

n 
Proof: Obvious1y , i:f L.i· )'k, then cxt ..."=о for 8!\У YEo g ' 

i=1 1 J 

t = 1,2, ••• ,m, and вccorning to the nefinition (8), the expre8sions 

of o(i become :fini te po1vnomia1s. 8 

).8 Now the sought reв1izвtions sre obtвined eвsi1y Ьу ren1вcing 

operators in the sbove exoressions Ьу suitaЬle в1gebrвic ob,iects. 

The mspping 

'f\Pi) = ai 

f{Qi) 

'f lХг) 

ai 

xr 

i 

г 

extends naturв11y to в 
-1 Thus there . exist f , 

Then the mвpping 1:' : 

't'(X} = 1f-1
c ~ (Х) 

l ,2, •. ·, n 

n+l, ••• ,s 

~9s) 

\9Ь) 

\9с) 

fвithfu1 renresentвtion w2ni8)U(~) on W. 

snd if ~~ , ~; in (7) аге po1ynomis1s. 

is cons i8tent1y defined. 'Ne denote 13~ -1 х 'f oo(j • 

Propos i tion: 7: is в ге в1 i zsti on of the в11lеЬгв fl. in w2n @U(p;,J • 

6 

Proo:f: <r[x,Y] 'f-1
o r{[X,Y)) = '(~ ( [_~txJ,) (У)])= 

[1f-1
o S>(X), f-1 o ~tY)] = [t'(XJ, Tty)1. • 

).9 Let Т Ье в realization of the a1~ebrf! Р. in w2n®U(g
0
), whi.ch 

i8 o:f the type 

't(x) 

• 

n 

\q . f'J~®1 + L_ J J 
j=1 

8 

~ fЗ ;(8)Xr ' Xr с llo ' 
Г="i1+1 

where ~~ are po1ynomiв18 in the variaЬles n
1 

, ••• ,pn. Then the 
:fo11owing expre88ions are we11-nefinen 

-r'tx) = Т(х} 1 
+ 2 

n Х 

\~8j~1. 
L'vP· 
~1 J ,J= 

Theorem: 7:' is в s\cew-Hermi tesn reql i zstion of р in w
2

n ~U(p0). 

(10) 

( 11) 

Proof: Usinp the re1at i ons [~ , qil 
check es8i1y the Skew-Hermiticity. 

х 
1/Зj 

? P.i 
вnci (1е-с), one can 

(z-'cxJ) + 
n s n Х )+ (k qj f3J ®1 + k

1
13;®xr + ~ ~ ~~:; ~ 1 

n s n ,..., 11Х 
1 L qj 133 ®1 

j=1 

\ Х 1 \ U t?' 

!_ 1г®Хг- 2 L ~IS 1 -'7:: (Х) • 
r=n+1 .i =l ' J 

n n J Furtheг[rtx),t(Y))= [2qjt33~1,) qk~~®1 +Р= 
j=l k=l 

n n Х у ) - 12..i у - ';) <1j х 1 + р 
)..,.....- q j (L 1) ~ 1 k ') pk 13k @ ' 
J =1 k=1 

wheгe the Р is inciepe~nent of q., i = 1,2, ••• ,n. - J 1 Since L~tXJ, 'L(Y) =tl[X, У]), then вccoгninp to formu113 (10) 

n Х У 

f.Й,У] = Г(_21j 13 у _ '11j 13 х). J L_ ? pk k 1 pk k 
k=1 

7 

(12) 



Now а d iгect c a1 cu1вt i on ~ive s 

['r'(x) , ~·lY J] = [ЧхJ, '"t'f!] + fё q'c ~~ 
'с =1 

+ [~ L_ ,~r;j 
j =l 1 р j 

cqk .'3~1® 1 
k=l 

n 

= 't l[x, У]) - t ( k n 
[~ ~~~j 
J =1 

х 
11k 

1 
•2 

n У1 ,-__}i,i @l + 
l_ j) P· 
j=1 J 

r;)~ "х )~ ...'::.....2.i Ау l 
'i) P j 'j) pk . k 

n (Х,У]) 
= 1:([х , У1) ·(t с;~~ @1 = -rHx, yJJ . 

,] =1 J 

Hence ·z' i s в гea1 i zat i on oof р , And the ргооf' is compl e ted . 

4. The Construction for t he Real Semis i mple Lie Algebr a 

• 

4.1 In t hi s secti on, we в~nlv t he ~eneral co~stгu c tion de scri bed 
abov e to the case of а r eal s emisimpl e Lie algebra. 
Suppose th вt fZ. i s в real s em i s i mo le Li e вl ".ebra and thвt h Е fZ. and 

в = { xl, ••• ,xn,xn+l ' '''' xs, x ~+1'''''x s+n l is в bs s i s i n fl for 
whic h . 

[ь, xj] = dj xj ( l)в) 

[ь, xs+j] = - rj x ~+ j ' ( 1 ЗЬ) 

where (j >0 f or any j = l, 2 , • •• ,n and f'urther 

[ь, хгl = о r = n+l, . . . ,s. ( l )c) 

The tгi вn{Z.le dec ompo s i tion о~ {Z. i mol ie s the exi. s tence of' such basis 
in R• For det вils see Re f . 2). In the exяmole ~l(),R) we pive such 
в b вs is exp1icitly вnd for other ге вl forms of' clвs sicв1 Lie в l ~e

brвs we will construct exoli citly these bases in в forthcomin{Z. 
series of papers. 

4.2 The element Ь and the bas is В define for р the followi n{Z. di
rect decomp os ition 

8 

f 

t 

ь ь ь 
р = n+ <e R0 0n_ 

whe r e 

ь [ . 1 n~=R Xj ,J =l , ••• ,n , (14в) 

n~ = н(xs+j ' j =l, ••• ,n}, (14 Ь) 

g~ = н{хг' г= n+l, ••• ,s} . (14 с) 

The f ollowin{Z. lemmв resul ts directlv f'rom t he Jвco~i i nde nt i t v , t he 

formulae(lЗв-c) and the defini t ions (14 в-c). 

Lemmв: (i) ь ь n+ , n вге subв1 ue ~гв s of ~. 

( ii) ( ь ь 1 ь [ ь ь] ь n+ , g
0 

с n+ , n_ , р0 с n_ , 

(iii) у [ ь у 1 If Mi = n+ , Mi_1 
м У 
о 
=({У} then e xist k ~u c h 

thв t for вnv i 1 k and У е? м~ = 
1 

L о}. 

4 . ) We now s peci fy the р ', g
0 

descгibed in ) . l in thi s wву: 

ь 
fl.o = go ' 

_ Ь nb 
fl. = go$ -

and further the auxiliвr re presentati on ufulf'i lls 

G1p;~ is f'Ai thful , 

G'(n~) = О · 

(15в) 

(15Ь) 

Ac cording to the вsserti on ti i i) in the lemmв 4.2 we CAn construct 
the reвlizвtions ~Ь вnd ~~ Ьу meвns of' the meth od from section ). 

These hвve the followinp nгооегtу . 

Theorem: ТЬ and ~~ вге Schur-reв1izвti ons of fl in the w2ne&U(~). 

~: First we pr ove one oronos i t i on which snecifieв formв of 

elementв Z(P:J. 

Ргор о зi tion: Any С Е: Z('p;J с вn Ье wri tten in the fnrm 

\ n1 nn n~ n~ 
L Xl • • • Xn Y'li '!\' x s+l" • Xs+n + с о' .,, ~ ' 
?r,ri.io 

с 

9 

(16) 



wheгe Y'i1 n'"U (g~) and С 0 Е: Z ( ~~). 
' 

~: Wгite С" Zl~) in the f'orm 

с 
~ n1 
L_x1 ••• 
n,n~o 
1'\vfi'#o 

nn n1 
xn Yn•fl''xs+1 

n 

Xs~n + 0 о ' 

wheгe Yn,n 10 Щg~) and С 0 Е. U(~). The f'acts, that the e1ernent с 
co~rnutes wi th Ь and the f'oг'!1u1ae{13 а-с) imp1y that, if' 

n n 
L n. 11"1· -1 L n'1· f\. then У~ " ' = О. Since 1'. )О then, if' 
i=1 10 i=1 О~ n,n 01 

n 

с 17) 

.L:"n./0 
i=l 1 

..Z. n'. ) О 
i=l ~ 

also and, theгef'oгe, the su~ation in (17) 

гuns on1y оvег n,n' fог wh i.ch. n,n' '1 О. This and the condition \ii) 

in 1emma 4.2 imp1y th'!t if' Х ЕОР:~, then [Х, с 0] =о. This comn1etes 
the ргооf of nгoposition. • 

Using (16), ll5 ~) anct the ctefin i tion of' innuce~ гenгesentяtion we 
CRlcul a te now explicitly the оuегР.tог ~lC). 

k1 k 
)CCJ(Ik)® v) =~(С) (~(Х 1)) · ••• (~(XnJ) n(IO>® v) 

kl k ~ 
(~(Х 1)) ••• (~(Xn}) n ~(С) liO;> ® v) = 1 k) ® G"{C

0
) v. 

This pгoves the Schuг-nгoneгty of' 't'ь, hecause 'l:'(t;)= f-lo~(C)= 
= 1@С 

о 

Now we аге p;oinp to check the sяme nгnneгtv fог '7:'~. ''(е ne~ine 
~

1

(Х) = f{o7:'(XJ. qef'oгe cnntinuinp the nгoof' nf' the tiJeoгem 4.3 we 
shall ргоvе the fo1lowin~ lemmя. 

l&m;nд: li) itXj)= ~(Xj)hn1ns f'ог anv j l ,2' • • • ,n. 

(ii) 
n 

Fог an.v Xг,г=n+l, ••• ,s f(Хг)= ~Аj 0\~®1+1@Хг. 

(iii) Fог яnv Х ,г=n+l, ••. ,s D(X }(IO)б!.Jv)=IO;>~c +IJIX )) v 
г ~ г г \ г 

wheгe с г Е а:. 

1 ~ ) 
liv) <;'(X s+ j }l\0~ ®v =О holds ~ог яn.v j =1,2, ••. ,n. 

10 

!I.Q.Q!: 

(i) Since Кj, ti яге posi ti ve, dj + ~\ -1 ~\ holcts :fог яnу 

х 
j,i = 1,2, ••• ,n. Тhегеf'оге cikf =О f'ог :fi;>O, anct f'uгtheг accorctinp: 

х 
1 n 'lo<i k 

to the de:finition (8) -2 ~~---.--=О fог an.v Xk,k=1,2, ••• ,n Rnd 
1=1 • 8

1 

a1so ~'(Xk) = )CXIr.:J, k = 1,2, ••• , n. 

х 
(ii) The aeseгtions tU and (ii) :fгom the lemma 4.2 imp1y ctгr= О, 

n 
t = n+1, ••• ,s and 'f f'ог which LJi> 0 And, obvious1y, 

1 =1 х 

с 8г~ = О for s -1 г, This ~ives the asseгtion ctirectly accoгninp: to 
the definition (8), 

(iii) Ву а diгect CR1culation we ~et 

хг 

~'(xr)Cio'>®v) =(qcxr)+ ~[~~·~ ~н)(to>@v) = 
J 

= (~(Xr) + сг)(lо> ® v)= IО;>@(сг + G"(Xr>) v. 

(iv) Аз in li), any two r'., о/1. f'ulfil t· -(('· -1 ( .. This imnlies 
UJ 01 J ~ J 

xs+k . -
that Ci Т. =О :fог any k,1=1,2, ••• ,n wheгe li=(O, ••• ,O,l,O, ••• ,o) 

1 1 -
with 1 on i-the place. This and {15Ь) pive that ~(Xs+k\(to> ®v) = 

( 

n 1/s+k ) 
= (~(xs+k) + -t ~;~а~ )!8> 1 (lo> ® v) =о. • 

1 
Using the 1emma just pгoved we shall evaluRte now ~(С) exnlicitly 

1 - 1 kl k ~ 
~(C)(ik) ®v)= ~(С) (~(Х 1)) ... ()LXn)) n(IO> Q9v) = 

, , k1 k 
=~(С} (~(XJ)) ... (~'(xn)) n(1(1;> ®v) = 

( kl . kn lr, ~ ) ~ 1 
=(~ Х 1 )) ... (~(Xn)) f~C 0 )(IO/~v =lk>®G(C

0
)v, 

' -ь 1 · -ь where С 0 €: U(p;
0
). Further we nгove thRt С 0 t E(.ll

0
). Let Xr Ье any 
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ь - . 1 ele"'ent of' g
0 

, t hen Ll ~С 0 , l~XrJ = 

n Xr 

[ 

1 (\n Х 1 
= 1 @С о ' ~ q j IЗ{ + 2 

J=1 

\0~j )s1 
~l)pj 

+ l®XJ {[~'(с)' )''(Xr)J =<' . 

Thiв comnl e teв t he proof' of the theorem. • 
5. The Realizations for the Algebra gl(З, R ) 

5.1 Now we ere poing to i11uвtrete the construc tion hy the exq~n1e 
of the А1реЬrя р1(3,Ч). 

The вl!1'ebre Rl (З, Ч) is t 'l e 9-t'ii'llensi<Jnal wi th the s tAndArr'l hesis 

{ F.ij : i, .i = 1, 2 ,3}, the elements o:f which ohey 

[Ei j ' Ekl] = &j k Eil - Cil Ek .i. (JB) 

If we r'len ot e Ь :.Е11 enr'l ~~fE12 , ..:: 13 ,E11 ,E 22 ,E 33 ,E 23 ,E 32 ,E21 ,E 31} 
we obt вin я c cord in P to (l]A-c ) end 1e:finiti ons (14а-с) 

n~ = нtЕ12' Е1зJ 

R~ = RtE11' ~22' Е33' Е2)' ЕЗ23 ' 

nь = н[Е2t' Ез11 

5.2 The exnli c i t :for'll ~:r t he reAli ze t ion в fo11ow s :fr<Jm the eau~li-
k k 

ties t 6 ) f ог Х Е 1 ~ 2 E1j3 wi th "" 10rhi trяr.v Х fi: В, wh ich ere c<> l. c ulя-
ted in the Apoendix. In this WAY, one <Jhteins coe:ff'icients с~ i in 
t he definition (8) which further vive the :formulee: 

<:(E11J = q12P12 + q13P13 + El1 

Т( EijJ = -q1 5P1 i + Eij i 'j = 2' 3 

7:(El 2) = ql2 

т (Еiз) = ql) 

'rlE21J =(-ql2pl2 - ql 3Р13 + Е22 - El1) nl 2 + Е23 р13 

т: (Ез1J = (-q12P12 - ql3°1З + ЕЗ3 - Rll ) Р11 + E32r>12 
and 

'1:
1

(Е11) = q12P12 + q13n13 + Е11 + 1 

1 1 с 'r{E · · ) = -q1 .pl . +Е . . - 2 .. 
1 J J 1 1 ,1 1 J i, j = 2,3 

12 

t\El2) = q12 

•t'( E13) = ql) 
1 

'flE21J = (-ql2p12 - Q13P13 - ~ + Е22 - Е11 ) Р12 + Е23~ 3 

·r'(EJl) =l-ql2pl2 - Q13P13 - ~ + Е33 - Ell) Р13 + E32D12 

According to Theorems 4 . 2 Anr'l 3 . 9 the s e re Alizqti ons Are Schur

rea1izat i ons of t he alpebrв p:l(З,R) in '.f4 !X'U(~~~; f'urthermore, the 
realization r' is skew-Hermiteen . 
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Appendix 

Using the formulse (5) snd (18) we ohtein: 

k12 klЗ 
El2El2 El) 

kl 2 kl) 
El3E12 El) 

kl2 klЗ 
EllE12 El3 

kl 2 k1) 
E22El2 Е13 

k1 2 kl3 
ЕЗЗЕ12 Е13 

k1 2 k1) 
E2 3El 2 ЕlЗ 

kl2 k13 
E32El2 El3 

kl2+l kl3 
Е12 Е13 

k12 kl)+l 
Е12 Е1 3 

k12-1+1 1с 13 к12 к 13 -1+1 
kl2E Е13 + kl 3E 12 ЕlЗ + 

kl2 k13 
+ El 2 El3 Ell 

k12-1+1 k13 
-k12E12 El) 

k12 klЗ 
+ Е12 Е 1 3 Е22 

kl2 k13 -1+1 k1 2 klЗ 
-kl3E1 2 Е13 + Е12 Е13 ЕЗЗ 

k12-1 klЗ+l 
- kl2 Е1 2 '!.:13 

k1 2 k13 Е 
+ Е12 ЕlЗ 23 

k12+1 klЗ-1 
-k1З '!.:12 ЕlЗ 

kl2 kl) 
+ Е12 ЕlЗ Е32 
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k12 k13 k12 -l k13 k12-2+1 
Е21Е12 Е1З = k12 Е:12 Е11 ( E22-Ell) - k12 ( k12 - 1 ) Е12 -

k12-1 k11-1+1 k12 k13-1 k12 k1 3 
- k12k1ЗE1 2 Е 1З + k11E12 Е13 Е23 + Е12 ЕlЗ Е21 

k12 k13 
ЕЗ1Е12 ЕlЗ 

kl2 -1 k13 ~ . k12-1+1 k13-1 
k12E12 ЕlЗ ~ 32 - k1 2k13El2 Е13 + 

k12 k1З-1 k12 k13-l+1 k12 k13 
+ k1ЗЕ1 2 Е1З ( ЕЗЗ-!11) - k13(k1з-1)E12 ЕlЗ + Е12 Е13 ЕЗ1" 
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В Об~единенном институте ядерных исследований начал 
выходить сборник "Краткие сообщения ОИЯИ". В нем 
будут nомещаться статьи, содержащие оригинальные научные, 
научно-технические, методические и nрикладные результаты, 

требуiОЩие срочной nубликации. Будучи частью "Сообщений 
ОИЯИ", статьи, воwедwие в сборник, имеют, как и другие 
издания ОИЯИ, статус официальных nубликаций. 

Сборник "Краткие сообщения ОИЯИ" будет выходить 
регулярно. 

The Joint Institute for Nuclear Research begins puЫi
shing а collection of papers entitled JINR Rapid Communi
aations which is а section of the JINR Communications 
and is intended for the accelerated puЫication of impor
tant results on the following subjects: 

Physics of elementary particles and atomic nuclei. 
Theoretical physics. 
Experimental techniques and methods. 
Accelerators. 
Cryogenics. 
Computing mathematics and methods. 
Solid state physics. Liquids. 
Theory of condenced matter. 
Applied researches. 

Being а part of the JINR Communications. the articles 
of new collection like all other puЫications of 
tbe Joint Institute for Nuclear Research have the status 
of official puЫications. 

JINR Rapid Comrrruniaations wi 11 Ье i ssued regul arly. 
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Бурдик Ч. 

Реализации вещественных полупростых алгебр Ли: 

метод конструкции 

Е2-84-680 

Построен метод конструкции антиэрмитовых реализаций для любой вещест

венной полупростой алгебры Ли g . Метод основан на разложении алгебры Ли g 
в виде g=D~ • g: 8D~ , которое является простым обобщением треугольного 
разложения, и на представлении ~· индуцированном с помощью представления и 

параболической подалгебры g~ 8 о_ . Показано, что каждое такое представле
ние может быть превращено в реализацию /бозонное представление/. Доказано, 
что метод дает реализации, которые обладают двумя хорошими свойствами, 

позволяющими их применение в теории представлений. Они антиэрмитовы и wуров

ские. В качестве примера построен явный вид реализаций для алгебры ~(З,R) . 

Работа выполнена в Лаборатории теоретической физики ОИЯИ. 

Сообщение Объединенного института ядерных исследований. Дубна 1984 

BurMk С. 
Realizations of the Real Simple Lie Algebras: 
the Method of Construction 

Е2 .. 84-680 

The method of constructing skew-Hermitean realizations for an arЫtrary 
real semisimple Lie algebra g is presented. The construction starts with 
а decomposition g-o~ 8 g~ 8D~ of g, which is а simple generalization 
of the triangle decomposition, employs substantially an induced representa
tion of g with respect to а suitaЫe representation и of the subalgebra 
gg 8 n~ • lt is shown that each such representation could Ье transformed 
into realization /bozon representation/. lt is proved that the method gives 
the realizations which possess two good properties permitting their appli
cation in theory of representations.These are skew-Hermitean and Schurean. 
As an example , the realizat i ons for the algebra ~(З,R) are calculated 
explicitly . 

The investigation has been performed at the Laboratory of Theoretical 
Physics, JINR. 

.Communication of the Joint lnstitute for Nuclear Research. Dubna 1984 


