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1. In quantum mechan:1oв observaЫes (operators) are usual1y pre
sented Ьу some matr1oeв or d1fferent1a1 operators w1th the property 
of assoo1at1т1ty. One oan a1so oonstruct non~ssoo1at1ve ooton1on1o 
quantum mechan1os, where ooton1onв serve as oЪservaЪles/2 , 16/ • One 
more quantum mechari1cв, wh1oh uses octon1ons, 1в the famous except1o
nal quantum meohan1os Ъу Jordan, von Neumann •and W1gne~3(see als/131 

Неrе а ser1es of quantum mechan1cв w111 Ье d1scussed, where oЪ
servaЪ1es Ъe1ong to algeЪras А,_ of hypercomp1ex numЪers of order 
р=2-'(, (~ •1,2,J,4, •• ) w1th the mu1t1pl1cat1on taЬles 

е.~=ео' ej ek. =-<ьjk.eo+t.~ktee. (i,k , ~=i,1, ... ,~-1) (1) 

for Ъав1в hyperooap1ex e1ements .е} , tjke are total1y antiвym
metr1o "tenвorв • def1ned 1n what fo11ows. Nonzero oomponents Е.· kt 
equal ~1 (вее Append1x А). After the we11-known algebraв А2 (о~ the 
quatern1onв) and ~(cf the ooton1ons) there fo11ow algebra А4 of 16 
order (we cal1 these hyperoo~plex numЪers seden1ons 1n what followв), 
al'geЪra .&, of J2 order, etc. Тhе al.geЪraв А'\ for ~ ~ 4 are not on
ly noncommutat1ve, nonasвoo1at1ve, Ъut аlво nonalternat1ve, Ъe1ng 
therefore not d1т1s·1on algeЪras. Тhеу dJ not perm1t the compo.s1t1on 
.of quadrat1c forшs 1n the Нurw1 tz веnве 15/ • Howev.er, they rema-
1n to Ъе flex1Ъ1e and power-aввoo1at1ve and have un1t -e1ement and 1n
vo1ut1on. 

Тhе algeЪraв А 1 were def1ned Ъу AlЪert/', 6/ and S~hafe~7/ Ьу the 
Cayley-Diokson prooess, or1g1nal1y proposed Ъ,у Dioks~n 1/ for paвs1ng 
from the quatern1onв to the octon1onв. 

2. Note one more appl1cat1on of these algebraв Д'i ( 1 •2,J,4), 
namely, for emЪedd1ngs of o1aвs1cal and quantum dynamicв 1nto ерасев 
of h1gher d1mens1ona11t1es, us1ng the Hopf maps (f1Ъer Ъundles) 
5'!:>-5\ rь~-51, and 515-58 • Тhese embedd1ngs result 117- 291, 
when 1n two-body or many-Ъody Lagrang1ans or Нam11ton1ans 1n (p+1)
d1mens1onal ерасев we rep1aoe the Cartes1an coord1nates accord1ng 
to the maps Rt.~='- Rl'+-1 (p•l,2,4,8) 

_Q f Q f 
Хо :;- A.O..rct~ = А.а.д.: ' . 

')(.j=i(a..oa.j-a.ja.~±t..;kta..кa.f.) (~,k.,f.=1,1, .. . ,p-1), "' ' 
,.r= «-"«..,. + а..~а.~ = а..а..+осос , С2) 

~t= а.,.а..,. + o..~o..'r = а.д .. +а! а! ' "L t = 1 ~\'!.. ="-,..~~+'k~ ' 
and use the fol1ow1ng 1dent1t1es w1th one 2p-d1mens1onal vector 
(sp1nor) а..= (cto, а..1, · • ·, О..р-1 , 0..~ , а!1 , •.. , ОС р-1) 
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1>-1 

(o..'-+a!.t)'- = (.~-а!)2. +4(o..a!)i+ft~(a.oclj-<lja.~±E.~\c.t<1tc.at)'-+X, (J.a) 

х={ о 
- Lt у. j "'tW\ C1.i а..~ <Lt ~~ 

and w1 th two suoh ~eotors С1. and в 

for 

for 

r=1,2.,4,s 

р~1Ь 
(J.Ъ) 

(a.'-+~1 )(~'-+~'-)=-(a.g-<i~')t. + ~ (a..J»гa.1~o~E.~~c.t~~t+a.J,Qj-o.}в~+Ejkta.~g~Y-+ 
~ ~ 

+(a..~1+cёl!,)i.+ .?-(а.овi -(Li в; ±~jlc.t~ee_-a!o6j+a.j8o+f. ~k~с(в~"+ у' (4.а) 
.)=-1 

'f:=- -ltY.ik.~tna.~tk.cit&~ forp=-8 (4.Ъ) 
{ 

О for р•1, 2,4 

. -~Jkt..,[(a.jвlr.+cx.'1B~)(a.t~ ... +~t~~)+(C11~~-oc3tk)(a.t.~~- а.~ е'"')1 tor Р ~16. 
In eqe.(2)-(4) ,rt=O,~ , ... ,р-1; !,k,t=1,~, ... ,p-1; E.1.jk. 
1а the eame tota11y ant1eymmetr1o tensor as 1n eq. (1), and the •ten
sor" f>~kt.m.. 1s expressed т1а E.jkf. (ее~ eqs. (J6) ; and (J7) Ъе1оw). 
Ident1ty (J.a) followe froш 1dent1ty (4.а) 1f one puts OL-:Q. In Appen
d1x В а шоrе general 1dent1ty w1th 4 veotors w111 Ье g1ven t ogether 

w1th der1vat1on of al1 theee 1dent1t1ee (1n real terшs). 
For р•1,2,4,8 Х =0 1n eq. (J.a), and eqs. (2) correspond to 

the шаре 

.А) R2 .....,. R2, suoh that s~-RP1 = S~(f1Ъer 1s Zv. , а pa1r of the 
po1nts (а,а) and (-а,-а) ), douЪle oover1ng, (5) 

в) ~_.RJ, suoh that s~ -сР1 = s~ ( f1Ъer 1s .S1=50{1)=U(1)), (6) 

С) R8 - R5 , suoh that s~- QP1 = s~ (f1Ъer 1s· ~ъ=~ U<:t)=~~('\)), (7) 

D) R16-н9, suoh that slf.....,. OP1=s~ (f1ber 1s . s7 ) (е) 
' {1 tp-1 ~ р r:: 

~ and 't. be1ng rad11 о~ the spheres ;::> f and ;::::> 't. 7 j = '1 't . 

.A.t eaoh fixed 9 =Jii. these шара Ъe1ong to the Норf f1Ъer Ъund1es 
s'-f-~sPnth the Порf 1nтar1ant (l1nk1ng nUDiber) H=1 7 '1td.. (d..=0,1, ... ,p) 
be1ng ooordinates of а po1nt ~f the Ъases sP. For р~ 16 the oonneo
t1on with шарs of spheres onto spheres d1sappears. 

In eq. (4.а) .the terш У equals zero only for р• 1,2 and 4, 
and eq. (4.а) is. a needed forш of the faшous 2,4, and 8 square 1den-
t1t1es (the seoond due to Euler and the th1rd due to Degen and Car
le;r). lroa р-8 the terш У does not van1sh, and th1s is in a~oord 
with the ВUrwitz theoreш/l5/ that forЪids ex1stenoe of pure 16 and 

aore square 1dent1t1es. 
In terшs of hyperooшp1ex nUDibers шара (2) and 1dent1t1es (J.a) 

and (4.а) tak:e the forш 

2 

)1. ":. :ta! а: )1. -= а:а.- Qr ос - __ , ~ -- -- , 
)(. -::: i.ёia! )(. = ёi.ct. -ёi! а! """"" ~""""""' ' r ........ ....._. _._..._ ' 

9 9. = а. С1. + а! ct.! 
ot= a~+a!ci" 
J ---- -~ 

(upper signs) , 

(1ower signs) , 

'ёi:a.+o.!o..!)i.=-;: х +х'- +Х (xx+x"="t.~) \.:"""""'.-.. -.....- ~....... r ' --- Р 

(9.а) 

(9. Ъ) 

(10) 

(~~+~g,!j(в t+_t{}=I~1-~~I1+1!'~+,${\1+Y (upper ) (ll.a) 
_ _ · 

1 
_ signs , 

(~!!;+ё? ~)([!_+f €')=\l<i-$ ~\'--+\~t +!~\1+ У - (l~~:s) , (11. ь) 
where ~=- х,..е,.., 2:;_ = a..fie14 , i = а..~е,_., ... (~=0 1 -t, ••. ,p-1) 
are real nuшЪers (р•1), оошр1ех nUDibers (р•2), quatern1ons (р-4), 
ooton1ons (р-е), ·seden1ons (р•16), eto., Ъаr means the oonjugation 
(1nvolut1on operat1on): ёL = Gtoeo- а_ е...,.. • In the cases ..... 
p•l,2 or ·4 (real nUDIЪers, оошр1ех nUDIЪers, or quaternions) 1t is o1e-
ar froш еqв. (9), that eaoh ooord1nate )l.d- of а Ъаsе point is inva
r1an1; under the following ~ransforшations Z'l , U (1) or S~(1) on а 
f1Ъer 

- - , 1 ,_ - 1 . ) ( 
Е!:;,.-~:.9:_~, ~~~=~Ё._, ,!.!,=, (uppersigns , 12. а) 

a..~a:='io.. oc-@=za! ~~=1, - ......... -- ., - ~ __ , -- (1ower signs)_, (1 2. Ъ) 

where !._ = ~,..et' is а real nUDIЪer, а оошр1ех nuшber or quatern1on, , 
respeot1ve1y. When ~ runs over all роsз1Ые valuee, these transfor- ' 
шations generate the fiber, 1.е., the iпverse iшage of ~ (see eqs. 
(5)-($)). For ooton1ons (р-е) and for р;;?; 16 there are no suoh 1nvar1-
anoe·s. Нowever, for the ooton1ons (р-е) а fiber oan Ъе also oonstruo
ted aooording to eqs. (12.а) or С12.ь), ' starting with а partioular 
" 11 1 ( ) • ( /29/) gauge tt.) •О j• 1, ••• 7 , or а..) •О s ee ref. • 

RenUDibering the oomponent s of OL. and е (see Appendix А) we may 

r ewrite 1dent1ty (4.а) in tеrшв qf the next algebra i\ 1+1 

~1 
(a..r~)lBvg~)=-la..rgr)'-+ L lcto~'J-~~o ± f."JKLa..K~L..)t.-~ЗKt.~<l'JgKo.t.. gм J 

1=1 (lJ) 
where }A 1v=0,1 7 •• • ,1p-1~ 1,K,L,M=1,17 ••• 1 il'-1., a..,..S,..=C1og0+Gtмgм, 
€-1\(.L, , again total1y ant1syшшetr1o, oorrespondв to the mult1p11-
oa.t1.on taЪle 

е;=-ео, е-1 ек =-~:iкe.o+f:1 кt..e.L l1,К..,L==1,t, ... ,p'-1)7 (
14) 

p1=i~+i • In terшs of these hyperooшplex nuшbers 1dent1ty (4.а) oan Ье 
Ъе rewritten .as fal1ow~ 

l~ ~ ")("[.~ . .")-= (t ёi )(<!_{)- ~ЗKLM~'J~Ka.L~M (upper signs), (И. а) 
(~~)([t)= ([t)(g- Cl..J-f:>')KLM ci'J~Ka.L~M (lower signs), (1,.Ь) 

:J 
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where ~ = а..оео +~ем , Qar meanв the oonjuga.tion (invo1ut1on 
operation): ~ =-CX..oeo-Clмelw\ • We do not a1ter th8 ·' ~- t8rm. It 
8quals zero for ~' =. 2,4 and 8, and еqв. (14) are reduoed to 

(~2.:.)([!.)= (а:§..)({~)= (t~)(~к), (16) 

and thiв iв а we11-known form of the 2,4, and 8 square 1dent1t1es in 
terms of the oomp1ex numЪers, quaternions and ootonions. · 

J. Тwо forms (4.а) ·and (1J) of the вате 1dent1t;r oan Ъе used for 
obtaining of h;rperoomp1ex number a1gebras. Aotual1;r, starting with 
some knovщ E.jk.t for an a1gebra Aq, we can write 1dent1ty (4.а) and 
then Ъring it, Ьу renumbering (see Appendix А) to form (1J), thus 
oъtaining the tensor €.:JKL for the next algebra Aq+1 С and hence 
\!>':)1(\..М ). Тhen we can repea..t the~ prooesз, etc. Тhis 1terat1ng ',! 

рrооезв is equiva1ent to the Diokвon one 11/in the forms 

z1 t.,_::: (а..+ e~tr-1 а!) ( ~+ ~v-1~1)= ct.~-&1 ctl+e,_ь_1(ёi.в'+gct~( ) 
• 1 17.а 

/11/) (oorresponding to the ootonion algebra in ref. or 

i: 1 Z:~ s (<t.+a!e". )(В+ g'er )= а.€- ~· D.! + ( g'oc...+a!l)e.J> · (17.Ъ) 

From these definitionв we oan extraot, in part1ou1ar, the re1at1onв 

e"-eз=-e~tt>-1(e;.e'3-\>+1)' 1~i~f-1, r~з<ip-1' 

еtе.з=lез-ре.;,.)е.р, %~f.t'-1, ~<.З~it'-1, 
whioh permit uв to find all the values ~']\(\.. х, ono8 al1 
for th8 pr8oed1ng algebra are known. 

(18.а) 

(1s.ь) 

E.)·k~ 

4. Вasio prop8rt18s of th8 a1g8bra Д1 of th8 h;rperoomp18X num-
b8rs. Вoth th8 above processes p8rm1t us t ·o oono1ud8 that 

1) €.-j\c.t is total1;r ant1s;rmmetr1o in 1,k,t; 
2) L i \t.(. = .:t1 or о, 
J) eaoh pair jk uniqu81;r defines а value t (t.he oonv8rзe iз 

not true), ~) kt •О for otheз; t . 
Using eq. (1), we find for the associator 

( е1 )е. \с. ,e.t) =(е j e.k )e.t.- е.~ ( e.ke.t) = cl j k.f. mе.м (19) 

c(}lc..t~ =- t jlc.. Ье.м + Ьk.t Б~~+~ jk~ ~~ем+ €.~t..tn €.njm = 

= f.> j lt-tм + f-> \t.t} м , (20) 

whenoe there fo11ow ,the properties 

х Id8nt1ca1 with thoз8, which are given b;r the first рrооезв, 
uвing 1dent1t1es (4.а) and (lJ), 

4 

\ 

.. 

1) cL.)\t.t~ is ant1s;y1111118tr1o .under transpoвitions of 1st index 
with Jrd and 2nd index with 4th and ohanges itв sign after 8aoh o;ro-
11o permutation of а11 four indioes 

clj~t.eм-::=:-J..~"-)m -=--J..1mt~t.= -J..h1)\r.t =d.t~)к=-~кt"'i , С21) 

2) d..jjt~ =c:L.)ktt =0 ( no aUJDJDation), (22) 
J) cL..j k.f.~ot-::/: О only with no ooinoident 1nd1oes, 
4) 1n genera1 oase al1 41 ooшponents of d.jlo.tm with fixed } Hm. 

are expressed via three of theш whioh differ in o;ro11c p8rmutat1on 
of three 1nd1oes, e.g., via 

6..1\c..~m' d..e_ikm 1 ckktjm. 
5) Since 

(е~ ,e."-.,e.t)=-(ee, ,е\с. ,ej) 
then there are Ъoth 

(е~,е"-,е~)=О (no sumшation) 
and 

(а., f>,«-) ::.Q, 

1.е., the flex1Ъle 1aw. 
6) In general oase (р ~ 16) there 1в no al ternative 1aw 

(а.,а.,~):#=О, (a.,t,&)=FO 
how8ver, th8 equa11t188 for the Ъавiв units 

(ei ,е.) ,е.е.)=О, (.е} ,е.\L,ек)=О Cno SUIIIDiation) 

(2J) 

(24) 

(2,) 

(26) 

(27) 

(28) 

are valid for а11 f\1- ("quaв1a1ternat1v1t;r~ • 
· lor the quaternionв (р•4) d.. j lt.tt11 =О and we have nonoommu-
tative, but asaooiative d1v1aion alg8Ъra. lor the ~otonions (р-а) 

d... i \L(~ц = &. ti """ ::: J. \L~ i Wl , • (29) . 

ck;~ lt..~m is total1;r ant1s;y~~~~~~etr1o (al ternat1v1ty). (JO) 

Тhе algebra ~~ is nonoommutative, nonassooiative, but alternative 
d1v1в1on algebra. lor the sedenionв (А4) for шan;r seta jkth1 
also there are equal1t1es (29) and alternativity, wh11e for others 
j~~m two of quantities (2J) equal zero, and the third one +2 or -2. 
lor а шоrе deta11ed deaor1pt1on of asaooiatora ае8 Appendix ~ 

7)dljktm. is tota11y ant1symmetr1o (a1ternat1ve) 1f one of indi
ces equa1в 15 in рrосевз (17.а) or 8 in proo8ss (17.Ъ). In other wordв, 
а11 associators (а,Ъ,е15 ) or (а,ъ,е8) are a1ternative in processes 
(17.а) or (17.Ъ), respect1v81;r. Тhis 8Xceptiona1 ro1e of 815 or е8 

5 



fo11oi'IS from the ana1ys1s of eqs. (17.а) and (17.ь), and can Ье obser
ved from t aЫes 4 and 8 of Append1x А. Conver 8e1y , th1s propert y per

m1ts us to obta1n the re1at1ons 
а... (.e.1S' g') = (cte1s')t'- (а.., e.1s ,g') = (Q.-Is ёi) g'- (а.., е н; ,t') == 

= e.1S (ёi. S') +(e1S ,а., е,')- (а.,е.'\Ъ 'g') = C2.1s (.ff. в'), 
(e

15
oc)t = (~е15)~ =о.! (е15 ~) +(a!,e1s,g)= а! (Se1s)+(Ci! ,е"~ , (!.)= 

=(О! €)е15 - (iiJ, l,e-ls) + (cii ,e-1s ,l) = (OJ l)e1s =e1s(Sa.!), 

(е 15 а.')(е15 е>')=(е"'; а.')( ёi e 1s) == e-ts (а! ~)'e..-ts =- ef О!; Сл. а) 
o...((l,'e.s) =а. (~8 'li) = (о...~8) €i- (а.,е8 ,W) = (eg а. )f- (а..,е.8 , t)= 

= es (ёi 'W) + (е11 ,ti ,~)- (о... , е8 , W) = eg(it: ii) =(в'а..)е8 , 
<._a!e8)t =а! (е8(1.) +(а! ,е8 ,~) "; ос {~е8) +(ос ,е 8 ,g)= 

= (а.'ё)е'i! -(а! ,1 , es) + (о...1 ,е8 , е,) = (а.'l)ев , 

(а!е11)(е'е8) = (.e 8 a!){.~'e..t.) = е8 (.«! ~/)е8 =- "i!a! ел. ь) 
and t o check eq~ . (17.а) and (17 . Ъ) 11ke 1n the oc ton1on ca s e (1n the 
th1rd eqs . (J1. a ) and ( J1. Ъ) t he Mouf ang 1dent1ty 110/ 18 used) . S1m1-
1ar1y for h1gher a1gebra s Aq the asso c1ato!s (а , ь , е 2Р_1 ) 1n process 
( 17. а) and (а,Ъ , с) 1n proce ss (1 7. Ъ) are a1 te rnat1ve ( togethcr w1t h 
c( (

2
p_1) k1m or cL~k1m ) too . Us1ng e'qs . (19), (Л) , (1) , and ( Jб ) we 

сап obta1n for assoc1a tors w1t h 1arge 1ndex e1ements eJ: ej+,::=e15e.i 
fo r process (1 7 . а) апd e.з=ej+g=ejeg for process (1 7 . Ъ) (j , k , 1 
= 1, ••• ,7) the r e1at1ons 

' (е 15 е1 ,е 1<. , €.t) = 2. 'ё.j l<.t е 15 -2-eн;(Sjk.ee.- b}t ek) , 

(е) , e1sek, ее..) = 2. €.. jk.f е 1s +2.e-ts(b~k.eгЬ11.e. ej) + e1s(e!,e~c. ,ee ) , 
(е) • ek, e1see..) =i€..;kt е 1s +~e1s(S'~c.f eГ~itel<.), 
(e"c;ej ,ek ,е15 ее..)= i(~1k.eC~kt ej) + (ej , е 10ее_), 
(e15e.),e15el<.,ee.) = i®ktej-S)tek.) , ' 

(e.i ,etsek ,e1see.)=- 2. (Бjkee- Ь )t ek), 
(e1se) 'e,s ek, e1see.) =-2. €..)\c.t €..15 + е15(е 1 ,ek,et), (J 2. а) 
(e)es ' .е"- , ее.) =-iE-ii...t е 8 -i(&~kee.-51e.e~c.)e 8 , 
(e},eke~ 1 ее,) = - '1. f.)kt е s +i(&jk. ее.. -Бнe,;)e8+(ej ,ek.,et)eg, 
(е 1 ,ek,et е5 ) =-~f.j\c.t е~ +i(Бe.keГ&jt ek)e8 , 
(ej е 1 ,ek.,et е8)= i.(Ъjket -ь l<.te)) +(е.) ,ek ,ее_), 
(e}er, ,е"-е~ , et)=- i(Ь';t ek-&ktei), 
te1 ,e~c.e,,ee_es) == 2.(Ъje.e~c.-'5ikee.), 

(eje!.,ekeg,ee.e~)= if.;kte..g+(e},e"-~et)e& . " ( J2 . Ъ) 

(J 

Fo r nona1terna t 1ve a s so c1a t ors f rom eqs . (J2) there fo 11ow 

(е i, е к., e1s ее_)+ (е .i , е н; ее,, ek) = e 1s (ej ,е." .,ее..) , 

, 

(e1se..1 ,ek, е15ее_)+(е15е 1 ,e .. 5et,ek.') = ( ej, е..".,ее_) , 

(ei, elt.., ee.e..s) + ( e.i, et е8 , е~<.)=- (ej ,ek, ее_) е 8 , 

(ejes, ek ,ее_е~+(е1 е.8 ,ее._е8 ,ek.) =(ej ,е~с.,ее.), 

( J J, a) 

(JJ,b) 

wh11e (ej,ek ,e1) and (e15ej, e15ek , e15e1 ) or (ej e8 ,eke8 , e1 e8) are 
а1 ternat1ve. 

Let us oon81der the douЫe oommutator 

ta.tf>c.1J=.ltC1.k~tC.m.E.jk.n.E.~r..m.ej. (J4) 

From the 1dent1ty (вее Appendix D) 

[a..(te-11= {_c. to...~\~- \_~\.e.o . .'!i- (а.,~,с.)+ (с.,а.., ~) -(f> ,c.,ct)+ 
+ (c.,~,o..)-(8,CL,c.) +(a.,t.,g) (J5) 

va11d 1n any asвoo1at1ve and nona88oc1at1ve cases, 1t fo1low8 that 

€.}\с.., <t.htm== Ьitьk.t\1-CЬj~Ъkt+V'.ikth1' Сзб) 
where 

f->)~t.WI =t(d..jk.t""'-+cl..ejlc.m-c:L.k.tjm) . (J7) 

It 18 c1ear from eq. (Jб) (and from eq. (J7) too) that f-' j\<,tm. 
18 ant1вrmmetr1c 1n 1st and 2nd 1nd1oe8, ant1symmetr1c 1n Jrd and 
4th 1nd1ces, and does not alter Ьу 1nterohange of the f1r8t pa1r of 
1nd1oes w1th ~he seoond one 

l!'jkt ... =- "k)t~ =-\!>jlt.ntt = f-'t~o~.)k. (J8) 

Al1 4! component8 of ~jkt~ w1th f1xed jk1m can Ье expre88ed (us1ng 
eq8. ( J8)) v1a three of them, e.g,, v1a 

\'>jktm. =t(<Ljkt .... + J..t)km. -J.ktjm.), 

f-'ф."'-= i (-cL!ktm.+J..e}lc.м+.Lk.tjm.), 
· ~\r.tjm = ~ (~jktм..-d.e~lc.m+cLk.t.jм..) . (J9) 

Тhе8е re1at1ons can Ъе re8ol ved w1th re8pect oL to g1ve eq. (20}, 
For the quater n1ons f-> .. о, and eq. ( J б) repre·8ents the 1dent1ty 

[ёL[l~J]= в-с~~) -ё:(ё(r) (4о) 
for the u8ua1 douЪle veotor product 1n the J-d1men81ona1 veotor algeЬ-

_.. __.. -,:> .... ] 
ra. It demonstrate8 that three veotorв g , с. and [ f> с. , Ъe1ng 
11nea r1y 1ndependent, form а ba81s 1n the J-dime:~;~.в1onal враое, and 
the douЫe veotor produot oannot generate а new vector • In the 
7-dimens1onal vector a1gebra correэpond1ng to ootonions three linear
ly independent veotors must Ъе given, and then we obtain the Ьasis 

7 
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l,г,J,ctc) ,cld'J,[td] and [d[f~]) /sl. Now only the tr:1.ple 
veotor produot does not longer generate new veotor. One oan obta:1.n 
for the tr1p1e veotor produot the fo1low:1.ng rather oomp1:1.oated :1.den
t:1.ty 

cc«-gJcc.dп =t {с~.\.~ сс.А13\- tiq;to..Cc. ащ- t\c.{clca.~зH + tt.c!{c..[a.glИ-

-([.«.~) 1 с.., J) + (d, [о..~]' с.)- (с., d 'to..tJ)+ 
+ (Lc.cl1,a..

7
S') -l~ ,(с.. d1, «-)+(о..,~, cc.clJ) = (4l .a) 

= {:{ a..~~c@,c.J!J + t { d{ a.c~c.J1! +! tS{c.[a..dJ\! +t{c.tв ca.dJH-
- t{o..t.c. t~JJH - tic.ta..cвclл3 - t t~{d[o..c.И!- ! tJtHa..c.Ji~+ 
+н_а.с.\[~с113-Н_а..d1[вс.)~ +{ca.c.H8i!!\ -{ra.AJtk~\ + 

+1t~,c.,ca.c1J) + ~lc: ,~ , CC1.c1J)- t(a.,c., с~А1)- t(c ,a..,cвdJ)-

- t(~, с1 '(а.с.1) -~(d,~) [а..с..1) + 1(o..,d, [gc.]) +1(d,cx..,(gc.1)-
-[o.., t&,c. ,c1)+tc1,&,c.) +(c.,cl,~)J+(в ,(а..,с., J)+(~,a.,c.)+(c.,J,«-)]+ 

+[с.) (с!,а..,в,) +(е,, d ,c4+(<t.,~ ,..!)]- [d,(c. ,«-,~) +(€ ' с.,а.)+ (<1-,~,с.)]
- (Ca.g1 ,с. ,d)- (d, (.а..~1, с.) -(с., cL, ta.Q,1)+ 

+ ( 0.. 1 ~ 1 
(c.d)).-+ (tc.J) 1 0.. 1 ~) +(q, , (С;~] 1 а.) . (41. Ъ) 

It :1.s val1d for а11 the hyperoomp1ex algebras (but not for all t he 
nonassoo1at1ve quant 1t1es beoause 1n the der1vat1on we use the faot 
that assoo1ator s (а,Ъ,о) are ant1symmetr1o under 1nterohange of 1st 
and Jrd elements). From eq. (4J..b) 1t follows the 1dent1ty 

i.ч~c.E-~c.k.l'\. E-toe.m = Otk.E. jtm- S~ h. ~Hm -ь ~~~ е...ч..,_ +'Ь kmf..Чt-
-~н Е..)~"'+ 'Б iw. ч h.t + 'Ь)t. Е->.\....,_- ъi ... E...;.h2. + '6t~ \,2.1\1,.' (4 2) 

where ~ '- • ~f.rt\. represents the total1t;y of term9 w1th assoo1ator9 1n 
eq. (41.Ъj, whenoe 1t oan Ъе eas11;y expressed. For quatern1ons '6. •О, 
s1noe the assoo1ator9 are equa1 to z ero. For the ooton1ons "( •О too, 

' 91noe the as soo1ators 1n eq, ( 41.Ъ) oanoe1. Неnое the tr1ple veotor 
produot generates no new veotor. For the seden1on9, however, ~ # u, 
Only а fourf o1d veotor produot produoes no а new veotor, 

Тrасе of а hyperoomp1ex number 1s def1ned to Ъе t he douЫed 1ts 
rea1 part 

t."t. а..= a..+<i=2Re.a.. (4J) 
w1th the propert1e9 

t"t (ct..~) = t!'t .. (Sc:t) , (44) 

Vt..la.(Sc.))= Vt.(<ct..&k) , (45) 
the latter 1s due t o the as soo1ator be1ng alwa;rs а pure1y 1maginar;y 
quant1t;y Csee eq. (19 ) ), Due to the 1dent1t;y 

ott-t't:(a.)a... + n..(.a..)eo =0, n...(a..)eo= ёiа...=а..ёi ( 46) 
н 

.. 

for an;y hyperoomp1ex num·ъer 1t 19 sa1d that eaoh a1gebra Д'\- 1з of 
power 2, and therefore 19 а power-a9soo1at1ve algebra (tt.."' 0..11 =а.."'+"')/7 ~ 

Der1vat1on algebra of А and automorph19m group. А der1vat1on D 
of а nonas9oc1at1ve algebra q~ 19 а 11near tran9format1on w1th the 
property 

D(1t~) =(Dx.)'t + x(D'i). for a ll х, '}EZ- с! (47) 

А der1v.at1on L1e a1gebra D(Aq) of an;y algebra Aq , oъta1ned from the 
ooton1on algebra Аз Ъ;у 1teration9 of the Ca;rley~1okson prooe9s, 1s 
1somorph1o to the der1vat1on L:1.e algebra D(~) of the ooton1ons, 
D(A )~D(Аз), 1.е., to the 14-parameter Lie a1gebra G2 / 7/.The 1nfini
tes~al G2 tran9format1on9, der:1.vat1ons of ooton1on9, are known to Ъе 

S)(. = Dx = [Ca..~Jxl-3 (а., ~,х) а..,О,..,хеД. 3 (48) 

and а f1n1te (т~ tran9format1on for the ooton1on9 oan Ъе 9;yrnbo11oa1-
1y wr1tten аз fo1lows 

х' = ee~.clx 
7 

a.dx::[[a...g1xl-~(C1.,8,x.). (49) 

lf one represent9 an arb1trar;r h;yperoomp1ex number 

х = х1 + х1 е.& + (х:!> +х"'еs)е 1ь+( х5 +хьеg +(х.;+х.8е8)е1~е~# . . . 
•1 "' (50) 

where ><. 1 ., ')(!.., .Х '!. ., •• , are ooton1ons. Then aooord1ng to the Sohafer 
theorem the 1nf1n1te91mal and f1n1te G!. transformat1ons of Х 
oan Ъе wr1tten as fo11ows 

ь "- :::: D х. = [d.[J!>><. 11]--~(d.. 1 \!>,X1) +(Cd..Cf>"-t]]- '3> (d.,f> ,it.))e8 + 

+(LJ.. ~ Х'!>]]- ~lJ.,~? )(.'!>) +(Ed.It!> х~11- ~(d..,t!-,x~))e.6)e10 +···,(51) 

"_, = е а.с1 х , a...d х. =<D х . · (52) 

The group (a1gebra) . (;, !t. 1s the automorph19m group (algebra) of Д 't , 
А linear transformation 

1>«-;_=wчa.j (ЪС1.=wчо..i'!.;.) (i.,~=· 1,1, ... ,p-1) с5 з) 
w111. Ъе automor ph1sm of Д."' 1f W · · =-W· · , 

1 ч j1.. 

c..v, .. i., E.i!11c. +<...)н· t.t.yk + w ""-' t.ii "-' =о. (54) 
'l'he 1atter is 9at19f1ed Ъу an;y WЧ ::- ц) J;,. 1n the оаве of quater-
n1ons. In the oase of ooton1ons eq9. (54) ma;r Ъе reduoed to ~he 
fo11ow1ng 9even equat1ons (w1th the use of tаЫе 1 of Appendix А ) 

- w'l'!> +t.Jн -wь~=О , 

- w'!>1 -wst +I..Jь't =О ' 
w19. -wlts +wьт-=0 , 

I..U1~ + w,_ь + w5 :;=0, 
1) 

w 1'--LV'1!1- +L<I~t-ъ =-О , 
(...,) 1S +<..)41 + Ц)Ъf. = 0 , 

-.w1.t, -ц)t.s+Wь-;=0 l 
(55) 



~· 

If we choo se ... all с.VЧ to Ъе zero exce:pt for ц) .Ч entering 1nto the 
first equation ( 55) , we ob.tain 8.n automor:phism transformation 1eav1ng 

/8 9/ • 
е1 invariant (cf. refs. , ). Ana1ogous1y, for et. ,~'!>, .•. е,. Among 
21 :parameters vu~} entering 1nto eqs. (55) only 14 are 1nde:pendent 
(the grou:p <Yt ). л· so1ut1on of eqs. (54) (with arbitrary choice of 
€. j\(t ) can Ъе written as follows 

Wmn ::. J..j I!>IL ( 4 Е. j~e. E.t~ и- 3 с( j k.WiиJ == 

=2.d..j f.>~c,(?:>bjWIЪk..и-~~J\'\bk.и-~~tr,t€.t"""'J• ( 56) 
where d..-\. and fЬ 1 are arbitrary oonstants, and Н oan Ъе ohecked 
with the use of identity (42). Equationв (53), (56 ) prove eq. (48). 

In other oases (sedenions, ••• ) the tota1ity of equationз (54) 
make many of W ij to Ъе zero and otherз are ех:рrевзеd via 14 inde:pen
dent Wi.} entering into еqв. (5.5) (again &,_ ). For зedenionз this 
can Ье checked direot1y ,,thus 111ustrating the Schafer theorem/71. 

Тhе traoe iв 1nvaria.nt under the automor:phiзm tranвformationв 

t"C. х.' = i."' )(. ' t.'L ь )(. :::о. 1 (57) ' 

5. Quantum mechanios wИh 1\~ as a.1gebraз of observaЪleз. 
Let ав asзume :pure 1mag1nary hy:percom:p1ex numberз cx...,."eWI , or 
Ъetter -icx....,e.., with the imaginary unit 'i , to Ъе оЬзеrvаЬlез. 
Тhe. i makeз the оЬзеrv,аЬlез Ье Hermitian and eigenva1ues and ex:pecta
tion va1ue~ Ъе rea1. The quaternionic quantum mechanicз (quantum me
chanics of s:pin 1/2) is wel1-known; .it uзез the Pauli matriceз б · . } 
i.e., quaternionз, multi:plied Ьу ~ ав оЬзеrvаЬlез. An ooton1on1c 
quantum meohanioз / 16/ ~d quantum meoh~os of higher hy:percom:p1ex 
numberз can Ъе oonstructed ana1ogous1y. 

Eigenvalues and eigenstates. Let us зolve the eigenvalue :proЪlem 
for е 1 (quanternion, octonion, sedenion or higher hy:percom:plex number) 

е.1 ~ =- >-.1 s> ? S'e1=fi1e.1, ( 58) 

where у ~s>oeo+s>rn...ew. iз ~no\Yn, and ~1 and tt 1 are eigenvalues. 
We have аз зo1utionв (accordinR to taЬle J of Ap:pendix А) 

\. - .... -+~ 
"1-г1--'" 

" =-" -+~ "1 J'1 __ ., 

...,. l>-1=-1.)(f11=-1.\ 
1.. . 
~ (ео+'-е1) 

[

- { \~1=i.)(t'1=i.\ 

1 • - \}..1:. i..)(t41=-i\ for 'I.(e~+ l.e3) - { \~1=-1.)(t'\1:.Ц . 

t(e~+1.ei') ' i(el)±i.e"ol, 

~ (е c;±ie"), 

~ ( €% + i.e1~), 
~ (ен ± 1.е1~'), 

~ ( e1CJ. + i.e1~) 

111 

quat ernions 

(59) 

• 

for the зedenions. Тhere exist only four firзt зo1ut1onв 1n the саве 
of the quaternionв. Тhе firвt two of them are density operators ortho-
gonal to each other. Тhе 1atter two re:preзent the nond1agona1 
direct :produots of Ъrаз and ketв (вее ех:рrеввi.оnз in parentheвes 
in eq. (59)). In other сазез (ootonionв, вedenionв, ." •• ) we · alзo 
have two suoh setв. Firвt of them containв аlзо two вolutionз, two 
mutua11y orthogonal denзity operatorв. Тhе зecond веt 1nc1udeз the 
remaining 6,14, ••• so1ut1onз; 

Among eigenвtateз of ~~ one oan found the denвity operatorз 

f (>.2. = ±.i.) = t(eo + iE4_) (60) 

and in the оаве of an arЪi trary ахiз "С! 

_s>(}.c.=±1.)=t(e.o=t=ic..jej), c.j~.)=1. (61) 

Тhе зеt of operatorз (59) is complete and orthogonal, when the opera
tion t.'L:::i'Re 1s uвed to form е ecalar product. The веt of the deneity 
operatoтs f-(e

0
+iek) (k.= 1,2-, ... , р-1') is complete, but not 

orthogonal. 
А :probability for finding one вtate in another iв given 

1J (}..в ::.1., >-.CL::.i.) = t.rt.[f(e0-ifё)-i;(eo-~<tё")}=i(1+it~\ 
'1БО.t. =i, ~«-= i) + -w ("~=-t, }.a..-=i)=t(1+~f)+t(1-ёLr)==i (62) 
for examp1e, 

~ ()1.1,..;.., ~1=i.)=1, owl>-"~-i, ~1---~=1, цS (~1=--1.,~1-::.i)=O 

'\.-\5()..1:.1., >-.c.=i)==t(1+f-1)' 'W (>-1=-i,\'-::1.)= ~ (1-с.;,. (6J) 

Тhеве are valid for Ъoth quaternion, ootonion, вedenion, etc., оавеs. 
In the quaternion one the 1atter two probab111t1es are 1n fact the 
we11-known Pau11 reзult. 

Equations (62) :prove that tranз1t1on probab111tieв ~ are a1-
ways :poзitive and .their зum is equal to 1. Тhезе :prop&rties are oonser
ved in the оо~rве of time evo1ut1on, • з1nce any tranвformation of the 
automorphism grou:p preвerves the form. (61) с~~~' with -г'ё' =1 ). 

Expeotation value of an operator F iз defined аз uвual 

t-"t.(~F) 

For exam:p1e, for F::. e't ( =i б~ for quaternionв) and 

(64) 

у= i (e0-te~ 
(65) . tл (е 1 t (.е0 -i.e1 )) = ~ 

Тherefore, the quant1t1es 1.е3 can вerve аз Hermitian operatorз. 

11 

~ 



Equat1ons of mot1on for dens1ty operator and for observaЪles. 
In the oase of quaternio~s evo1ut1on of а dens1ty operator f 1n 
the Sohrod1nger picture and any operator F , wh1oh does not depend 
exp11o1t1y on t1me, 1n the Нeisenberg pioture 1s governed Ъу the 
Neumann (Liouv111e) and He1senberg-Вorn-Jordan-D1rao equat1ons 

~ts>(t)=-['t.,s>C~)1, ~t:F=O, , (66) 

4t-FL-t)-= [~, F(t)], ft: r =О Сб7) 
with the forma1 so1utions . 

~(-t) = e.-~-t f{O) ~'Н:, (68) 

Fl-t)=e"t-p(o)e-'H:. . . (69) 
Тhе Наm11 ton1an ~ is а pure imaginary quaternion. Тhе evo1ution 
1aws (68) and (69) are transformations of the 1-param~ter subgroup 
of automorphism group of the quaternion a1gebra. 

Ana1ogous1y for other a1gebras Aq we a1so assume 1-parameter 
subgroups of the automorphism group G2 to Ье the evo1ution 1aws 

~tt) = е. -t: a.d 0(0) (70) d f J ) 

Ftt) = е. -t а. Flo) , (71) 

where ad is defined Ьу eqs. (.51),(52). Ав equations of motion in the 
octonion саве we get the Lie group equations 

J clt: f(-r) = -[I:J..~] ~(t)] +~ (~,f->, 9 (t)) 7 (72) 

~ F(~) =· [(J..f>1 Fl~)J .- ~ (J..,t!>,P(-t)), С1з) 
where dl and ~ are two 1mag1nary octonions, wh1oh together р1ау 
the ro1e of Нam11ton1an. Тhese equations genera11ze the Neumann 
(Liouv111e) and Heisenberg-Вorn-Jordan-Dirac equat1ons to the octonion 
case. Note the condition of conservat1oF in t1me 

C(~f>lrJ= 3(J..,~,~). (74) 
For other al,ebras А , formed Ьу the Dickson process (17.Ъ) a~cording 
to Sohafer/7 , we oai represent r as fo11ows 

~ = S'1 + S't. е. в+ (s>3 +S'" eg )е1ь + ·· · , (75) 
where f 1 , f>._, s>~,9;,··· are ootonions, and equations of motion oan Ье 
written as fo11ows 

1t ~ =- [[dl ~] f1]+3(c:L,~,.f1)- ([[cl~].§>'1.]-3(<k,~,.fi.))eв-
. -(шttэ ].f:!>]-~(J.., ~' ~-ь)+([[J..!!'] s>~)- 3(<k,~,f~))e~e1 '-- ... , (76) 

~F = [[J..~1 ft] -3~'~' F1)+(((6..f->1F"1- ;(J.,r.-;F'~, ))е8 + 
+([[d..f>1F3 ]-3(J..,~,~)+([[d.~lF,]- :)(ci)f>, Ц ))е8)е1с,+ .. ·. (77) 

For sedenions only р1 and f:t , and F1 and F 2 .are nonzero. 
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Al1 the above evo1ut1on 1aws оЬеу the property 

t'L (F1 (о) ... F" (о) s>C~)) = t"L ( 1='
1 

(t:) ... F" (t) р(о)) . (78) 

Note also the conservat1on of the tota1 probab111ty 

t'L~ (t) =о 7 t"t. ~ (.t;):: t"L S'(O). (79) 

б. Мatrix representations. Any hyperoomp1ex numЪer F of some 
a.1gebra Aq is comp1ete1y def1I1.ed Ьу its representative 

t:'L (е!" Р) (~=0,1, .. . ,\3-1)' (80) 

thought to Ье а co1umn; 

F = е." t"L(e"P). (81) 

Mu1t1p11cat1ons of F Ьу а hypercomp1ex number а. from the 1eft or 
right may Ъе writt~n as operators ( matrices) acting on representa
tive (80)х) 

t'L ( ё"(а.'Р)) = ( a..~).t'" t't.(~" ~) = a..t t"L(ё,. 'F)' 

t't. (ё" ('F.a..)) = (a..'L) "'" t't.(ё" ~ = a..'L -t"L(ё14 F), 
(82) 

(8J) 

a..t ~d a.'t. being called the 1eft and right (matrix) representati-
xxJ . 

ves • Тhis is c1ear s1nce this is valid for the Ъasis e1ements: 

t'L.(ё,. te1 'Р)) = (Ъr~Ъ"0-ь"о~"} + f-o.rj") t"L(ёvF) = (e~).t<" t'L(ё" 'Р\ с84) 
t'L(ё"('Pe~) = (ь.tt! ь"o-ьrobvCf.ot"jv)t.'Llё"'P): ( ei)J<" t't(_ёv'F\ (85) 

where eqs. (1) and (45) are used 1 f.o"')n = E.~j Wt. • Hence due to arЬ1-
tr1riness of F the 1eft and right matr1x representatives of ej are 

(e~\v='S.r.}'Ь\Io-'S',.oьvj±E.o}\j\1' е~=е';::.1' the unit рхр matrix 
t (86) 

ei=-~ei~7 ~=t(e;+e~ej), ll,!.=e~. (87) 
Тhе matrix representatives of qнaternion, octonion and sedenion basis 
e1ements are given in Appendix с. Left and right representatives 
commute mutual1y iD а11 aSSOCiative a1gebras (e.g., in the conventio
nal quantum mechanics and quantum fie1d theory, cf. rer/301), and, 
in particular, for quaternions 

[ete'tl=O. (88) 

Нowever, they do not commute, in general, in nonassoc1at1ve algebras, 
80 

xJТhe 1ast symbo11c form w111 Ъе uзed below. 
хх)о~ notation arose Ьу fo11ow1ng o1ose1y to the sp1r1t of the 

Dirac representstion theory. Тhеу вееm to Ъе more 1nd1oative than 
notat1on R and L used in algebra and cal1ed the right and 1eft 
mu1t1p11ca~ions (:ее, e.g., ref./10I). Note that other realizations 
of е} and ej are also possiЫe (вее ref./16/). 

1 :i 
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' [e1,ek:1=[e~,e~1:/:0 (89) 
for octon1ons, seden1ons, etc. Нowever, 

[ t. 't. 
ej 'е j 1 =о . (no sшnmation) . (90) 

А repeated action on F is converted into the usual matrix multip11ca
t1on of representatives : 

t"t. (e,.(o..(g Р))) =а..'- tt-t't.l~F), 
t"t ( ё!' (a..(F 8))) =а..'- g't t1t.(ёt' Р), 
-t"ll~t-нrщ~)) = в'La.'Lt't.(ё,."P). 

(91) 

(92) 

(9J) 

Representatives of · a product of two hypeт.comp1ex numbers in terms of 
representatives of factors can Ье found as fo11ows 

(ot.g)t. t'L.lё,. ~) = t'L(ё,.(<.a!)F))= t'L(ё',.(a.l~"P)+ (o..,f>,F)))= 

= t't.(ё,.(o..l~ ~Ч- (а., Р, ~) + (a..,t ,1:!) +(о.., F, &)))= 

= ( a..egt. + (a.t~'LJ)t."t.(~ F) + t"t(ё:f' l<.a..,g,F) + (a..,f', ~))), (94) 

(a..t)'L-t~lёtt F) = -t't.(ё,. П' (o..t))) = -t't.(ё:J<((Fo..)~- (Р ,а..,В)))= 

=t'L.(.ёt'((Fa.)t +la..,F, ~) ~ (F ,o..,t)- (a..,F ,@.))) = 
= ( f,'t. a..'t. + (~t. а. 'L]) t't. (ё.11 F) + t't.(ё~((g,o..,r) +( t1 F ,а..))). (95) 

Not e t hat 
[a..t g'L 1 =- [o..'t. ,tt.] (96) 

due to е11• ( 24). For octonions the 1ast te:>:-111 t't.(ё!'((a..,~;F)+(o..,F ,~))) 
vanishe s due t o the a1ternativity , and thc desired representative s 
have been exhibited (see also ref./161). For sedenions the 1ast term 
a1so vani shes if а о :>: Ь ~qua1~ е15 in process (17.а) or е8 ili rrocess 
(17.Ъ). In other situations it can Ье transformed, usi~g the equations 

t't.( ё"(( ei,e.~~.,F) +(ej;F ,e~t)))= 
- L ,- ( . :\ f. t 't. ( {j " - Ч.+1t"t- ~~ e1sCe},ek.,et))J= -e1s[e} ek.1e1st't~e,.tt+1-le1see_,,= 

=-(~ ~)e~5 [e}ek)e~5 (~ ~)t't(e,J')= [~~)[e}·e~1(g ~1t.t.(et'r), 
-t't..(et<(<.e~ ,е15е", ~)+(е j, F, е15е"-)))= 

= +t t't.lё,. (е15 (.ej ,er.,e~t,))) =-е}.; t~~ е~] t1:..lёt< ttet.)=-

,." -[~ ~1 e~s [er~~зl~ ~)t't.(ё,.~=-l~ ~1 [e~ek:Jl~ g)t'Llёf'<F), 

J.J 

• 

t't(ё.t1((e15 е.} ,ek., 'Р)+ (e-tsej, F ,ek. )))= 

::. ftн t't..(ё_,.(e j ,е \с. 1€t_))=- [~!e~)e~S t"t(~~ ~tH.(e.15et))= 
:-{~ ~)[efe~]e}5 (~ ~)t't.(ё,.F) = (~ g) [e~el1l~ ~)t't.(ё:_,.f), 

t."t.(ё_,. ((e15ei ,е15 е.~с., F) +le-tse.j ,F' ,e15ek)))= 

= tr. t't le,.(ej ,ee.,e~t)) =- [ efe.k.l t't.(ё,. ftet) = 
=-[~~)[efe~1(~ ~)t't..(€,.F), 

t.'t. (ё,.((е.3 ,еk, F) +(е~,~, e~t,)))= 

:::. tн8 't't.(e1Дe~ ,et,ek.)e8 )) =- ei [efe~]e~ t"L(ё_,. tt+S(ee.~i)= 
- lo О) 't. ( .t. 'L1 t( О О 1 {< ) (О О) ..-: (. 't.](O Щ t- r\ 
-- 0 u.. е 8 ej e.k. e8 lo u.. tt.'-et' "Р =-Lu.b Le} ek. lo 0 Jt't\.e,.'P J, 

· t't (ё,. ((.е j ,е."е.8 , "Р)+ lej, "F' ,e~<.es)))= 

= te. t't.(ё,.((ej ,е~с.,ее.)е8)) = ei (ej~e.~]t,~t.(ё,_ fte.t)= 

==(~ ~)ei [efek1l~ ~)t't.(ё~P)=[~~)[efel1l~~)t"t(ё_,.P), 
t"L(ё._,..(te3 e8 ')e\L,F)+(e)e8 , F ,e\L ))) = 

=te+s t'L.(ё,.(e),e~c.,et)) = [e~ek:1~; t't.lё,_tt+slete.8))= 
= (~ ~)te~ek)eH~ ~)t't(~P)=(~ ~)[efek'J(~ ~)t.'L(ё,."P), 

t't (ё,. (leje8 ,е~о..е8 , Р)+ (-e.ie8 , t' 
1 
ek.e.s)))= 

= fe, t't.lё,.Lq_~ ,e.t,e.~~..)) =-[е.~ е~ )t't.(ё.t1 te_e.t)= 

(97.а) 

=-е~· g 1 [efe~ll~ ~)t't.(ё.t< 'Р). . (97. Ь) 
То prove eqs . (97) the de compositions "F ==foeo+fe.ee.+f-tнe-tsee. +t15e 15 
and F::.f0e0 +te.ee.+f8~+tt.+seee.s се.= 1, ••• ,7) ar e inserted in 
pro ce sses (17 .а) and (17. Ъ), re spective1y, and eqs. (J 2) and· ( JJ) are 

' fU..O)fOO) used. Тhе 16х16 matri ces Lo 0 ,lO'\J 7 .. . have entries Ъeing 8х8 matri-
с ез. I n turn, 

[о ... о) ( о 1 и.::: : 1 J 13"= i . : ' 
() о ... о (о } -w- : i - о .. . о ' 

wher e 1 is the unit 7х7 matrix . 

15 

lO· ·· ?1 
Х= i : ' 

о 

• 



In further hypercomplex a1gebras associators сап suooes sively Ье 
reduoed to those f or lower algeЪras С after all to ootonion assooia
tors) like i n eqs. CJ2), Тhis will also permi t us to traпsform the 
l ast term of eqs . С94) апd С95). 

Опое matrix represen+;ation is oЪtained all expressioг..s and 
equa.tions сап Ье re\v:rit t en 11~ these terms Csee ref. 7l6/). 

' Тhе author is deeply gratefu1 fo~ prog~ing and computation 
of t~.Ъles of Appendix А апd those for further hyperoomplex numЪers 
to A.I.PoluЪarinova, апd for useful disoussions to A.B.Govorkov, 
who also oonsidered higher hypercomp1ex numЪers with а mu1tip1ioation 
taЪle identioal to tаЪ1е 7. 

~~~ Тhе multiplioation tаЪ1е of the quaternions Ср•4) is 
defined Ъу theCon1)Cqua~tity ~ 1 ~~ = 1. In genera1 there are 
Nt. • ~ с 2 р-1 • Р-~. 'JP-

2 
independent Е j kt , 7 for the ootoniona 

Cp•S), J5 for the sedenions (~·16 et • Aзsooiators are defined Ъу 
• 1 с J 1 2 ) с -1)1. -2 -4 1. !'lJ.. 4 сР_1-тсР_1 • . 2 •3 .4 quant1t1es ca.Jit.f.m.. 

NL • 7 for the ootonions, NL • .105 for the sedenions, eto. Ве1оw 
taЫes of independent nonzero va1ues of' E.j kt , cL j kt.ttt and 
~jlt.t.m.. ars given. Тhе taЪ1es 1,2,3,4 oorreapond to prooeas (17.а), 
and tab1es 5,6,7,8 to prooesa (17.Ъ). 

ТаЪ1е 1. E.jkt. for octonions. ТаЪ1е 2. d.jklWI and J!>jke.W. for ootonions 

1,2,3 
1,4,7 
1, 5 , б 

2 ,4,б 

2,5,7 
3,4,5 
3,б,7 

ТаЪ1е J. E-jlr.t 

1, 2, 3 1 
1, 4, 7 1 
1, 5, б -1 
1, 8,15 1 
1, 9,!0 -1 
1,II,14 -1 
1,1г,в 1 

2, 4, б 1 
г, 5, 7 1 
2, 8,!0 1 

1 
1 

-1 
1 
1 

-1 
1 

for sedsnions 

2, 9,15 1 
2,II,I3 -1 
2,12,14 -1 

3, 4, 5 -1 
3, б, 7 1 
3, 8, 9 -1 
3,10,15 1 
3,II,12 1 
3,!3,14 -1 

)6 

1,2,4,5 
1,2,б,7 

1,3,4,б 

1,3,5,7 
2 ,3,4,7 
г,3,5,б 

4,5, б ,7 

4, 8,14 
4, 9,!3 
4,10,12 
4,II,15 

5, 8,!3 
5, 9,14 
5,IO,II 
5,12,15 

1 
1 

-1 
1 

-1 
1 
1 
1 

-г 

2 
-г 

-г 

г 

-г 

-2 

-1 
1 

-1 
-1 

1 
- 1 
-1 

б, 8,12 
б, 9,II 
б,IО ,14 

6,!3,15 

7, 8,II 
7, 9,12 
7,10,!3 
7,14,15 

1 
-1 

1 
1 

-1 
-1 
-1 

1 

' 

ТаЪ1е 4. cLjk.1111,d.tj'\c.m,c:L.k.tjm. and ~jkJwa. for sedenions х). 

1, г, 4, 5 ~г -1 г, 5, 8,II О 

1, ·г. б. 7 г ·1 г, 
1, г, 8, 9 -г -1 г, 

1, г,10,15 г 1 2, 

5, 9,12 -2 
5,10,13 О О 

5,14,15 г 

О 2 -~ 4, 7, 8,15 2 
-1 4, 7, 9,10 О 

4, 7,II,14 - 2 
4, i,1г,13 О 

г -1 
I 

2 -I 
-I 

1, г,11,12 О О -г 1 г, 

1, 2,13,14 О О г -1 г, 

1, 3, 4, б -г -1 г, 

1, 3, 5, 7 -2 -1 г, 

5, б, 8,15 -г 
о -г · r 5, б, 9,10 о 

б, 8,14 о о 

б, 9,13 -2 
б,10,12 О 

б,II,15 -2 -I · 5, б,11,14 О 

1, 3, 8,10 -2 -1 2, 
1, 3, 9,15 -2 -1 2, 
1, 3,11,13 О О -2 1 2, 
1, 3,1г,14 О О -г 1 .2, 
1, 4, 8,11 -2 -1 

7, 8,13 о 

7, 9,14 -г 
7,10,II О 

7,1г,15 -г 

1, ~. 9,12 О О 2 -1 3, 4, 8,13 О 
1, 4,10,13 О О г -1 3, 4, 9,14 О 

1, 4,14,15 2 1 3, 4,10,11 -2 
1, 5, 8,12 -2 -1 3, 4,12,15 -2 
1, 5, 9,11 О О -2 1 3, 5, 8,14 О 

1, 5,10,14 U О 2 -1 3, 5, 9,13 О 

1, 5,13,15 -2 -1 3, 5,10,12 -2 
1, б, 8,13 -2 -1 3, 5,11,15 2 
1, б, 9,14 О О -г 1 3, б, 8,11 О 

1, б,10,11 О О -2 1 3, б, 9,1г О 

1, б,12,15 г 1 · 3, б,10,13 -2 
1, 7, 8,14 -2 -1 3, б,14,15 2 
1, 7, 9,13 О О . 2 -1 3, 7, 8,12 О 

1, 7,10,1г О О -2 1 3, 7, 9,11 О 

1, 7,11,1~ -2 -1 3, 7,10,14 -2 
3, 7,13,15 -2 

2, 3, 4, 7 2 1 

О -2 1 5, б,1г,13 -2 
-1 

О г -1 
-1 

5, 7, 8,10 о 

5, 7, 9,15 г 

5, 7 ,II,13 О 

5, 7 ,1г,14 -2 
о -2 I 
О 2 -1 б, 

-I б, 

7, 8, 9 . о 
7,10,15 2 

-1 б, 7,!1,!2 О 

о -г 

о -2 
1 б, 

1 
7,!3,14 -2 

О 2 -I 
О г -1 

-1 8, 9,!0,!5 -2 
1 8, 9,II,1г -г 

8, 9,!3,14 2 
8,10,II,I3 -г 

-1 8,10,12,!4 -2 
I 8,1!,14,15 -г 

8,1г,13,15 2 О 2 -1 
О -2 I 

-1 9,10,11,14 2 
-1 9,10,12,13 -г 

2, 3, 5, б -г -1 4, 5, б, 7 -2 -1 
9,II,13,15 -2 
9,!2,14,15 -2 

2, 3, 8,15 2 1 4, 5, 8, 9 О О -2 1 
2, 3, 9,10 -2 -1 4, 5,10,15 -2 -1 10,11,12,15 2 
2 , 3,11,14 О О г -1 4, 5,11,12 -2 -1 10,13,14,15 -2 
2, 3,12,13 О О -2 1 4, 5,13,14 О О -2 1 
2, 4, 8,12 О О -2 1 4, б, 8,10 О О -2 1 11,12,13,14 -2 
2, 4, 9,11 -2 -~ 4, б, 9,!5 г I 
2, 4,10,14 О О - 2 I , 4, б,11,!3 -2 -1 
г, 4,13,15 2 1 4, б,12,I~ О О 2 -1 

1 
О г -1 

-1 
I о -2 

о -2 
о -2 

-1 
1 
1 

-I 
о ..:г 1 

1 
О г -1 

-I 

О 2 -1 
1 

о -г 1 
-I 

-I 
-1 

I 
-1 
-1 
-1 
1 

I 
-1 
-I 
-I 

1 
-1 

-1 

--x:,-Only one va1ue cLj\Ltm 1а g1ven, when c:L.jHм=clejlcm=c:(\c.t}l'll. 
'\ 
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For c:L ik.~м and JЪ jk{.., there are three possib111t1eв: а) al1 
indices are smal1 (1 ~ j, k

1 
t ,м~ 7 ), Ъ) two indices are smal1 and two 

are 1arge (e.g., 1~j,k.~1; 8-t,m~1S), с) al11ndices are 
1arge (~~ ~, k, t,m ~ 15) • Nonalternativity arises only in situati
ons ъ). Тhе quantities 

cl,;k.tw., c(jk.L(15), c:LЗKL(1S) > c('JKLM ,c:ljk.j+i k.H 
(where j,k, е ,m • 1,2, ••• ,7; J,K,L,M • в,9, ••• ,14) are total1y anti

symmetric. То each с(! k.tm:# О there correspond 

ci.~k.t+i rn+r- = d.t+1} k. мн-=0' c:l..k.t+1 j m+f. = d.jktm 
Aocording to taЪles J and 4 one oan construot the fo11ow1ng 

a1ternat1ve triang1es nonalternative tr1ang1es 
1,2,J, 4, 5, б, 7 

1,2,J, в, 9,10,15 1,2_,J,l1,12,1J,14 
1,4,7, в,11,14,15 1,4,7, 9,10,12,13 
1,5,6, ,S,12,1J,15 1,5,6, 9 110,11 114 

2,4,6, 9,11,13,15 2,4,6, в,10,12,14 
2,5,7, 9,12,14 115 2,,,7, в,10,11,1J 

/ 

J,4,5,10,11,12,15 J,4,5, в, 9,13,14 
J,6,7,10,1J,14,15 J,6,7, в, 9,11,12 

~~· ~'jlc.t for octonions ТаЪlе б. J.. jH.tn and f>jk~m for octonions 

1,2,3 
1,4, 5 
1,б,7 

2,4,б 

2,5,7 
3,4,7 
3,5,б 

ТаЪlе 7. Е. j k. t 
1, 2, 3 1 
1, 4, 5 1 
1, б, 7 -1 
1, 8, 9 1 
1,10,II -1 
1,12,13 -1 
1,14,15 1 

2, 4, б 1 
2, 5, 7 1 
2, 8,10 1 

1 
1 

-1 
1 
1 
1 

-1 

for sedenions 

2, 9,II 1 
2,12,14 -1 
2,13,15 -1 

.3, 4, 7 1 
3, 5, б -1 
3, 8,II 1 
3, 9,10 -1 
3,12,15 -1 
3,13,14 1 
1 
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1,2,4,7 
1,2,5,б 

I,3,4,б 

1,3,5,7 
2,3,4,5 
_2,3, 6, 7 
4,5,6,7 

4, 8,12 
4, 9,13 
4,10,14 
4,II,15 

5, 8,13 
5, 9,12 
5,10,!5 
5,II,14 

1 
1 
1 
1 

1 
-1 

1 
-1 

2 

-2 
- 2 
-2 

2 
-2 
-2 

1 
-1 
-1 
-1 

1 
-1 
-1 

б , 8,14 
б , 9,15 
6,!0,12 
6,II,13 

7, 8,15 
7' 9,14 
7,10,13 
7 ,II,12 

1 
-1 
-1 

1 

1 
1 

-1 
-1 

ТаЪlе в. c:Ljk.trn,J..t}k.m ,cLk.tjm.. 

1, 2 , 4, 7 2 
1, 2, 5, 6 -2 
1, 2, 8,II 2 

1 2, 
-1 2, 

1 2, 

and ro j k.~m. for sedenions х). 

4, 7, 8 ,ll 2 
4, 7, 9,10 о 

4, 7,12,15 - 2 
4 , 7 , !3~14 о 

. 1 
О 2 -1 

-1 
о - 2 1 1, 2, 9,10 - 2 

1, 2,12,15 О 

1, 2,13,14 О 

1,3,4, б -2 

1, 3, 5, 7 -2 

-1 2 , 
о 2 -1 2 , 

·о -2 1 2, 
- 1 2, 

5 , 8 ,15 2 1 
5, 9,14 О О - 2 1 
5,10,13 - 2 -1 
5,11,12 О О 2 -1 
б , 8,12 -2 -1 
б, 9,13 о о 2 -1 
б ,10,14 - 2 -1 

5, б , 8,11 -2 - 1 
5, б , 9,10 О О - 2 1 

б ,12 ,15 , О О - 2 1 -1 2, б,11,15 О О 2 -1 5, 
1, 3, 8,10 -2 -1 2, 7, 8,13 -2 -1 5, б ,13,14 - 2 -1 
1, 3, 9,II -2 -1 2 , 7, 9,12 n о - 2 1 5, 7, 8 ,10 2 1 
1, 3,12,14 О О - 2 
1, 3,13,15 О О - 2 

1 2, 7,10,15 - 2 -1 5, 7, 9,11 О О - 2 1 
7,12 ,14 о о 2 -1 1 2, 7,II,I4 О О - 2 1 5, 

. 1, 4, 8,13 2 1 5, 7,13,15 - 2 -1 
1, 4, 9 ,12 -2 -1 3, 
1, 4,10,!5 О О -2 1 3, 
I, 4,11,!4 О .о 2 -1 3, 
1, 5 , 8,12 -2 -1 3, 
1, 5, 9,13 -2 -1 3, 
1, 5,10,14 О О 2 -1 3, 
11 5,II,15 О ' О 2 -1 3, 
1, 6, 8 ,16 - 2 -1 3, 
1, б , 9,14 - 2 -1 3, 
1, 6,10,13 О О - 2 I 3, 
1, б ,i1,12 О О -2 1 ,3, 
1, 7, 8,14 2 1 3, 

4, 8,15 2 1 
4, 9,14 О О - 2 1 б , 7 , 8, 9 -2 
4,10,13 О О 2 -1 6, 7,10,11 О О - 2 
4,11,12 -2 -1 б , 7,12,13 О О - 2 
5, 8,14 - 2 -1 б , 7,14,15 - 2 
5, 9 ,15 О О - 2 1 
5,10,12 О О - 2 1 8, 9 ,10,1! -2 
5 ,П,П -2 -1 8 , 9 ,12,!3 - 2 
б , 8 ,13 2 1 8 , 9,14,15 2 
б , 9,12 О О 2 -1 8,10,12,14 -2 
б ,10,15 О О -2 1 8 ,10,13,15 -2 
6,11,14 - 2 -1 8,11,12,15 -2 

1, 7, 9,15 - 2 , -1 
1, 7,10,12 О О 2 -1 
1, 7,11,13 О О - 2 1 

3, 7, 8,12 - 2 -1 8 ,11,13,14 2 

1 2 , .3 , 4, 5 2 1 

3, 7, 9,13 о о 2 -1 
3, 7,10,14 О О 2 -1 
3, 7,11,15 - 2 -1 

2 , 3, 6 , 7 - 2 -1 4, 5 , б , 7 - 2 -1 
2 , 3, 8 , 9 2 1 4, 5, 8, 9 2 1 

9,10,12 ,15 2 
9,!0,13,14 -2 
9,II,12,14 -2 
9,II,13,15 -2 

2 , 3,10,11 -2 -1 4, 5,10,11 О О 2 -1 10,11,12,13 2 
2 , 3,12,13 О О 2 -1 4, 5 ,12,13 -2 -1 10,11,14,15 - 2 
2 , 3,14,15 О О - 2 1 4, 5,14,15 О О - 2 1 
2 , 4, 8,14 2 1 4, б , 8,10 2 1 12 ,13,14,15 -2 
2 , 4, 9,15 О О ~ -1 4, б, 9,11 О О - 2 1 

• 2, 4,10,12 -2 -1 4, б ,12,14 - 2 -1 
2, 4,11,13 О О - 2 1 4, б ,1 3 ,15 О О 2 -1 

-1 
1 
1 

-1 

-1 
-1 

1 
-1 

. -1 
-1 
1 

1 
-1 
-1 
-1 

1 
-1 

-1 

x)On1y one va1ue J.. jk:tм. 
~ 

1s given, when d.jk.f.I'I=J.t.j'k..m=cl~c,t)m• 

ICJ 

t 

" 
~~~ 

..... 

" 



Now the quantities 

cijk.tm? c:I.jk.8M 7 cLSKLM 'с:L.зкt.'м' cLjkj+8 k+S 
(where j 1k,{.,m = 1 1 2, ••• ,7; J,K,L,M .. 9,10, ••• ,15) are total1y anti
symmetric. Moreover, to each cL jktm.J: Q - there correspond 

cL~k.e+s m+8::: cLe+sj k m+8 :::Q' c:Lk.t+?>j m+g = c!.jk.em. 
According to taЪles 7 and В one can form the fo11owing 

a1ternat1ve tr1ang1es 
1,2,J, 4, 5, б, 7 
1,2,J, в, 9,10,11 
1,4,5, в, 9,12,1) 
1,б,7, з, 9,14,15 
2,4,б, В,10,12,14 

2,5,7, B,10,1J,15 
J,4.7, 8,11,12,15 
J,5,б, B,11,1J,14 

nonalternative triang1es 

1,2,J,12,1J,14,15 
1,4,5,10,11,14,15 
1,б,7,10,11,12,1J 

2,4,б, 9,11,13,15 
2,5,7, 9,11,12,14 
J,4,7. 9,10,1),14 
J,5,б, 9,10,12,15 

The se and otl1er obs ervations are in accord wi th formu1as (J2). · 

TaЪles 4 and 8 contain f' j k. tm onl,y for special sets jk1m. Тhе 

other two independent components f>~jk.m and f'ktjm. are .e:iven Ъ:v 

r--e}k.m=~~c.t}м= ~jk.em= ~d..jktм in alternative с_аsев, 

\!'t)k.m =f'~t.t}m=-~~k~m= icLкejm in nonalternative cases (see 

eqs. (J9) ), j,k Ъeing sma11, and 1,m 1arge indices. 

Note that the mul tip1·1cation taЪle 1 is identica1 to that in 
ref. 111/. ТаЫе 5 corresponds to the Dickson mu1tip1ication tаые111 
(р. 20) with one _natural correction еб~-еб to represent а Renera1 octo
nion as а0 е 0+~е1+ ••• +а7е7 = q + Ое4 , where q а а0 е 0+~е1+а2 е 2+а3 е3 , 

Q = а4е 0+а5 е1+абе?+ а7 е 3 un1ike Q = а4 е0+а5 е1 -абе2+а7 е3 
(with the same q ) 1 fo11ow1n,e: from the Dickson mu1tip1icat1on tаЫе. 

It is we11-known that the mu1t1p11cation taЪle of octonions can Ъе 
represented Ъ:v the Freudental triang1e. Simi1ar1:v, in the саэе of ; 
sedenions, points 1, ••• ,15 can Ъе 'p1aced on а terahedron :_ 4 at verti
ces, б at the midpoints of ed,e:es, 4 in the centers of faces, and 1 in 
the center of the tetrahedron.One can consider triang1es of 7 points; 
the faces and tr1ang1es formed Ъ:v оде of the ed~es and the midpoint of 
the opposite edge. Нowever, some other tr1ang1es of interest cannot Ъе 
so simp1~ represented in terms of the tetrahedron e1ements . 

For р = 4 renumberings 

CJ..)н=ct.'i, O..i-=-oco, ~jв=-B'i, ~~=go' (j-==1,2,3), 

o..ft+4=-0I!.t', g Jt+Ч = g't' (f4= 0,.1,2,3) 
convert eq. (4.а) into eq. (lJ) and give taЪles 1 and 5 in processes 
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(17 .а) and (17.Ъ), . respectively , thus, leading from qua·ternions to 
octonions. Similarly, for р = В renumberings 

а_. . =о..'· а. _ 1 n. _ о' n IJ 1 (j .1 ) 
Н1- ! 1 15' --а.о' I:IJ+t --~j) o1s = 0 0 =- ·r) ... ,~, 

a.f4+8 =-<it' ' g J"'+t:: €~ (~=С>, i) ... ) ~) . 
generat e taЪles J and 7 in processes (l7.a) and (17.Ъ), re.spect ive1y1 

and 1ead from oc toni ons to sed enions. 
~pendix в. Тhе 21 4 and 8 square identities oontain two veotors. 

One oan wri te а more general 1dentity w1th 4 different veotors, name-
1y: • 

(о..,. g.t' )(c"d") = ( a.J'1 ~.~"' )( f>vclv) - f-> j ktm C(.j dk g е с \'У\+ 
t;_1 

+ f-. (a.oJ3 -a..j ~о ±'i..jk.t g~C.t J(~o С i- €} Со± €.. j k'e! a.,k' J~~_,(B.1) 
J=i 1 р 

where «.. = (о..о, О..-1, ••• , <1:-р-1) , S , С. and ~ are veotors 1n 'R • 
Тhе identity oan Ъе simply obtained as fo1lows. In any spaoe 1t~ we 
have the 1dentity 

(а..эt. gx)(c~ J >.) = ( a.эt.c~)lg~ <1),.) + ~ (a.at.d)..- o..~Jэt.)( ~'<Ее.~- g~ с.~= 

= (a.~c.~~,..J~+(o.od1-a.~do)(80c.~- gi Со )+~{~~r.dr_-CЧ,dk){~tcgtc.k)= 
=(a.эe.c.ЗL)t~>-c\>-)+(a.0 dj -a.j d~( goc.~ -~i tc)+(o.." t;:,..ce.ae.)-(a."c.k)(~~~~Ъ 
where зе.,),. = 0., i 1 1, ... , к.-1; j, k, t = 1, 1, · .. , \'l-1; o..Эt.€ЗL=a.o~o+CLk€k. 
In the spaoes Rt' under oonsiderat1on ( p=i'\- ) one oan transform the 
1азt two terms, using eq. (Зб), to oЪtain the ident1ty: 

(a..,.Q. r-)(~" dv) = (a...t'c.~)l~v clv) + (o..od1-«-j do)( ~ос\- ~j Lo) + 

+ ('- jlc.t ~ ik.' t' - \Ь lc.t\t.'f.') a.lr. cle. g k.1 ~ t' (B.J) 

whioh oan Ъе eaзily reduoed to eq. (В.1). In ident1_ty Св.l) ?->=О 
for t' = 2 Coomplex numbers) and ~ •4 (quaternionв). Т.Ь.is term арреаrв 
for р i;: 8 (ootonions). ldent~fying о..=~ and С.= с1· one oЪtains 

lCL~a..~)(~v g") = (o..t"q,r)"+ ~ (а..о~ГО..j go ±.tJ'kt 0..\с. ~tY-
о .!=t 

-\?'}kt~tt. a..i glc.CLt~m : . 
Now the f> -term vanishes for t' = 8 too due to the total 
metry of f-> for ootonions (due to the alternat1v1ty). For 
this term is preвent 1n add1t1on to 16 squares 1 eto. 

св.~,) 
antisym
p~ 16 

Т.Ь.е identities with two veotors oan Ъе written in termв of half-
veotors as eq. (4.а), whenoe there fo11ows eas11y 1dent1ty (J.a) 

w1th one veotor (while equating о..= g in (В.4) gives а tr1v1al re
вult). One oan oheok the valid1ty of eq. (4.а) ав follows~ Let us 
separate termз wi th and without f. • Тhе linear 1n f. terlnз canoe1. 
Тhе Ы1inear in Е terms and р.. -term oan Ъе removed Ъу using еq.(Зб). 
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We are 1ed to the 1dent1ty 

( о.."+ос'")( f> '"+ g't) = (a..g -ос g')~ + ~ («-~gv-a.."g.t1 +а.~ g~ -СL~.в~У+ 
+ (o..g'+a!~)~+ t (a..,.в~-o..vg~ -а..~ gv+ a..~Sj'()'· Cl3.5) 

wh1ch сап Ъе tr1via11y checked, and 1t is val1d in any space в? 
С f" , v " О, 1 , ••• , n-1 ) • 

!EE!:Шdi~Q· 
!v!atrix r P-presentatives of quat er nions 

е [i · · ·] t [' -1 · ·J t r· · -1 j t [' · · -1] 't . 1 . . 't. 1 . . . "t • • • +1 "L • • ... 1 . 
е- е- е- - е- т 
о- • . 1 . ' 1- .. · +1' t-1_: • .' ~-·:!:.1· •, 

. . . 1 . . :!:1 . ' . +1 . . 1 . . . [

-1 . . '] . ~ . . 
lt::;: • . 1 . . 

. . . 1 

Her e and i n what f ol1ows dot s denote zeros. 
Matrix r epre s enta tives of octon1ons (a-:: cording to t &.Ъle 1) 

. -t . . . 
1 . .. 

t 

• . -1 .. 
. *f . 

1 • . 
1:. 

е1 = 

. . . +1 . 

. ±1 . 
· . ;11 , е~ =1 · +1 · 
. *1 . . . . . +1 . 

. . +1 
. ±1 . . 

~ 
'L 

е~ =11 

. +1 . 
. i:f . 

. -1 . 
. ±.1 

. ±1 
. +1 : 

. ±1 . 
. +f. 

. +1 . 

. -1 
. +1. 

. +1 . 
. +1 . t 1' . . 

е,= . ±.1 • 
. t.1 . 
. . ±1 . 

1 

1 

t 
't. 

'es= 

~= 

. t.t . . 

. -1 . . 
. +1 . 

. ±t 
. 11 

. +1 . 
1 
. ±.1 . 
.. +1 . 

-1 . 
1 

1 
1 

1 

1 
. • 1 

. .. -1 . 

. . +1 . 

Q. 1' :!:1 . 
'L t 

,е~=. . . . *1· 

t. 

. +1 .. 
. . +1 

. . ±1 . 

. . -1. 

. ±1 
. +1 . 

't. , . 

, еь = . · ±1 · · 
. +1 . . . 
1 

. ±1 

. . . ~1 · 

Ыatrix тepresentatives of oc t on.i. ons (ac c ordiщ~ to tаЫ е 5) 

t 
't 

€1= 

. -1 . . . 
1 
.. +1 . 
. ±1 .. 

.. ;1 . 

. '!1 . . 
. . ±f 

. . +1 

. . -1 . 

. . . ±.1 
. . -1 
. +1 . 

t 11 . . 
, е~= : +_1 : 

t 1' !1 
. +1 . 1' е~= 1 . +1'' 

. ±1 
. :!:1 
.. 1:1 
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. +1 
. +1 

·±1 

~ 

~ 
't. , . 

е~= 1 

• +f 
. +1 

1 . . . . -
. *1 . . 

. t~ . 
. ±i t_l . . , es- . ±1 

1 

. . -1 .. 

. +1 .. +; 
. . -1 
. +1 . 

. +1 . 
• :i:1 

. +1 . 

. -11 1-1 . 
. ±1 . J. 1 

Р. 1' . ... +1. 
't. • • • • +1 . . . . . . 1 

ei = . . . ±-t . . · · ./ ' ~ = /. · · · 1 
. ±1 

. +1 . 
1 . . 

1' -~-

'-'"· 

.. . . -1 . 

. . +1 . 
t 1' . . . :!:1 't. • 

'е"= . . ±.1 

1 
·±1 

. +1 

. +1 

F 

Мatrix repreвentativeв of eedenionв (according to taЬle 7) 

-1 . . ' . . ) ( . . -1 • о • • J 1 

1 • 1' 

-1 . • 1, ·1 11 1 
1 

. -1 . l' 

-1 . • о. 

:1 1: -1 . : . 
1 . • 1 • . -1 о • 

.. .. -_1_~.:.-·-·- ~ -:- .·- --t 1· -·_ ----.. -. . о • -1 . е1 = -. · · · · . : 1 
t 1' . ~ ~: ~~:- ~_·_ : _: -~ -: --: ~" = -: - ~ - - ~ -.- .- -. - . ~ . : -_1 _·,. • 

. . -1 . 

. -1 
1 

1· 
1 
1 
1 
о 

1 
о. 

1 . 
о 

о 

о 

1 
• о . 

1 
1 

1 
-1 

. -1 

1 
-1 

. -1 . 
1 

11 
о 

о • 
1 
о 

· 1. 
о 

1 

о • 
о 

1· 
1 

• 1 . 

j , . 

-1 ° . 1 . . о • 
1 1 1 . о. -1 . 1 . 

1 

1 
1 

-1 
. -1 

1 

. -1 . . :. . . -1 . : : 

-:. _. _:. _1_ ._~-~г: - ~ : --1 ~ - ~ - :·-:- ,е~=~-~ -:-:1-~ -:- ~ -+ -.- ~-.-_,-.-:-:-•, t 
е~= 

• 1 • • 1 . : - -1 . . 
. :. -1 ., . о . -1 . 

1 • 
. ;1 . : . . . -1 
• 1 • 1 . ' 1 
. 1 . -1 .. . 1. 

1 1 
• 1 • 1 • . . 1 • 

. ·-1 . . :. 

2:i 

, 

• 

·~ 

('< 



,i(i 

-1 .. :. 
-1 . . . :. 

1 1 • 

:1 1: -1 . : . -· 
. -1 

. 1 

-1 . : . 
. -11. 

. 1 , 
1 
1 

• 1 • • • • • • • • • • 1 . • . . . 1 • 

1 . . . .... 1. • • • • . • • • • • -1 . . . . 1 . 
1 1 . . . 1 . . . . 1 • • • • • • • • 1 . . . . . . . 1 • • • • • • • • 

t 1· . -1 . . • . . 1 • • • • • • • • t . 1 . . . . . . 1 • • • • • • • • 

es = -.- ~ - :- ~- :--.--.--:т: -.--:--.-: :1: -:· ~"= -.- -.- -.- ~ -.- ~ -.--.- 1:- :- -. - ~- :- -.- .=-1- -:·1 ' 

• 1 •••• 1 . . . . . . . . . . . :. . . . . . . 1 

. -1 
. -1 
i 

. :. . . - 1 • :. . . 1 
• 1 . • 1 . • • • . 1 • • • • • -1 
• 1. -1 . . • . 1 •• -1 
. : 1 
• 1· 

1 
1 

-1:. 
1 . 1 • 

1 
1 

'1' 
• 1. 

-1 

· Н 
• 1 . 

1 
'1' 
• 1 

1 

-1 

. : ... ... . 'j ~- ...... . :. 
. -1 . . . . . . 1 • • • • • • • • • • • • • • • • 1 • 

et = jJ _.- : _.- · __ ·-._ _·_1_· - ~ _.-:. _·-.:. _·_.: e.t = . -._..: _·_..: _·-:.....: 1_: _·-:. _·-.:. - ._ .:._1_ 
i' . . . . . . . . : . . . . . . . -1 ' 8 1 . . . . . . . 

·1. 
1 
1 

• 1 • • • • 1 
. : ... -1 
• 1 • t -1 
• 1 • 1 
. : 1 

. : -1 

. :-1 
• 1 • 1 
• 1 • -1 

1 
• 1. 

: :. . .. - 1 

. -1 
1 

• • • • •• 1. • • • • • • -1 
2 1· . . . . . . . 1. . . • • . 1 . ~ t 

е = - ------------·------------е1 = ' . 1 . . . . . . : . . . . . . . . . о 

1 

. -1 

. -1 
. -1 
1 . 

. 1· 
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• -1 .. 
. -1 . 

. -1 
. -1 

. -1 
. -1 

• • . -11 . 

' 1' -1 . 
. 1. 

. :-1 -1 

• 1. 

1 

• 1. • • . -1 

1 

---{ -.---: -:--:+ _. __ . _.:. _·_-j _·_.:. 
. -1 . . 1 ... 1. 

. -1 

. . -1 

• 1 . 

.1 . 
1 
1 

1 1 • 

• 1 . 
1 

f 

" 

1 
• 1. 

. 1. 
• 1 ; -1 
. 1_1 

1 
. 1' 

-1 
{ 

1 

. ' . 
1 

' • 1 • 

1 
1. 

. 1-1 

. -1 . . 
. -1 . 

. -1 
. -1 

. -t 1 ........ :. 
• 1 • • • • • 1· . . . . . . . . . . 1 • 

ее =1-·-:._·_:. _·_:. _· _ _:_1_:- :...:_:.. :.1_~ _. __ . е~- _·_ ..:_ :.~ _ · __ ·_..: _.:.~.:. ..:_·_1_·_..: _:.. _· 
11 ••• 1 .... 1 •• •••••• • it- . ... 1 .. ,1 , •• •• •• ,11 

1 1 1 . . . . . 1 • • • • • • • • • • • • • -1 . . 1 • 
• 1. • • • • • • • • • • • • • -1 . 1 • . -1 

1 

- 1 

• 

11 . 
. -1 . 1 • 
1 . 1 

1 
'1' 

. ' . 
1 

• 1. 

• 1 . 

• 1 • -t 
. :-1 

1 

-1 

-1 

1 • • -1 1 е. 1' . ·_ .:. 
: : : _. _1_ ._ .: -:..:-:i,e"" =-:-.- . . - - -1- - -. ·: : . . . . . 

. -1 
1 

-1 
1 

• о 1 • 

. -1;. 
1 . 1 • 

1 

1 

• 1. 
1 

• 1 • 

' 

. :о 

.1. 
1 

'1. 

• 1 • 

• 1 • • • -1 
. : . . -1 

. -1 
. -1 
1 

• 1 • 1 . . 
t 1· . . . . . . . 1:1 _. - :. _·- ._ ..: - : - ·_ 

e1s::: ·.- .- :- -: : -. - :- 1 ! · · · · · · · · 

' 1 
. -1 

. -1 
1 

. -1 

1 

. -1 

1 • 
. -1 

. -1: . 
. ' 

1 
1 

• 1 

• 1 

' 

• 1 . . -1 
' 1 . 1 1 
1 • 1 
1 • . -1 
' о , · 1 • -1 

• 1• 

. 1-1 

- - - - _· _: .:. :1_ - - - - - - - -
1 

1 . 
• -1 

... ., 

Тhе corresponding right representatives have opposite signs through
out except for zero row and column as above. 
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Appendix D. Identitieв with commutatorв and anticommutatorв. For all 
nonaввociative quantitieв there are the identit1eв 

[CIL[~c.11 + ('-Са..8)] +Cg Ce.~]J:-(a.,g,~) -(с.,а.,~)- (g,'-,a..) + 
+ ('- ,t, ,а.) -Н.~ ,а.,с.) + (а.,с., ~)' 

[а..С4>с.Л -lc..t.a..~l1 +{6{.с.а..~!= -(а..,8,с.)-+ Cc..,a.,t) -(t,c.,a..)+ 
+(с., ~,а..)- (8 ,ct.,c..) +(а..,~,~) 1 

[а..{~с.\1 + Cc:.~a..SH + t:.e, tc.a..\1 ~ -с~,~,с.)- (с.,а..,<)-С~,с.,а..)
- cc..,S,Cl)- с~,а..,с..) -Cq,~,g), 

Ссt{вс.л -fс..[а..е.л +tt cc..cx.J\ = -ca..,~,c.)+Cc.,a..,t)-Ct,c.,a.)
- (с., t ,сх.)-+ Ci>,a.,c.)- Са..,с..,€), 

{а.[~с.Н +{.с..[а.~Н +{В Cc..a..J! == 

= 'i L. а.<.~с..) + ca..,s,c.)+<.c..,a.,~)+(~,c.,a.)-cc..,6,tt.)- (в,а..,с)-<а.,с.,в)~ 
OL~t~$'jm ""· 
о~а.,в,с. 

= 2 L (.а.~)с. - (а..,~,с.) -(.~ ,a.1t) -(t,c.,a.) +(c,8,~+(g,a.,c.)+(a..,c..,(), 
~tL.!.'j'"m· 
0\l.e/t. Gll,t,c. 

{а.Н,с.\~ +tc.-tGilt~' +\t\.c..a..\\= 
== 2. L_a.Ck) +ta.,g,c.) + (c.,a..,~)+t~,c.,a.)+Cc..,~,cЧ+C.t,Ct.,q+ (сх.,с.,~)::: 

~'t"'"'- . 
C>I/C!.''LCII 1~ 1 C. 

~ 2. 2:_ (.о...Й)с. -(а.., ~,с. )-lc..,a.,~) -(~ 7 с..,а..) -(c..,~,a..)-<.t,a.,c.)-(a.,c.,B). 
~'cttoiiМ . 

01/-C!.'t. ot,f.,t.. 

Тhеу generalize the Jacobi identity and other оnев for aввoc iative 

quantitieв, when all аввосiаtоrв vaniвh. For higher hypercomplex 
numberв under conвiderвtion 

(a..,Q,,c) =- (c..,S,o...), 
вnd the вЬоvе identitieв вrе reduced to -

[а..[~с..]) +[с..(о..~)) +c(Scc.a.]] =-1(a.,g,c.)-2.(.c.,a.,t) -1(g,c,a.), 

са.. ce.c..JJ -tc.ta.~H +ННс.а.:\! ==-2.(Cl,~,c.) +1(с..,а.,~) -~c~,t.,a..), 
[a.t~c.\1 +ktcx.~·в + (~tcct!J =о, 
(.ctt~c..\1- {.с. (ct.~]\+{~ [c.a.J1==0, 
{.а. ctc.J! +\.с. ta..."' J\ +-te, cc.a..Ji = 

= ~ L. а.(€.с.) + ~(а.,~,с.) +l(.c.;a.,~) + 2..(€,с.,о...) = 
a.n.i:'-~~ ... "'· ' 

= 2. L. (a..t)c.- ~(CL1t1 c.)- 'l. (с ,<L,t) - 2..(g ,с.,а...), 
ЩU.{~'}hlrtl. 

2(1 

{ a.t€.c.\ \ + {.c..la.~\\-+{ t{.c.a.\\= 9.. z: Cl.(gc.) = i!: (а.~)~. 
~~"'_.. : s'l""'"'· 

For octonionв with the uве of alternвtivity the identitieв tвke form 

[CL[tc.1J + сс..са.~п + c.f>tc.o.JJ = -ь (а..,€,с..), 

ca.cec..JJ-t ~ta.t\1-+{f-tc..o..\\=-i(a. ,е ,с.), 
[а.{ ~c..\J + (c..{.a.~}J+[t{.c.a..\1 =о 1 

[а.{ ~c..~J -{. c..(a.f.H +te tc..aJ~ =о, 
(a.ctc.]\-+{.c..[o.t1\ +t.~Ct.CL]\ ~ 2. L. а.(~с.) +ь (а.,€,с.) = . . а.м.~~-· 

= i L (CL@. )с. - ь (.а..,~,с..) 
·s ' dot\AL 't""'" ' 

~o..t~c.\\+t'-ta..f»\\+'tвtc.~\ = 2. :L.a.(.~c.) =2..L.ca.t)c... 
s.~""" · f>'jlt'tol. 
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Полубаринов И.В. 

Дальнейшие системы rиперкомппексиых чисеп 

и квантовая механиха 

82-34-654 

Рассмотрены алгебры гиnеркомппексных ч.сеп, ~~е 

за алгеброй октонионов. Дако зnементарное аsпа.евне основ
ных свойств этих алгебр и связанных с ними т~ес~. 'СФорму
пированы соответствующие квантовые механики. 

Работа выпоnнена в Лаборатории теоретической физики ОИЯИ. 

Dpenp_.., oeмдJnr811110ro вветаnтrа IQI8PJIIIX 11с:смдоаавd. дJбва 1984 

PoluЬarinov I.V. 
Higher Bypercogplex NumЬers 
and Quantua М8chanics 
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