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1.In most ot the шodels ot ~• ccщteurponr.r quazatua t1eld theOЖJ" 
t1'Ьer Ьundles вnter one wq or вaotlae,. All ~· puae tbeor1ea are ot 
th1a lc1Dd. InterestШg ехашрlеа ot ·a~er .-,u.ea ...Н ~ted Ь1.: · 

aaps ot apheres onto apberes. fh .. it*.·.·· ·· .··· .. f· .. -.· .. ·.~.~.>.~ .. ····.· .. ·.·.· '1• ia.,·· \410 .. :loQ/l-6/ 
an4 enoountered 1n 111aJa7 t1eld ~:~~~~~~~ 17'::?{;~ ~pert1ea ot 
tbe aphere s7 are now ot 1ntere~ t;1a cМ'8'!it~~- ~.fblor1ea treated 
aooor41ng to the Кlllusa..JClein ~ 
tbere1n). We oonaider аРР11с~Ц~·:О! 
а oircle an4 Ворt t1ber ,.,.,.,., .;,. ·~~:f~;~ / .W ..-.~вg 1n а 

<~Ia;~ of non-11near gauge 
.&. .. Р s1-s1 

was 1n taot used for а reguldiJat~цts:,teJ.eeu&L шeohan1C)s equat1ons 
' . ··i.•' • 1• 

(to el11111nate the llewton poten~ : ~~.nt~) on tlle 2-cl11Dens1onal 
plane ьr Lev1-Civ1ta 121.1. ADd O"Jiii ~~19.6' ' kataaDhe1JDo an4 Stietel 
auooeeded 1n general1z1ng to tht. ~onal оаае, usitlg the Ворf 
t1ber bundle sJ-+s2 / 22• 2JI. r~~~~· 4.r8lopшenta see rets!24-JJI. 

2. ~ansformations (ohangea of таriаЬ!еа) un4er ocna1derat1on шар 
2p.d11Dens1onal spaoe cnto (p+l)-4188Da10aal ~ •• a2J_.ap+l, (p•2q•l,2, 

4,8). 
· А) а2-.а2 (p•l): >f..=u..б~u·~~-u.~,_X1=1A.641A.•t&L1~ (l) 

"L'!!\~~=u.tA=uru.t'i:p1 (lsrt=Jx ... x.ч ). 
wbere u 1s а real 2-cl11Dens1onal sp1nor { ~~] , 8D4 6,... are tlle Paul1 
aatr1ces. P'or each ~ed "С.=§'" we Ьаvе . tbe douЫe coтer1nc· of а 
oirole Ь7 а o1role х · 

~~ _"Rl'l • si (f1ber 18 а pa1r of po1nta u ~ -а ) о (2) 

kpress1ons (1) are coord1nates· of а po1nt ot tbt Ьаве sl . !Ье~ are 
1nтar1ant under the transforшat1cns 

u.-Lt=~tA.-, }t.:1, 11• real, ~=±1 (З) - . 

(tЬе group 12 ). !l'his pair cf points witb ~ .i+l &114 -1 f01.8a а 
fiber, . the 1nverse Шй.gе ot po1nt (1) ot tlle Ьа8е. 
· · · ~> ·]lpi here an4 СР1, orl aD4 

": 

В) R4-+RJ (p=Z): Х..,=~*6,._,~ (m==112,3.), 

where б,.., are the Pauli matrices, and ~ 

spinor 

't.:\X'I=)*~=t.t.rt.L_t.=~'l.· (4) 
/ 

is а complex 2-component 

_ [C1o+i0..1~ _ [Ц.1+~Ц.2.] (5) 
~- a.'+io..'1 - u.~+1.1L .. 

о ... 
(If one parametrizes ~ Ъу the Euler angles, then vector х occurs 
to Ъе parametrized Ъу the usual spherical angles, see, e.g., refs./Jl/)o 
For eaoh fixed 't.= ~t. eqs. (4) embody the Норf fi Ъеr Ъundle 

s~- СР1 • s~ (fiЪer iв s1 • 50(2) .. U(l) ). (б) 
Тhе вphere S~ w1th coordinates (4) serves as а Ъаве, and the trans
formation group U(l) on а f1Ъer 

~-+ ~ = ~ ~, 1~\i.= 1, ~ ie complex, .l =е'->. (7) 

geчerates from one value of ~ the whole f1Ъer S>ЗQ;o'l 
Се'""'~ with а11 о~)\{:~'З't), which is а great ,---- . 
cirole on S~ and maps into one point of the о 
Ъаsе (that is sketched on Fig. 1). S1 Fig. lo 

С) R8-+R5 (р=4): Х т.= "tJ* '6.., \1' (m: 1,2,-;,~,~, 't :=\ xl=~j~•'t'=U..t'U..t'=f", (8) 

where 'ISm. are the Dirac 4х4 matrices, and 'f is а complex 4-compo
nent spinor 

,,, = G.t+i.a..; _ ~ .. +iu,. 
т 1 • 1 - " , 

a.o+t.a.:1 ~s+i~ 
a.'~,+ia.~ ul+iu.8 . 

(9) 

[

C1o+ict.1] [U.1 -t\\.Ч] 

Asterisk means the complex conjugate. Now, for each fixed "t == ~t the 
Норf f1Ъer Ъundle 

s~- ОР1 = si_ (fiber is s3 = SU(2) = Sp(l) ) ?о) 
takes placeoТhe transformation group SU(2) on f1Ъer is given Ъy/JJ 

lf-\f ='i~lf-1.t'Вit'*, l'l 1 \'-+\Z1 \t.:.1, z1,z 2 are complex,(11) 

where В= ~1 ~~ in the Pauli representation for the ~-matrices. Each 
of the coordinates (8) of а point of the base si is invariant under 
these transformations. 

D) Rlб-R9 (рев): Х""-= ~'*Г..,"!' (m= 1,z, ... 1), 
:~~. 9 = Re. vгv, "'~ =Ih'l. чг~, ~t =lxt = v,.li= Ц.rl,.l.r~s>~ <12> 

Here У is а complex 8-component spinor 

"i == а.~+~~ ::а ~ ( 1 з) [
а. о t'- С1.1] [LL 1 ~ i. U..t. 

O.:o't'-«:1 • 

... ~i<J4 3 ... ,.:.iu. .. ] [..,_ ........ ,......,. 
_,.nп IIН..!I~A' 

&МБIIИОТЕНА 



and Гm. and r are Hermiti8n 8х8 '{-matriceв <Г iв re81 one) 

{I_,.,Гrt 1=~Бmr~l"",n.=1,~, ... -r-), Г-1=rт=r , rr .... =-Г"',.r~ 
rf = 1. г., r'l. rъ r"' r5" '"' (14) 

(see Appendix А). Equations (12) for each f i xed 't. = f'" correspond 
to the Нсрf map (fiber bundle) 

s~5 -oP1 = s~ (fiber iв s7 ). (15) 

However, now some complications arise. So, there is no 
вuch а group on а fiber вimi1ar to the 8bove оnев, and. 8 fiber bund-
1e can Ье bui 1t otherwiee /3/. Thie ie bec8uae of nen8ввociat1v1ty 
octonions. Moreover, s15 1в not а para1lelizaЬle ephere, un11ke s1• 
s3· 8nd s7• However, 8е it wi11 Ье shown in Sect. 6 the fiber . 

15 8 bund1e S -+S can Ье used for our purpoee almost in the same man-
ner ав the · previ ouв оnев. 

Маре (4), (8) and (12 ~ be1ong to Hopf maps with the Hopf 1nvar1-
8nt (linking number ) Н , equ81 to 1. Тhis va1ue of Н , 8nd hence 
all integer V81ue в 8re роввiЬlе oilly for Hopf maps sJ-+s2 • _s7-s4 

and S 15- s8. For inвt8nce, for other Hopf шаре s4n-1-s2n <"'-•3, 
5 , 6 ,7 , ••• ) Н c8n h8ve on1y 8ny ,even va1ue. Whitehead 121 has repre
вented the Hopf i nvari 8nt 8е an integra1. In such а fora Н ав we 11 

1 1 2 2 
а е de greeв of шаре S -+S , S -s , ... have iDiportant applicationв in 
fi e1d-theoret1ca1 mod e 1в/ 1 0 , 11,15-17/. 

The 8bove r e81iz8t i on of the fiber bund1es in terms of epinore 
ie 8ttr8ct i ve due t o t he we11-known Pierz method to obtain, вtarting 
with comp1eteneee re1ations, re1evant identitiee needed when •• t ran
eform Lagrang18ne , Hami1ton1ane, equatiQns of aotion, c088Utat1on re
lat i onв, e t c./31-331. In part1cu1ar, this way 1eads to the identit ieв•) 

(ц_б21 tA.)'l.+ltл.6'1 t,t)CZ. =(IA.tA.)", (а) 

(UtA.)l~"\5)'l=L (ц6m'\S)'l.=* ~ (Ltбm15+156.,.u.)~, ( Ъ ) (1 6 ) 
m= 1 ,3 l'ti:::1 ,Ъ · 

з 

(~-'~~ ~)9.. =t (S"6 ~)<J. (а) (~и)'!.= L (s,.б Vl)'l.. ( Ъ ) 
.., м ' ( ,.._1 ·) '"' t • 

~1 3 --

4(i,"'~)l~'Jt~)=L(~~б~\+~6~vt)9..- (~'\-~,.~)t.. (с) (17) 
5' m=1 ' s 

(~*4')'!. = L ('fl *~ '\')~<а) (~*~')9..= L (~,.'6 .... ~ 1 )~ (Ь) 
W\:1 5' "' ..,,..1 

4 (~t~•'t')( 'f/111 't'')= L( 't1 1*~~ 'f+ Ul'*\.. \f1)t.-(~1.., '\1-qt* u/)'1+ 4('\',..В~,~~В'\''), 
~ - "'::1 • (с) (18) 

(~~"f)'l =~ l~.,.r .... ~)t+("'i*ГЧ*)t'ir 'i). (19) 
tt\"'1 

-..~)-S_e_e __ A_p_p-endices А and в. 
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Тhеу are just tbe 1dent1t1es (16а), (17а), (18а) and (19) which de
monetrate that tranвfor88t1ons (1), (4), (8) 8nd (12 ) actuaily rea
lize maps (2), (6), (10) and (15) witb r•s» 2• Тhе 8ppro8ch coheidered 
сап Ье of intereet in connection witb 8 growing 1mport8nce of spinors 
1n tbe contemporary theory (supersymmetries, twiвtor forma11sm) 8nd 
proposals of globa1 paesing from Carteвian coord1n8tes to spinors/35/. 

3. Cla8sical mechanicв. Let us trans1ate two-body proЬlem L8g
rangians in 2-, 3- 8nd 5-dimensionsl ерасев (we reetrict ourselvee 
bere to tbe c8ses р•1,2 8nd 4). 

А) L = ~ i ~ -'J = 2 tv\. (u.u..)(.A.IA..)-v' (20) 

where \J ie а potential, V~)=\/(u.б u.) or Y,('t.)='J(u.u.) • Тhе new 
Lagrangian is 1nvar1ant under "gauge" group z2 (in addition to the 
вymmetry group of the or1g1na1 Lagrangian). In the Coulomb севе 

" е :а. V (. "1.) =- ';_ =-~ , and equations of шotion cen Ье written· 
ав fo11owв; 

2WL tt- HLA.=O ( U. = Ju. ds= ~ = Jt ) 
cls 1 't.. ц_u. • 

('21) 

where Н • 2 m.(u.u.)(U.U.) + V is Hem11tonian (Н•О). Тhis ie tbe 
regu1ar1zed Lev1-c1v1ta form of celesti81 mechanicв equations in the 
p1ane севе. Actuel1y, when energy Н is fixed, aq. (21) ie lineer, 
and for Н< О it 1в tbe equation for а 2-dimensional osc111ator. 

в> L = ~ ~ ~- \1 -= 2 ~ .t~*~)(~*~)+t(~·f..-~~~~)"-v, <22> 

V=V(.~):.\'l~ 11 б~) or V('t)= V(i," 'i, ) • In termв of new 
verieЬlee the Lagreng18n poвsessee 8n additiona1 1nv8rience under gau
ge U(1) 1 transformations (7), wbere )1. iв an arЬitrary function of 
t (1 (1ocal) indicate в t his f8ct), ~(t.)- e.i.)\(t.) ~(t) • It neutr8lizee 
(mekee h8rm1eвв) а euperfluouв degree of freedom of ~ 8е comp8red 
to )l • ~ c8n Ье written in terшs of tbe covariant de r iva tive: 

L: 2.wt(~,V1,)((D~)*D~ ) , D =~+ i\~*'Г1 (~**- ~*~) ( cf. 
CP1 -tbeor1eв). Let uв реев t o the new Lagrang18n 

L = ~m.(~*~)(\•~) -V , (23) 

т • ' )i where we omit the term -,:(.~*~- ~,.~ (like one ueu81ly doee wit h the 
term (~"Дf" )t. in electrodynamics). Тhere remains on1:y the symmetry 
under U(1)r transformations (7) with conat8nt ~ ( r шeans rigid) . It 
1eads to tbe conservation law 

(~"'~)(~~~-~~~ ) = tonst(t.). (2 4') 

If we put ~onstzO and thuв eesuшe the eubsidiery condition (SC~ 
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- ~,.~-~·~=0, (25) 

then the new theory Ьесошев equivalent to the original one, i.e., it 
hав equivalent equationв, conвervation lawв, etc. ). It iв preferaЫe 
for quantization, вince it defineв all four degraeв of freedoш. In 

(
\t ~~ et ) -the Couloшb севе 'f =-'Е'=- \•~ the Lagrangian L hав S0(4 )-

вyшmetry, and equationв gf шotion can Ье written ав followв: 

1~~0 - н~ =О · ( ~= d~ , ·Js-= ~ = ~~).<26> 
where Н= 2.m.(~*~)(i,*~)+\l i'e Haшiltonian (Н-=0). li'roш eq. (26) 
one can obtain (with the uве of Fierz identitieв and SC) the Newton 
equationв. When energy Н iв fixed, _equation (26) iв linear, and for 
Н< О 1t iв an equation for 4-diDienвional oвcillator. In terшs of 
the variaЫeв ~ thiв equation hав been found Ьу Kuвtaanheiиo and 
Stiefel/22 •231. Syшmetry propertieв of eq. (26) have been analyвed 
in ref./28~ · 

С) L=~"i~-Y=im.(~lf't')l~ 114')+ ~(~*'\'-~·~)~-' 
- -:t\'Y\l'V"'B~*)(~B~) -'J <21> 

V='J(x)=-V('f"'i'f)or V("L)=\/('f"''f) • Lagrangian (27) hав extra 
вyшmetry under gauge SU(2)1 tranвforшationв (11), s 1 and z2 being 
arЬitrary functionв of 1:. • We oшit the вecond and third tеrшв froш 
1. , and аввuше tbe new Lagrangian 

I. = 2 m('f*~) (~ 11 
"')- \J. (28) 

It iв invariant under SU(2 )r tranвforшat ionв ( 11) only wi tb indapell
dent of -1:. paraшeterв ~ 1 and ~ 2 • Thiв invariance leade to the conвer
vation lawв 

:t[(~*4')(~·~-~~Ф)]=-О, it('t'"'t')('fB~)=:O~ :t (Ч~*'f)(~·в~~~-)=0 (29) 

(three real conвervation lawв), tbat perшitв uв to аавuше sс•в 

~~~-~·~=0, 'fB~=O, 'f"'B"'*=O, (30) 

which enвure equivalence of the new theory witb tbe original one. In 
tbe Couloшb саве (\J =-\.'=-::~ ) Lagrangian (28) Ьав S0(8)-вyшmetry 
and leade to the equation of шotion 

im;i-H'\1=0 ("'=1:, ds=~=~~'f) (31) 

where H=1m(.'flf't')l~*~)+V iв н81n11tonian (Н:О). Ав previ~uвly, thiв 
equation iв linear, when energy Н iв fixed, and for Н< О it ie 
an equation for а 8-diшenвional oвcillator. In tеrшв of tbe vari~ , 
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вЫев ut, Lagrangianв (20), (23) and (28) and equationв (21), (26) 
and (31) look alike, the only diвtinction iв in their di.anвionality • 

. 4. Quantuш шесЬаniсв. А few reшarkв concerning the Heiaenberg 
picture. Quantization of theorteв witb tbe ,Lagrengianв L leade in 
tbe савеs р•2 and 4' to degenerate canonical coшmutation relations 
(tbey cannot Ье вolved, веу, under S ·? ~'*, iand i"" ). However, froш 
tbe ~atter there follow usual coшшutation relations for Jt and ft= 
-=\'nX (as it iв natural to expect ). If one pertormв tba quantiza
tion of tbe theories witb tb~ Lagrengians L, tben coiiDIUtation rela

tions, e.g., 

· [}J..')~I"]=[~.;.,~~1=(~<~..>~]=(~,'J'"'-y>)=(1Lc!,зtf>]=(T.;~$:;J=[ЗLcLft;]=O 

[ ~ck ,т"',.]= i.t.ь~, , · r~: ,~;J=i t..ье1,.. <32> 

follow,where i 'L.o~..=tn((\~)~+~1(~*~)) and 5tl = tn({{:i,)i~ +~.;,..(~~)) 
are canonically conjugeted aoшenta, are not degenerate and can Ье sol-

• . • /31/ 
v.ad under ~, '!J*, f, and ~ * (see refs. ). However, froш еqв. (32) 
tbere follow tbe comшutation relations ' 

[х."' ; х.hт=~, [х.м,}'~] =i1tЬ'mn.. , 

f\'.,. ,P"] =-(~~)-ъ(m.(~•\)(~~~ -~-~ )+i~f:ntnt. ~,r. бе.~, (33) 

tbe third one being diвtinct froш tbe uвusl. ТЬ1s 1s payмent - for tbe 
~odification of tbe Lagrangian. We can concluda tbat to reduce this 
tbeory to tbe or1g1nal one, tbe following SC can Ье iшposed on 

вtate vectorв 

(~:Jt -'i;,*~~ )=0 or {m.(~ft1)(\*~-~1t~)+t~)\ )=0·( 34 ) 

Note t> tbat tbe operetor(~*;)(~~-~4~)coiiii1Uteв with tha pbyaical 
quantitieв Xt>1-=~*6,,..;\, '1.-=~~~~. X.m=(~*~')"/31 1, i.e., bebaves . 
11ke tbe quantity o,.A.J" in quantuш electrodynaшics/34/. 

Now, we turn to the Scbrodinger picture to find Green functiona 
of tbe Scbrodinger equations. То trsn~fora tbe Laplace operators, 
whicb enter into the Scbr;dinger equation, we need ·to вolve 1n tbe 

савев Р• 1,2 and 4 the following setв of equations 

А) ]_='О:Х.м~ • 
'() \1.~ '() IA.J.. () )(. tn ' 

В) 

С) 

L-'ЪXm.}_ 'L-~:L
--ъ;ck- o~d- оХ м ' о~~- а~~ о Хм. ' 
':L:. 'lЬn. ::L L = () X.m .'L 
a't'd- 'O't'c~.. ~X.m ·' 'OU/: 0\Jil 'ЗХ.~ 

7 

... 

{)5) 

(36) 

(37) 

"' 

А. 



with reepect to ~Х • We find ав вolutions 
м 

() о 
А) t"L()X.W\.= ~6м '()U.. • 

о - 'Г() * 6 
В) 2..'t. о)(."'-? бм а~+~ бм О~* 

i'" 

t ogether witb (в ince in thiв саее eet (36) iв overdetermined) 
relation 

(38) 

( 39) 

tbe · 

~]._-~~~~-~=О <4о> 
1 '01, .., 'О~* . 

whicb dоев not contain ~у. (а compat1Ь111ty condition·). We t ake it 

"' to Ье а condition on desired functionв ( to Ье SC): 

(~~'1,-~~ ~\~t)<~,\~1 . >=О. <41) 

In fact , thie iв merely anotber forш of SC (34), whicb can Ье аlво 
obtained Ьу tranвforшing e'q. (34) into tbe ~ -repreвentat ion , tbe 
canonical momenta being realized in tbe Scbrodinger manner: 
- · +о ....,..* ·~о J~o.=-1-n.г ' .... Lo.=-\.n..~ . 

~d. v~a.._ 
'Q 't'a ~t ~ 

С) i: ())(..,= Ч' '6м o'f' + 'f' ~"" 0 \.V * , (42 ) 
and, вince веt (37) iв overdetermined too, we find tbe re lat ionв 

() 'i) о d 
'il '()'!' -'f*~c.r• ::.0, ~ Bo'f* =0, \f*B~<t' =О <4 3> 

wi thout 0/())(. • We interpret еqв. (43) аlво ав SС'в on вtate ve ctorв 
m . . 

( '\';'tl-~"_;'tl~<'i', 'i'11
\ >=о, 't'B~"'.<'i', 't"'l >=о, 'f*B~"' ('i'/ i'11

\ >=0 .. <4_4 > 

Note, that the operetorв entering i nto еqв. (44 ) forш а SU(2 ) 'al
gebra. 

Uвing еqв. (38), (39 ) and (42), the Laplace operatore can Ье 
tranвforшed ав followв: 

х d ~ 1 о о .,.. i А~,~.. 
А) A!~()x.,_o".",="t'Lou."'au..t'-"t"L .t. ~ 

_о о 1'0 о 1 о 'd ="'А . 
в> ~~=ё)х oJ(. =~о'"'о' ="t'tou. ou. -Lt"t... 4 ' d ""d m .,J.. :>cl.. 1" ]'1 

Ь !1!!- -- .i.. -ь 0 1 :::L L-=..LA 
с ) . S' oX.m oX.m- "(. оЧ'.! о 't'&., = Lt 't. ()U.~ ()U...f"- 4 "t. 8 • 

(4 5 ) 

( 4 6. ) 

( 47 ) 

Equat ionв (46 ) and (47) like еqв. (39) and (42 ) are va lid only in 
application to functionв, which вat iвfy sс•в (41 ) or (44)~ r especti
vely. 
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Define Green functione of the Schrodinger equation as follows: 

·.а.-1 н" ·•-1Et · 
-\.1\. t _., 1 ~ -\.n. " 

C,.'t.e.t(X,X:>-t )=±G(±~<.)(\e. \ Xo)=!l.~1\.)JEe Cr'tet (i,X:,E/, 
culv , e~.dv (48 ) 

(i.i:\1.-H\G 'te1: li",;:,t)= i1\. Ъ (t) ot'+\x-xo) (49 > ot ') ct.Av ' 

(H -E)&~~t(x 1: E)==-tt..o\'+\x.-xo' <5о> e~.dV ! 07 1), 

1\.~ V .... t_'l. е'!. -Ф 
wbere H=-in1,A(p+1)+ (У. )=:-!L"' A(r+1)-'L+W(~ ) , А(р+1) iв the ~Lap-
lace operator in the (\'+1) -dimanвional врвсе of the variвЬleв Х • 
t)I',._1(X-Xo) is the (p+1)-dimenвional <i>-function, р=1 , 2,4. Ueing 
relationв (45 )- 1(47), we can write the following Scbrodinger equa-

. tion in tenae of tbe вpinor variвЬleв (in ерасев R1
\', р=1 , 2 . 4): 

f 1i.'1 J. t. '!. .] - 2.Р. ' -1; ~(t~) -,е +LtWu.-4 Е u..'J&'t.c!.t (u.,tAo)e ... )::-i.iь (u..-Lto), (51> 

!l. ouiv 
·L -о - f ~ ]-- ~r ~ho!. C,. -t.2~(u.,цo,s)= -;:-1.1ctJ..p~+~Wif-~Eu. ... <S'tet(u,uo ,~+i\.Ъ(!o)~ (tt.-v.~_, 

«Av m. ct.Av (52) 
...... ( i.~-1ltet.s ""' 
(,. 't.C~. t(u,uo,Q.t.)= jcl~ e. Gut (u,uo,s) . (53) 
~v ~v 

Deвired Green functionв (:,. ~t (х х Е) are ехрrеввеd via 
..&v 1 01 

theвe new Green funct i one ав follows: in the 2 -d imenв i ona l се ве (р=1 ) 

а в the вum over f i be r (for detв ils вее r ef . / 33/ ) 

C,. 't.ll.t.(l,X: , Е)=(; -r.Q~(ц , U.. 0 ,et) + (;'t.~t. (-u , uo ,et.) = 
.4v ~с~~ ~dv ( 54 ) 

{ i4t -1e t. s. ..... ........ 
= }Js е. . ( ~;)~ (u 7цо)"')+С,.~1~ (-Lt ,u...; ,s)] 

and in the 3- вnd 5-d imensionв l савев ( р а2 and 4 ) ев the integra lв 

ove r f1 '6er 
r (- - )-L~ 1 ,.._ - . \:J'te.t х,~о , Е -Q ~n .,_1(,."C.e~ (I.A,uo , e. )= ; 

Q.Av , 1' -1 aLd\1 
· fi ber • .1. 1. -i '1· . 

't ~ t '\., "' е 5 .-= Q )JSl\'-1 Joi!oe. G-"t.et (tA. 7 \..l01S.) J ( 55) · 
р -1 fiber ...lv 

wher e Ql'-1 iв the вurface of t he unit вphera ,gp-i , dS2p-1 i в the 
вurface element of it, and в fвctor )1 is defined _below . If nece вsa
ry, one can аlво integrate over the fiber c orreвponding to U.. 0 • In
tegration over fiber takeв into account relevant SC or sc•s. Note в 
вimilarity to the Paddeev- Popov continuel integral quantization of 
gauge theorieв 1361. When paвsing from the originel Schrodinger equa
tionв to the new ones, we uве tbe f ollowing relationв between the 
Ь -functionв 131 - 331 
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~'l(J1.-~0):::~~[S\~.t-U.o)+Ъ~(1A+U.o)] (вum over fiber),(56) 

~Р+1 (х-Х0) =~'1. sl_ ~ o\Qf-1 Ъ1 t'(ц_-:и.о), (57) 
f 1 fiber 

where )!=:Ji: for ~=2 and '6=3t'!.for j:'=4. Note thatE and е.'!. ex

change roles: Е enterв now into an oвcillator-type potential (but 

Е ~ . 
wi th of both signв), and е вerves ав if it iв а new energy va-

riaЫe. In the Coulomb саве <W=O) the new potential is of а pure 
oвcillator type, and ~ are of type of tbe Green functionв for 2p-

dimensional oвcillator · 1 
' м..t.U '\u" ~LUS 2.~.t·U. •j ~'Ш-t(ц,u.o;з)=±Q(±s)( m.(o.) \'f' е1. 2-f\:st.t\.ws[(u. о) - о' 

a.Jv 15L. \\:i. 'it~n.w~) <58) ' J-1E ,_ . 
where W.=i t;L. Putting these <:r into ехрrеввiоnв (54) and (55), 
we obtain the Green funct'ions (:,(~,i(e ,Е) explicitly (for detailв 
вее in the саве r =2 refs/27 ' 31/ and in the саsев r =1 and р =4 
ref /33/). They can Ье repreвented in termв of the Pauli. ~:~nd Dirac 

вpinorв due to the relationв 

U..9.='t=~"'~ ' U.f="C...,==~:~o' 2.U·Uo=~"'~o+~:~, 
U.. '- = 'L = 't'*' 't' 1 IA~ = 'to-= 't' ~ 't' о ' 2 U• u.., ='t'" 't'o +'t':'t'· 

for р=2 (59) 

for р=4 (60) 

5. Hypercomplex numbers ~can serve as а natural language for 

defining the above fiber bundleв (р=2,4,В). In theвe termв maps 
2р р+1 ( q ) *) R -.R р=2 =2,4,8,... are given 

~=~а.ос """"' .....,.,._., х ::ёi01..-Ci!oc 
~ _..."".. -- ,. о'-= ёiot..+ а! а! 

) -- ....... _, ( 61) 

where ~=х,.е~, ~=a.J"ef', o-'=a!J<e~ (J'=0,1, ••• ,p-1) 
are complex numberв (р=2), quaternionв (р=4), octonionв (р=В), etc. 

**) - - 1 , 
(we concern р~16 too ), ~=C1.0e0-a.mem, $=ct:0 e 0 -0C..,e..,.., 
are ,conjugated quantities, and e.l" are hypercomplex unit alementв 

with the multiplication tаЫев 

е; =€о , е j ek. = -~}k. € 0 + f.)H€t (}, к,t= 1 ,1, ... ,р-1) (62) 

*) Мар (1 ) can also Ье conciвely written via complex numberв: 
Z = "tAS'- ( ~ = Х0+ i. Х. 1 , W = u.1 + i \A..t,), be1ng the well-known trane-

formation in the complex analyвiв. 

**) Pcr higher hypercomplex numbere вее ref. /3В/. 
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In eq. (62) е.. kl!. iв totally antiaYJIIIletric "tenвor" with nonzero com-
+ j 

ponente -1. Prom eq. (61) it iв clear, that in the савеs ot coaplex 

numberв and quaternions each of . the coordinates )( ]'1 ot а point ot 
the Ъа.sе iв invariant under the tollowing tranвtormations on tiber 
( U(1) and Sp(1), reвpectively) - -С1.- С1.= :l ot.. 
,.,.,.. A/ltl'le ~...-.' 

a!-(ii=~«..' 
"""""' ~ """""""""""" ' \:ii!~~ =~2=1' -- (63) 

wbere ~ = 1'\...t'el" iв а complex nWIIber or quaternion, reвpectiтely. 
Por the octonionв ( р=8) and turther algebraв <р.>16) there are no 

such invariancee because ot nonвesociatiтity. 
R2.p n\>+1 

Let ue give tbe шарв -.~ in real terшs 

)(о= 2_ot..~~.l"-= ~а. о!' 
xj =1 ta.o ос г a..Ja.'o ± e.)kt a..k oct) ( }, k, е' =1,2, .. . , р-1), 
v -а. ... , , 1 ' "1'- ,. a.J"- ""J' a.t' =а. а..- ос ос ' 6 2. 1 ' , 1 ( 4) 
у = a.,.a.t'+a.:"..oct'= а..а..+а:а.:. 

The lower signв correвpond to eq. (61), while the upper ones to the 

one, wbere the quaternionв are .ultiplied in the oppoвite order ае ,_ . 
coшpared to eq. (61) ( X=ct.: а.. ). :Кар (64) tranвtorшв the 2p-d1men-

~ -- 1 1 . , вional real vector (вpinor) a..=(a.o,o..1, ... ,o..f_1,o..o,ct1 , ••• ,ocp-1)= 
=(u.11 u 2, ... ,t.t.s.p) into the real vector X=(>' 0 ,X11 'X.!t, ••• ,Xp) 
(tbe coordinateв ot point ot the "Ьаве") ot вшaller (when р>1) dimen

вionality р+1. The identities ot intereвt with one vector (spinor) 

OL and witb two вuch vectorв а and Ъ are written ав tollows: 

( 1~11 +1~\~)!t ~ 1~ + х~ +~:1 (65а) 

(a.'!+a.~)~t = (а.. .. -ос')'1 + 4(a.C1!)t+ 4 ~(a.'!a.i~a)a!o ±f~lo.~ ~ a.'t.Y'+~, (65Ъ) 

(~2;+~$)(it+!~:J=I!~-.э{f\2.+ 1~§:+ !~\ 1 + У, (66а) 
t rt уц 

Са.'+а!') (~ +g )=(а.~-ос ~~)t+ ~(а.о вГа.!во+е.i\-J.~~+о.~Вj-а.~ в;+~i"t.~6~)\ 
\>-i 

+(a.S'+ocB)'l.+ ~(a.o~j-a.\ g~ ±~}~a.k&~ -a.~81 +a\~o+Eik.t4€t)'1.+ У, (66Ъ) 

where о..!..= а.."..~ О..ОС =а.~ а.;. Again the lower вignв correвpond to 

eq. (66а), and tbe upper оnев to eq. (66а) witb the qu~ernionв in-

terchanged ,<~i-g.!, $!,~f а!, ёi.r-!'~, !с!-~!>;Х.';О tor 
р=1,2,4,8, and identity (65) meanв that 1...:/'l\=<X..t.+a..' iii у~ · 
and that tor tixed r•y 2 s~P-1- s~. Por р)16 Х"О, and the connec
tion with шаре вpberes onto sphereв diвappearв. YDO only tor р•1,2,4, 
and identity (66) iв the torш,we need,ot the 2,4 and 8 вquarв iden

titieв. Prom р•8 У"О, and tbe identitieв of 16, 32, eto., equareв аrв 
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dietorted Ьу thie "redundвnt" term У (in вccord with tbe Hurwitz 
theorem, thвt pure 16 вnd more equвre identitiee do not exiet). One 
свn derive thвt 

!. 1 1 
X=-,r.-1Hm a.~a.lc.a.t.«-m. for р~16 (67) 

у={ -.t, ~jlc.~мa.~ вkocr_.в:n_ for р=8 . (68) 

-~1 ~r.emi (a.jelt'"~j~\,_)(a.tв +a.Q.в~)-t(ct.,€~-<t,~· g")(a.tB~- a.'t &tw\)} for 
"' ,) р ~16. 

The "teneor" ~· \c.tm. appeare ав followe/38/ 
.) . 

tjkn€"t""=bje ~\c.m.-~imЪ\c.t+f>jktm, \!>i"t~-='i(cL.3ktm+cke}k"Гd..kt)m), 
~ {69) 

where d.. correeponde to the вeeociвtor (e),ek,et.)=(ejek)ece)(ek.ee)= 
=d.jk.~m.em. . ~jltti'Y\.. =О for р=2 вnd 4. F~r р=8 d.jkt.m. ie 
totвlly вntieymmetric (вlternвtivity), вnd f->jlc.tm= tc:L.~\c.t.m... 
When р ~ 16 only the propertiee 

..L}ktм=--cA..t\c.)m. = -c(jm~k.=-cLmjkt -::c(Ltw~)k = -J.Ic.tmj, 

J..н~м = J..}\cJt=O (no вummation) (70) 

f> ~k.tм= -~lc.~tm =- f'~km~ = \'> tмi k (71) 
reщвin, вnd the algebrae of bypercomplex numbere ~= OLtle.t' вrе 

noncommutвtive, nonвeeociвtive, nonвlternвtive and nondivieion вl~ 
gebraв. 

1 

Note, thвt in terme of tbe next веt of hypercomplex numbere eJ 
(J=1,2, ••• ,2p-1) the identity (66) свn Ье written вв followe: 

(72в) (~~)(!_i)=(~t)([ ~)- ~жlмо..зgк~tм' 
~'\ 

(a..t<a,Mt'\1 е~)= (a..,.~,.)'t + L ( a.o€.3-a.Jgo ±~зкL а.квL.)'l-~зкLма.зgкtt.~..вн' 
3:1 ,/.72Ь) 

where j'(,"'l =0,1, ••• ,2р-1; J 0 K,L,M=1,2, ••• ,2p-1, d.y.~~=c:t0 €0+0.мtSм, 
9:,.= О..оео+О..мем • For р=1 ,2, вnd 4 identity (72в) becomee 

(~~;)ti!)=(~.t.)({ о..), вnd thie ie the well-known conciee 
form of the 2,4 вnd 8 equвre identitiee. Тwо forme (66Ь) вnd (72Ь) 

of the ввmе identity свn Ье ueed to generate hypercomplex number 
вlgebrвe. Actuвlly, etвrting witb eome known €. jk~ for вn вlgebrв 
Aq' we свn write identity (66Ь), вnd then bring it Ьу renumbering into 
form (72Ь), thue oЬtaining the next tenвor Е. :JKL for the next вl-
gebra Aq+ 1 (вnd hence ~:JKLM ). Then, we свn repeвt the рrосевв, etc. 
Thiв iterating рrосевв ie equivвlent to the Dickeon оnе/З7 1. When 
traneforming Lвgrвngiвne, Hвmil toniвne ,etc., we need juet ident ity 
of form (66Ь) (but not (72Ь)). Identitiee (16Ь), (17с) вnd (18с) вrе 

ite pвrticulвr сввев, while identitiee (16а), (17в), (18в) вnd (19) 
вrе particulвr савев of ident~ty (65). 
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Let us give .an identity with four vectors: 

<a.,.Br)(c....,J...,)=(a...,c...,)(~ olv)-r-•кtrnC1.·J\(.€tc. + 1 J. J 1 v J .) \1'\ 

+~(а., jj -CI.~ Jo ± ~~kt g\c. c.t) (go'-'- €., С.о± ti k'~ O..k.t dt'J (7З) 
)=.1 } ;) J ' 

wbere <X.=(tt.0,a.1 , ... ,a.r-1), g, с вnd с! вrе vectorв in ~\' (f> =2"-) • 
ТЬе eecond term ie вЬвеnt for р =2 вnd 4, but ie nonzero for р~ 8. 

Thue, tbe liвt of Ыlineвr trвnвformatione of Sec. 2 wвв exten
ded down, on f = 16,З2, ••• (from f>=16 connection with mврв of вphe
ree onto врЬеrев dеварревrв). Now, вll thiв liвt свn Ье continued to 
tbe right. Маре (2), (6) 1 (10) вnd (15) вrе the firet terme of the fol-
lowing eeriee of mврв: 

А) 5n..-'RPn. 
В) s,tк.н--cpi'L 

С) ~~t\.+3-Qp\'\. 

D) ~<i.м-=J- ОР~'~-

( t\. =1,2,З, ••• ). We свn аввосiвtе with А) the traneformвtions 

'1. t. t. '!. )l..o =\..l1 +u.,_+ .. ·+ \А\'\.- ц_о 1 ')(.1 = l U.o I.A.1 ? • , • ' ')(. 1'\. = i_цо t.tl'\. 
eвtiefying tbe identity 

(7А) 

(75) 

(76 ) 

(77) 

(78) 

( '!. t. '1. )'!.. {, '1. !L 2 )'l. /. '1. 1. {, 2. Ц.о+u.1+ ... +Цn =\.IA1+· .. ·HA .. n.-\.lo +,(цоц.,) + ... +"1\.цоцn) ' (79) 

' вnd with В), С), D) and with the сввев \'~ 16 the trвneformвtionв of 
the form 

Х., = Q.ч~сtч~ + " ' + O.t'IJ< ~tttГ а_О}"'а.О~ ' (80) 

')(.1. = 2 О..о,-. O..it', 
')(.;_} :2(о..оо <L;_)- О.. о) a.to ± E.)kt О.. о \с. а..ц_) 

(1. =1, ••• ,\'\.; _\"\ =0,1, ••• ,t' -1;), \<., t 71•••••\" -1) eвtiвfying the 
identity 

( Д + ~ +· ·· -\- f.-~ )'t.= (Д + ... + f\ - Д.о)'L + ~ ДJI\1+ ... ~Д.t\)= 
о ' ·~ 1 \'\. n. 

=(А. + ··• + A.n- A.o)"-t 4 L ~ \о.ооа.Ч- Clo~ а.;_о ±~~kt O..o~c.CL~t)'L + 1 
i='\ ~=1 

\'\. \'\. 

+~ ~ lCLo~O..tr'>'l.- ~~ ~~\c.tm<to~O..;.ka.ot.O..-tm.. 
~=1 ~=1 

(81) 

where '1\i.:<Ltt'.O..\.t' ( no вummвtion over 1. ). Тhеве identitieв corree-
pond only to one of 1"1-\-~ charte of the вtlввев for КР.., ,С.'Р~ 
QP"' and ОР"' , etc. 

13 



б. Let uв tranвform, uвing termв of Sec. 5, known ехрrеввiоnв 
for free Green functionв in the савев р=2,4 and 8 into the f orm ( 55 ) 
with ~ut:(Ц.ц0,s) (58) and demonвtrate how to work with вphere s 15. 

••v 1 А g о , 1 л1 ot 1 1)1 Subвtitution cx.-OL+~, -!>а.-~~:>, ос-ос+о 7 о-ОС-1) 

into identity (ббЬ) l~adв to the identity 

i("t'to+~~) = ~ (а.&+а!~')'- + 
t>-1 ' . 

+ 4 ~ (a.ogi- €о а.~+ €. ~Н a.k &t +o.~«j- а.;~~ +Сё.)· k.~ а!" g~ )'·+у , ( 82 > 
}:1 ,....... 

where the right-hand вide containв r вquareв and for р~ 8 term у 

of the form 

Y={4't=-1bf->jk.~n~a.\Bk.a.tt't>\ р = 8 ( 8З) 
- ~ ~~ktм( (а.} ~~t+~ g~)(o.tв!W\+a.( g~)t(o.ja.k-вjg~)(a.ta.~ вt ~~ )] р ;а.lб. 

Now, we can prove that fo7 1' =2, 4 and 8 the representa tion , 

lf::! (."-U~1("L'to+xX:)) f . . ~~u.-ц_о 
'" ~ = (.r j c:l~tt ~(h..rn."-1) е <84 > 

( -w ~~l"t'to+lX:)] -1 -1 

iв valid, where Cp""1LC}.~ (r~t)~Qp-1) ,Q,__1 is surface of 
unit sphere GP-1 ,р=2,4,8. The same repreвentation iв valid for the 

Веsвеl f~nc~ion J ~, 2f one,...2ubвtitutes i.w / or '1Af • Т~ prove we 
put U.=(o..,a..'), where CL and а! are defined Ьу еqв~ (бЗ ), i.e., 

<io= И..oCl..o+\1.}Q.j 1 CLj = И..oQ..1-n..~«.o±.~~lt.t}''\11,t\..t.J 
.- , 1 '::7 , 1..1.. , 
«.~-::: n...oa.o + n...} ОС) 1 ct: i = \'\.о 0..:3- \1. ~О.. о ~ ~} \c.t И. \с. (X.:t J 

where the vector (ot..,a..!~ iв .вomewhat fixed. Тhen, 
1 

(85) 

' 2. Ц.·Цо= ~(a.g +Cii g') = д.t' n..r (ц_о= lg,~·), r =0, 1, ... , р-1), 

Ao=~(a.~ to! g')' д}=-2[а.о€Г €оо.j +Ejlt.tctk it-+a!o ~j -ос~ ~'o+tj~ta.k.~tJ86 > 

~rforming integration in t he r. h.в. of eq. (84) ove r ~~in the 

вpherical coordinateв with the polar ахiв a l ong А~ , we obta in the 

standar d repreвentation ~r [w~Дf'~,t(ГЧ I~(-w~A.I"Дf\). 
' In the с авев 1'=2 a nd 4 У ::О in identity (82 ), and va lidity of 

e q. (~) iв shown , (cf. вimilar calculationв in rer/ЗЗI). Por 1>•8 
term У:/:0 (owing to nonassociativity of octonions) hi:nd e rв вuch а 
demonвtration. However, we can make the term ~ t o Ье zero, if we 
аввumе the вpecial ·~gauge" ctj=O ( or ot.j=O) for the vector (ot. ,~) 
(in the савев r =2 and 4 any gauga iв acceptaЬle and t his ona ав 
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' 
well). Тhе remaini ng 9 componentв of(a..,ct!)=(Cito,tL1 ,· .. ,0li->OI..~,o, .•. ,o) ..... 
a r e вufficient to repreвent t he 9 -vec tor Х 

J'.o =2СХ.о0С0 , У-~ =-2.ct.)a..~' ~,.=a...t'OL~-a..'o!l• (87) 

А ·f iber iв introduced Ьу eq. (85) ав before and u..=(!L, а!) iв ~1 6-
vec tor (вpinor) of а general form. Since now, in gauge adopted,Y=O 
in identity (82), then repreвentation (84) holdв for р=8 too. 

То tranвform free Green functionв , uве the relation /Jg/ 

( )
~+i v+1 

~1t~-X.,\ ~K"~i(';IIL\i"-X'ol):(~т.~:,._в,_) 2Kv•-i~Ja!--~'- )= 
00 )L 

= i ~J~i"a.t(~t.-~!.)'l..Iy(в~t:.'--~t.)= 
о 

_ ~ ( -w'l..v+1 J~ -('t+'to)J'\.U't+~'l. l')I(~~2.('L'to+>tx.,)) с 88 > 
- 2.<..2.~)" J ~~'-+~'- е . [1.VJ2(."L't.,+Xxo) ]"' 

о 

where 01..= "t.+"to, е= J1l't"t0+XY.";.), \x-~oi:'J'OL'---4,9. , and the 
change of variaЬle ' t. =-~'Wf+<~e.CJ. iв performed. Now, uв ing eq. (84) 

(and t he new variaЬle б , 1.AS = Эt./~k 6' ) , we find the. desired rгp
reвentation for free Green functionв of the Schrodinger equation (50) 
in (р+1 )-dimenвional врасе, р=2,4,8, for Е< О 

!::1. 
о (...., _., '"') ;_ ""- ( ~ ~ 2.. 

(,. 'tQ.t\.Y.,>"-o,r. =- "'1\ ...... - к~(ё!С!..\i"-х \'== 
oч:lv ~1. ~11\X.-)I.o\ 'l. oiJ 
· · r-1 0с:1 , ~ rr, t. ' t) ' Q 1 

=-~ С!е С.р ~ IP С f. :\ ( Q6 - с:.hб l\LA: +U.a c.n-6-.LIA.: U-oj 
т.:t. fi_t а \1..0\.~J"~".-1)\~ е. , 

'!1.l~:.1i) о s б (89) 
fiber 

where ~=t:1 ~-1W\E • Expreввion (89) can Ье written in termв of вpi
norв according to еqв. (59) and (60) for ра2 and 4 and to 

"'-9..='L=Ч..,~ ~ IA.~='to=1i:'Ч01 2,ц_- u..,=~ ·~~ .. +1f:1i for р=8 · (90) 

Repreвentation (89) can Ье reduced to form (55) with (;.~~(u.,цо,с:.) 
(58). Starting with eq. (89) one can obtain other repreвentationв 
and аlво рава to Е>О (for the corresponding expression in the саве 
р=2, вее refв.IЗ 1 1). The Couloиb inte~action leadв merel~ to appea-

'l..vб' cz m.. 
rance of the factor е with )):i\.~-iмE under the integral over 
о. Examining analytical properties of this expreввion, one can find "-2 . the known diвcrete apectra '\) =.,-- + n... , n=1, 2, •••• 

Let us note that the Couloшb and free оазев oan Ье eas1ly expresзed 
via coherent states 1n ~ (or U. )-зраое wi th the ~ime • var1aЬle s 
(like the usual oso1llator). 
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In f1eld t~eory one can аlво pass to sp1nor var1aЪles (cf.refs{351), 
using the above fiber bundles. For example, represent1ng а J-dimensi
onal vector f ield to Ъе _ Awмl~)= f,11{x)6..,~(x) (m•l,2,J; x•(X1, x1 ,x:!>7ic..t)) 
we can transform the вimplest Lagrangian ав follows 

~ =-~ о"д"'lх) ov/\"'(v.)=-il~"s)(o~~· a_,...,)-il~* о_,.~-о_,.\·~)(~·о,.~-о}о~ .. ~). 
~ А ~ ~ ~ (For the mass term: -9:: 1\mn.., =- i. (if,*Г.,).) Omitting the term (,11~Jс\-Эчi,11 ~~ 

we assume the Lagrangian 1n •temporal gauge• 

~ =- ~li,*i,) eo,.i,·~,.f,)- ~ (~· ~~~-о..,;;,•t,)(~*д101)-о..,)*~). 
Тhе Lagrangian .f:. is invariant under gauge transformat1ons s (Х)-

·~ ~ ~ ~ -нг..'- (/( ~(}t), М.х) Ъeing arbi trary funct1onв of х. Тhе Lagrangian S::. 
1s 1nvariant under similar gauge transformationв, but w1 th ';.(Х") which 
are independent of t and are arbitrary funct1onв of x=('IC.1") v.!l,, х~ ). 
Тhе latter transformations lead to the conservation law, 

~х~ [t.,·~)(~*a~o~- ~"f,jt~) 1 =о for each 1 .. 
То ensure equivalence With the original theory we impose the follo
vt1ng SC; in the classics 

~·(х) о~ ~<.х) - o4i,*tx) ~{_)(.)=О , 
and in quantum theory 

(~(x):R~)-~*(v.')1t11 (.X))\ ) =О (Heisenberg picture) 
or 

( '(x){~(."i7) -~*(х) ~S,*(x)) (f,,~· \>=О (Schrodinger picture). 

То take into account SC in ~~antum theory we integrate over fibe~ at 
each point ~ (like in ref/ /) . 

tr.. . 
<л..,\ >= 1] SJ}.LY:)<.~.~It\ >= 1J ~Jtn.(x)ь(n.,.t~)~;.l~)-1)<\,\•\ >. 

х о х 

А 5-dimensional vector field (e.g., 1n de Sitter type theories) can 
Ъе represented via sp1norв as followв 

I п ш 

д.,.lх) = Ч'*(х) '1_,. lfl()(.) i. iti(l()'t.t''l'l)() Цi~)'6,."5Ч'(11.), ~=11!,~ 11,, 
1""1,t 1.,4 5 i..if(.x)y .,.I41(X) ~= 5" 

в1gnature +++++ +++-+ + ++-+ 

~!' (t!_:-1,t,'!>,4) Euclidean time-like space-like 
1 . 

Invariance 5"Utt): ~U~): 515(1,1): 
group of ~.1'• ~ =~:'ti-ЧBIV*, q=~~Ч'+ЧВ~ 'ti:. i~ 'V + "lt,C.'V' .... ' ~ = "i-1 ii -+с; Ч'С.. and~t~~~"'t'for I, ~"'=c.1~"нft'I'B, G> =-&1~ -&~'\'В , 
and~Чi for ].;IU ~~.11 +lctlt=-1 . \1.~\~-\-1~"\"=1 . 1~1\'"-\"!.~\1 =1. 

-

quantн~eв о".!\.., (х) or -ъ,. А_,. {х) 

an foroes to 1ntroduce spinGr variaЪles for Х а (x,t) too. 
16 
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лypendix А. Let uв give one explicit repreвentвtion of the mвt
riceв• 

-i. 
. '\ 

;.. 

.. 1 
. -1 

• -1 

~:!i . _., r!1.=1 · -1 · 
' 

. 1 '1 г,= • • • . . , ?> 
. -1. •. 

. -\. . 

'\.. 

1 . 
. 1 

. -1 ... 
. . . -~ 

~ l' . -1 . . . : : 
. ... -1 ... . 

1 . ...... 
1 . . . . . 

1 . .. 
1 . . 

1 . 

~ =-1~ : : 
. . 1 

1 . . .. 
1 . .. 

1 .... 

'fs == 

, r = 

1 

i 

1 
-1 . 

. . . .. -i : l 

. . . . . . -t. 

. .. -i . 

. : .. . -i. . 1 r. = 
. t ... .. , ь 

. . ;_ 

.,.. . 
. . · . . 1 
. . . -1 
. . 1 

. . -1 
. -1 . 

. 1 
. -1 
1 

i· 

. -i. 
. -i. 

1. . . ' . 
.. ·. -i.. 

-t.· 

r~ 1 

1 
. -1 

. -1 

i. 
1 

. -1 
. -1 

(А.1) 

Thiв repreвentвtion iв во choвen thвt there iв the correвpondence 

х of form ( 64) 1 х0 х1 х2 хз х4 х5 х6 х7 хв 

(А. 2') 
notation of the 

ввmе ехрrеввiоnв 1 х7 х1 х2 хз х4 х5 Xg х9 х6 

вccording to eq. (12) 
It iв implied thвt in eq. ( 64) the lower вign iв choвen вnd f. ~ 1с. t 
вrе вввumеd to Ье 

f.1t~: <ё..1~S =- f.н,-; = f. .2.~" = f.2.~~-::::: €..~~1-=-Е. ~S'- = 1 , (А~ J) 

which correвpond to the Dickвon multiplicвtion tвЫе/З?/ with в nв
tural correctton е 6--е 6 • тье mвtrtceв 1, Г m. • Г = "- Гг~.ГI'\.J • •. . ' ~и. ~ L1"' , 

вnd Г "'"-t> = ~ Гс...._ Г"_ Г,] . wьere t J шевnв anttвyппnet-
rtsвtion, form в complete веt of 8х8 mвtriceв. All they вrе Hermiti
an вnd, being вquared, give unity. Their completeneвв relвtion can 
Ье written ав followв 

•) Dotв replвce zeroв. 
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s ьJ.,.ъ~s = L.Cr").1.z(Гд\~ , (А.4) 
д д ,." 

where А runв valueв О ,I, n and :Ш , and Т' ··.Т' meanв 1. · • 1 for 
А=О, Т'.., .. . г.., for A=I, tr ... n ... r ... ,.. for A=1I. andtr~n .. r···Г.., .... r 
for А= :Ш: • Uвing the relationв 

~ r} =t, r1 r ... т;=-srttl, r3 rln .. r~=3r ... "', r1r ... ""r!=-r ... "r' 

t~\c. чk-=21, !Ч\r. Гтl1\1. =9-Г ... , iЧ\t.rмм ч~= ГмУ\' ~ чk. r"'"\>'3~=-3fтnr' 

-t-~~t\i\c.t=3s, -t- 1"1"-t.г .... r1~.t=-sr'"', -t Ч""tr ... " Ч"-t- -sr ... ", 
i Т"' Г. Т' - ~ 1: . . Т',... t>.Г ''Г"'),. \1 ~or f\:О,Ш. 
'-1}\c.t "'"" }\t.t- "'"1', 1 1 =~\. , ?/l..Д.:. а._1 U (А.5) -1 ~or "- , 

we find the identitieв 

r:"' r~s = ~ Ltrt.r"rP.\.Бr~" = >му.._ r:.Ь r~ _ ~ <А. б> д . j( ~г 

г:v- r~ь-=~е. "~~ П'f13Г\~ =~xe.Mt.~~(rдr).~.~(rr~)"'&= _ 

=L N lТ,t.r) (\'1'"_) ~А.7 > 
д. 1>д J..) f~ у 

Тhе matriceв :М and N are of the form 

[ 

1 1 
. 1 1 -s __ 

м=! 11 9 

зs -s 

1 11 ~ -1 
1 -3 1 

-5 3 
[ 

1 -1 -1 

N=.i -1 -5 ~ 
~ -~t 9 1 

3!) 5 5 

Hence for the comЬinationв 

~1 (А.8) 

L~~('К~r._1f~t'li;r"'i~t), 3,::N;r"'i"')(1i;rt.'f!l), \l.._=(ч~r~r'f;X.'~.:rrA'l.,.) 
we obtain the identitieв of the Fierz type (А.9) 

L._=М д. е.З&, L,._= N._t>Ki>, (А.10) 

where вummation over В (B=O,I,П, DL · ) ie implied. ComЬining theвe 
identitieв, one can find 

'lLo-= З_, + З1+ Ко- К1 , ---.___ 

1Lx = ~Зо - Зt-3Ко- Kt, 
2.1 0 = Lo + Lr+ К . +\(1 , 

i'31 =-3L 0 - L1-3\'._,+Y.x ~ 

!.Ко= Lo-L't + З.-Зt, (А.11) 
i. кl-:.-3Lo-Lx-+ ~Зо+З:х · 

When чr~-= "i * ' "ig_-= '\.i ' ~: = 1i .. ' Чl~ =1.6[ the firвt of them 
giveв identity (19). When ~1*='\f* , 1i •. :=-V, "i'~ =Чl:, ~"-="i0 
it giveв the identity rela.tive to identitiee (16Ь), (17с), (18с) or 
(66Ь). However , it iв more complicвted , than eq. (66Ь), and the lan-
guage of complex вpinorв вееmв in thiв севе not quite adequвte. 
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Note аlво tha t equationв of the type of eq. ( 37) with 1±' вuЬ-

вt i tuted for "1' , have вolut 1оnв of the form 

о -,,, ,.,,. С\ • r. () 
2.. 't 0"-m- у 1"' olj! + "'\}! ... о~" ' 
2"L::L = ~·г'L + "'frL 2 'О • .,_,.r-о . ,.~го 

. (А.12) 

'Ьх.& ()У ~1i* ' "~-ох ==t. '% 1>~-1. ';~:; '?!~~ • 
9 

Appendix в. Identitieв ( 17) follow (вее refs/3 1/) from the 
р~еtеnевв relation for the Pauli 2х2 matriceв б.!" (6

0 
=[6 ?) ) 

"~ Ъс~..~ ь~0=L (б~)<kъ(б.t\у.. . 
_rt=0,1,2.,'!. 

Putting (60).1..~(6 0)1\f.>- =~cL~ Ъ~у. and 

(62. )d..i ( 69.. )1\f> =- t.cl..ь Е., у.. = - Ъс/..1 <ьь·f> + 1)cl..f>'Ъ~'O 
( f-11 = E.,_'l. =О, ~ 1g, =- Е~1 = 1) , we obtain the re l ation 

L. (6,..)J..%(б..,_\l" = сьd-~"сь~о +"Ь.~..'\Sъl"~ -~.~..'Ьсь~у... 
м=1,~ 

com-

(В.1) 

(В. 2) 

(В.3) 

Hence t here follow identit ieв (1 6). Тhе Pierz identit ieв (18) вrе de
duced in ref(33/. Let uв give вomewhat вimplified deri vation, в imilar 
t o that in Append ix А. Тhе eet of 16 Hermit i an 4х4 Dirac matriceв I , 

~"'-and ~~»n=t()(..,~n.-')(n. "',.") , m,n=1, 2, ••• , 5 ({~m"n1=2.ЪmnJ 
iв complete with t he comple teneвв relat i on 

4ь.L,.сьу~ = ~ (~~)cl..<i.(~~\-y... 
where А ranв О, I ,а , and 'lf"- ... 'У) Д meane 1 · · · 1 for А=О, 

(В.4) 

'6~ · · · ~т for Aal and {- ~ ..... - ~ · ~ ... ., for Asi[. 
t ionв 

We need the rela-

~) '61=S , )"j '!м 'g'j =-3~\N\? ~j'g'l'>\n'6j =~мn-, 

! \к. "'6)k=10, i ~~k.~k't ~jlc.=2'6\'YI, ~ '6j\r.. '6.-nn'6'~\t. =-2.~"'~ , 
-1 д ( д)т f 1 for~=O,l 

В '6 В = 'Эед '6 ' diZ. д =\-1 for Д. =1L 

в-1 =Вт=-В, В~,."В=-~: . <в.5> 

In the Paul i repreвentation 

[о -i.б J (r о) (о -I) 
'6m = i.б'"" О (trt-= 1,2.,-;), ~'t= .О -1 ' ~s=L-1 О , 
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1 о о о [
о -1 о о] 

В = С '4 s = ~s С. = '6" ~ з. = о о о -1 
о о 1 о 

( С = '6 9.. '6'1 iв the вtandard cbarge coD.jugation matrix) . Uвing rela-, 

tion ( В.5) we find the identitieв 

в в _ ..i.., ( ~ ~'6в) д. _ ..::- д д. 
"""~ '6'6'Ъ- 4 7 '6 ~ СLЪ '6'6\!>- 7;:- М&д '6сi..Ъ "'6\'f. -, ' (Б.7) 

'6~" "'~-ь = ~t.~:~ св-1 '(~ В\"6= ~ хр,Мь~~,..(~дв)~.i~1~\ь= 
=L N"~(1"B)cL'5(B'6A.)f>Ъ <в . в> 

' д 

with the matrioeв 

[ 

1 1 

11 Мм.\1 = ~ 5 -~ 
1 о ,_ 

~ ] ; 
- .1 

11 N&д 11= ~ [ ~ 
-10 

Hence f or t he combinat i onв 

1 
-3 
-1 

-1] - 1 . 

-2 
~ 

( Б.9) 

Lt('t'1~ ~ 't't)(~~ ~д'f4), Зд ... ('t': 't" ~)('t';~"ч>2), К~('t';~д~ч>;)(\f2В1" 't14) 
- (Б.10) 

we get t he f ollow ing Pierz ident itie в 

~ L = 
о 

Ко + Kl - 1<][ , -4 L о = З., + JI + Зn , 
4 L 1 = 5 Jo -:; З I + Зn , 

4 L :п = 1 О Зо + 1 З 1 - 2.1п , 

~ L = 5 К -?,К - К <в. 11 > 1 о 1 ]1 ! 

LtLn= - 10К0-2.К~-2К:п: . 

Combining theee identitieв we сап obtain 

'1 ( "'• ~)(~··lf' ) = ( ~ .. 4'')( ""'"~) + L: ( lf"'6.., 't') ('t''~ '6.._ ~V) + 
• 1>\ 

+ ; ·.L(~"'6wм"'t'')(~'*'6 ... n~)=l. 0+L 1+LJt=.2La+2L1.-4Ko , < в.12 > ,, .. , 
where К. 0 = -(~-В~'~)(Ч'В Ч'') , and hence there f ollow the 
i dentitiee ( 18). There i a the following correвpondence 

х of form (64) (р•4)1 хо х1 х2 х3 х4 

(Б. 13) 
notation of tbe 

ваmе ехрrеввiоnв 1 
according t o eq. (8) 

х 5 х 3 -х2 х.1 х4 

"' 
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Полубаринов И.Во Е2-84-607 

О применении расслоений Хопфа в кваитовой теории 

В связи с возрастающей ропью расслоений в кваитовой тео

рии обс~ао~сs двупистное покрытие окfуzности окруzностью 
и paccnoeRИJI Хопфа Sl .. sl • 87 .. 86 и S1 .. 98 в терминах комп
лексных /И1J111. .вещественных/ спиноров, а также в форма.пизме 
гнперкоМПJJеаtСНUХ чисеЛ. Соответс'l'JJ~е тожде~тва могут быть 
испот.зец~а.t . Дn& пРеоiSразовавиs пагра~tа~анов н гамипьтоиианов, 
напрИМер~ <• uас~е~ой ... nантовой механиках /переход от де
картовых ко~т •• cmiнapiUI/ о РассмотреНЬI проблемы калибро
вочных ·иа.-..т.иостеn, констрайитов и квантоваииs о С помощью 
указанНЫХ ,·р~с:nоений двУХЧастичИЬiе функЦЮI Грина в 2-, 3-, 
5- и 9-мернwi- nрос\rранствах представпе111r1 как интеграпы по спо
ям от щutQ'*# ~· фуюtций Грина соответственно в 2-, 4-, 
8- и 16-м~ JJP.oc'i'paнc'I'Вaxo Купонавекие и свобод111r1е функЦJm 
Грина выр~.а .tepes изаест111r1е функЦЮI Грина" для многомерных 
гармоничесkм~. QСциnпяторов. 

Работа .~ОпНена в Лаборатории теоретической физики ОИЯИо 

DpeJIPIIII'I' ............. •c'I'JI'IТI'& QePJIIIX мсспедовавнй. Дубна 1984 

• 
Polubarinov IoV. Е2-84-607 
On Application of Норf Fiber Bundles in Quantum Тheory 

In connection vith а groving role of fiber bundles in 
quantum theory а tvo-fold covering circle Ьу circle and Hopf 
fiber bundles s8 .. 82 ' s7 .. s. and s15 .. s8 are discussed in 
terms of complex (or real) spinors, and also in the formalism 
of hypercomplex numЬers. Relevant identities can Ье used to 
transform Lagrangians and Нamiltonians, eog., in classical and 
quantum mechanics (passing from the Cartesian coordinates to 
spinor ones). ProЬlems of gauge invariances, constraints, and 
quantization are consideredo Using the above fiber bundles, 
two-particle Green functions of the Schr8dinger equation in 
2, З, 5, and 9 dimensions are represented as integrals over 
fibers of some other Green functions in 2,4,8 and 16 dimen
sions, respectivelyo СоulоШЬ and free Green functions are ex
pressed via vell-known Green functions . for multidimensional 
harmonic oscillatorso 

Тhе investigation has been performed at the Laboratory 
of ТheQretical Phveics JINR. 

Prepr1nt of the J01nt institate for Ruclear Reaearch. Dabna 1984 


