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INTRODUCTION 

In some new powerful methods /1, 2/ of analyt.ical evaluation 
of Feynman integrals there emerges the necessity to subtract 
infrared (IR) divergences. that arise at intermediate steps of 
the 'calculation Ьу means of counterterms, local in the momentum 
representation. • 

We ·stress that we discuss only Feynman integrals of Eucli
dean theories and the IR dlvergen~es resulting from putting 
some masses and external mpmenta to zero, А complicating factor 
is the presence of ultraviolet (UV) divergences. 

Ref. l 11contains а formulation of the R* operation that al
lows one to subtract UV and IR divergences of the said type 
simultaneously. However, the definition of IR subgraphs given 
there is .not quite correct, Our aim here is to improve this 
definition, and to show the validity for the R~operation of 
а generalization of the well-known Bogolubov-Parasiuk theorem / 3/ . 

we · emphasize that the only point of / l / that needs to Ье cor
rected is the definition of the IR subgraphs у (and, respect.i
veЧJ the IR index of divergence w(y) ) that appear in eq. (б) 
of l . The new definition is : 

The IR divergent subgraph у is any set of lines of the graph 
that satisfy the following conditions: 

1) When all the momenta flowing along the lines of у are 
put to zero, there are no other lines in G whose momenta are 
multified due to the momentum conservation. 

2) The index of divergence defined as 
о 

w (у) = (2 С - I а t - I Ь ) - 4rn _ 
У f~y v ~ y v У 

is ·w ~ О. Here lf is the number of lines of у • af and bv are 
the dimensional1ties in the units of mass, respectively, of the 
numerator of the propagator corresponding to f-th line and 
of the factor (which is а polynomial of momenta) corresponding 
to the vertex v ~У (we say that v ~ у if all the lines attached 
to v belong to У ) ; rn У is the number showing how many loops . 
the initial graph loses, plus how many connected components the · 

*The present paper is based on the university degree Ьу the 
author carried out at the Faculty of Physics of the Mos cow State 

· University in 1982. 
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initial graph acquires, wpen у (i.e., all the liпes апd ver-
tices beloпgiпg to у) is delected. ~ 

1. R * OPERATION IN ТНЕ а -REPRESENТATION 

For simplicity we limit our aпalysis to the case of massless 
scalar particles апd iпteractioпs without derivatives. These 
limitatioпs are Ьу по meaпs а matter of principle апd are iп
troduced опlу to avoid cumbersome formulae. 

We begiп with some definitioпs. 
Coпsider а Feynmaп iпtegral iп p-space, correspoпdiпg to 

graph С. Euclideaп IR divergences arise at those poiпtes of 
p-space, where some propagators 

с 1 11 (р) = -
р2 

of the iпtegraпd teпd to ~, i.e., the correspondiпg momeпta 
vaпish. 

( 1) 

Defiпitioп 1: the complete IR subgraph is апу set of liпes 
of the graph that satisfy the "completeпess coпditioп": if al1 
the momeпta flowiпg aloпg the liпes of the subgraph vanish, 
there is по aпother liпe su'ch that the corresponding propagator 
diverges due to the momeпtum coпservatioп. 
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Fig.l 

си_ = 2f_ - 4m _ , 
у у у 

For example, coпsider the subgraph shown 
iп fig.l. If one puts to zero the momeпta 
flowiпg aloпg liпes 1,2, then the momentum 
flowiпg aloпg liпe 3 also vaпishes. So, the 
subgraph that coпtaiпs опlу liпes 1 and 2 is 
поt complete, and .to make it complete liпe 3 
must Ье included iпto it. 

Defiпition 2. The index of IR divergeпce 
of the subgraph у is 

(2) 

where m- is the пumber of loops that the graph С - loses wheп 
all the \iпes of у ar€'./ deleted, t _ is the number of liпes Qf у. 
This defiпitioп is easy to uпderltaпd: m; i s the пumber of iп
tegratioпs over momeпta flowiпg ~long the liпes of у, while 2f
characterizes the siпgularity resultiпg from puttiпg to zero У 
those momeпta. 

Def iпitioп 3. Now we сап defiпe the IR divergeпt subgraph 
a s the complete IR subgr aph у with а пoп-пegative iпdex of 
divergeпce (2): ~ (~ ~ О. 
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Iпdeed, the divergeпce correspoпdiпg to у is: 
4m- · 

d - У _ р 

2f-p у 

d\p\ ~-2f-
"' jp\' IP\ у 

Let 'С Ье а Feynmaп graph, L 
Ье tp~ set of its iпterпal liпes, 

Q 

.,, 

' 

v the set of its vertices. Let g 
Ье the set of vertices that are 
iпterпal for С, i. е., по exterпal 
momeпtum eпters these vertices. 
For example, for the graph of 
Fig.2: v ={а, Ь, с, d, е, fl, g = {b,e,d,f\. 
The vertices from V\ g will Ье 
called exterпal. 

Fig.2 

Accordiпg to Feynmaп rules, опе 
сап coпstruct а fuпctioп corres
poпdiпg to С апd defiпed for
mally: 

3'(xv\ g) (dx П 11'f(xf-xf ), 
Sf(;G i f 

where Xg are the iпterпal vertices, xv g ar~ the exterпal ver
tices,xej апd xt 1 are the iпitial апd fiпal poiпts for liпe 

(поtе, that the directioп of liпe iп the case of scalar propaga
tor can Ье choseп at will). The formal Fourier traпsform of 3'(xv J 

5 (р ) = f ехр • i( 1. х k р k ) 3' ( х \ ) dx \ 
V\g k(;v\g v g v g 

1S 

j'(pv\g) f dp п 11 t (р f ) • 
Sf(;G 

/ 

(3) 

where р g (р v \ g) are .the iпterпal (exterпal) momeпta of С апd Р f 
i s the momentum flowiпg aloпg liпe f апd 11 с (р) is defiпed Ьу (1). 

However, the iпtegral (3) i s iп geпeral divergeпt, апd ~ (pv\ i 
does not exist due to siпgularities iп the space of momenta. 

It is сопvепiепt to iпtroduce а parametric represeпtatioп for 
the Feynmaп iпtegral апd subtractiпg operators. 

Let af Ье а real parameter correspoпding t o the liпe f of the 
graph с ~ 

с 00 2 
11 (pf) = f daf · exp(-i) (at Pt ) (4) 

о 

Subst itutiпg (4) iпto 
t ioп f or 5 (Pv\ g) 

(3), we obtaiп the parametric r~preseпta-
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:f(pV\g) 
~ 2 

Гdр П ( J daf) · exp(-i) 1 ~ afpf 1. 
g f ~ L О f ~ L ' 

(5) 

In the present work we perform subtractions not on1y oyer inter-
na1 but a1so over externa1 momenta, i.e., we consider :f(p ) 
а~ а functiona1 on the c1ass ~f test functions: v 8 

L' 
ф(р) = Г da

1 
••• Г daL,ф'(a)· ехрН) [ ~ а . р~]. 

. 1 1 
о о - i=1 

We impose the fo11owing conditions on ф: 

L' с· 
а) J da· П а. 1 ф'(а) < const, at с 1. ~ R

1
·, 

o-i = 1 1 -

where Rj is а sufficient1y 1arge number to Ье fixed be1ow. It 
follows that 

d Ri 
. П (--) ф (р) 1 < const, 
. i dp~ - р =о 

1 -

i.e., ф(р) has а number of derivatives at р=О 

00 ф '( ) /3) I d а __ а_ < const , 
О - П a~i 

• 1 

const 
с i < R i , => ФСР > 1 pi ... оо < п 

(Р~ ) Ri + 1 
1 

( 
1 / 5/ . see, e.g., ), 1.е., Ф(Е) decreases sufficient1y fast as pi ... оо. 

Now we can describe the functiona1 -~ that c'orresponds to 
а regu1arized but nonrenorma1ized Feynman integra1. Its va1ue 
on the test function ф(р) is 

(:fоф)= п (Гdaf)ф'(a)Гdp-exp(-i)[ ~ arp:]· п xr<ar·~). 
f~Lu:' О f~LuL' f~LUL' (б) ~ 

where xe<ae,rr) is а regu1arization (see, e.g.,/6 1). Now one can 
perform momentum integrations in (б) о As а resu1t one obtains: 

00 А 1 
(:fоф)= п (Jdaf)ф'(a) п xe<ae,rt) 2-, 

f ~ LuL' о е~ L u L' (detWG) 
(7) 

where det W А = U (а) = ~ П а f and Т А are the Т -trees of the 
С ТАf~т .... ' G 

graph G =а+ L,. G G 

Fo11owing / 7/ ,we define the sector am in the integration re
gion of (7) as а 1 ~ l, ... а m ~ 1 , , а m + 1 > 1, ... а L > 1 and perform 
the change of variaЬles: am+ 1 ... 1/ am+1 , ... , aL · ... 1/aL. 
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Then the contribution to :f from а m is: 

c:r о Ф > 
am 

п 
f~L 

1 $ е $ m 

1 
( Г da f) П 
о е~ L 

m < f ~L 

00 00 

(Г daf) П ( fdae)·Ф'(a) х 
1 f~L' 

(8) 
А 1 • . 00 А 1 

х п xe<ae,re>-- = п ( Гdае)·П <Гсtаr>·Ф'(а)· П xe<ae,rr)·--
f~ Lu L' U 2(1!) f(; L О f(;L' О f(; LL[.! V2 ~) 

whe re V (а) = ~ П а f П ~ П а f . 
Т ... 1<f <m m<f <L f~L' 

G - - -
t~тс r(; те t~тс • 

Now we can introduce the R * -operation. 
Let lf 1 .•. I\ 1 Ье the set of all IR-divergent subgraphs, and 

\Г1··· Г n 1 Ье the set о{ all UV-divergent subgraphs which are de
fined as "generalized Ьlocks" of Bogo1ubov and Parasiuk with the 
index of divergence (с.)(у) = 4ny- 2fy , where ny is the number of 
1oops of у and е is the number of 1ines of у. 

Furthermore, let M(f) Ье the operator that reJ>1aces the 
coefficient function of the comp1ete IR subgraph Г in х -space 
Ьу the sum of severa1 first terms of its Taylor expansion. Be
sides, let М(Г) Ье the subtracting UV-operator defined in / 6/. 

Let us define "three-point products". We say that Г i belongs 
to Г j (Г i С Гj ) if all lines of Г i belong to Г - . We say that two 
subgraphs are partial1y intersecting, if they have at least one 
common line and non of them belongs to the other. 

Definition 4. The three-point .product : M(i'\) ... мсflс)М(Г1) •.. М(Г11): 
is the operator defined as follows: 

1) if any two .subgr_ai?_hs Г. , Г. (or fi , f. ) are partially 
intersecting, then ;М(Гl) .•. мtГ11 ); 1 :О. 1 

2). !f ... two subg~aphs гi 'rj have at least one сопшюn line, 
then : М(Г 1 ) ••• М(Г11 ) :_ = ... О . 

3) O_therwise ;м(Г 1 >..:··М1Г11 );=0 is equal to ... tl.!.e usua1 product 
of М, М so tha_!: j.f Гj :> Г i (Г j :::>Г i), then М(Гj )(М(Г j )) stands 
to the left of М<.Гi) (М(Гi)). · 

Now the R*-operation is defined as 

R*= ;(1-M(I;-1 >> ... (1-мПi>><1-М(Г1 )) ... (1-М(Г11 »: (9) 

It is easy to see that in the sector am (9) is equivalent to 

- -
R~m = ;{1-М(Г1 )) ... (1-М(ГР))(1-М(ГР+iН1-М(Г11 ));, (10) 

where Г1 ... ГР are UV divergent subgraphs containing lines f < m, 
Гр+l ... Г11 are IR divergent subgraphs containing lines f > m-. 
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~(pV\g) 
~ 2 

Гdр П ( J daf) · exp(-i) 1 l atpt 1. 
gf~L О f~L-

(5) 

In the present work we perform subtractions not on1y oyer inter-
na1 but a1so over externa1 momenta, i, е., we consider 5 (р ) 
а~ а functiona1 on the c1ass ~f test functions: v g 

L' 
ф(р) = Г da

1 
••• Г daL,ф'(a)· ехрН) [ l а. р~]. 

. 1 1 
о о - i=l 

We impose the fo11owing conditions on ф: 

L' с · 
а) J da· П а . 1 ф'(а) < const, at cJ. ~ RJ·, 

o-i = 1 1 -

where Rj is а sufficient1y 1arge number to Ье fixed be1ow. It 
fo11ows that 

d Ri 
П(-) ф(р) \ < const, 

' i dp: - р =о 
1 -

i,e,, ф(р) has а number of derivatives at р=О 

/3) { da ф '(а) < const, 
О - П a~i 

• 1 

const 
ci < R i , => ф(р) lpi --~ < п 

(Р~ ) Ri + 1 
1 

1 / 5/ . (see, e.g., ), 1,е., ф(_е) decreases sufficient1y fast as pi _. ~. 

Now we can describe the functiona1 .~ that c'orresponds to 
а regu1arized but nonrenorma1ized Feynman integra1. Its va1ue 
on the test function ф(р) is 

(Э:оф) = п (Гdaf)ф'(a)Гdp.exp(-i)[ k atp:]· п xr<ar·~). 
f~Lu L' О f~LuL' f<;;LuL' (б) ' 

h ( ,.. . 1 . . ( /6 1 ) N . w ere Xf af,rf) 1s а regu ar1za-t1on see, e,g,, , ow one can 
perform momentum integrations in (б) о As а resu1t one obtains: 

~ ,.. 1 
(Э:оф)= п (Jdaf)ф'(a) п xf(af,rf) 2-. ~ (7) 

f~LuL' о f r;;: L u L' (detWG) 

where det W,.. = U (а) = l П а f and Т,.. are the Т -trees of the 
с т ... е~т .... • с 

.... G G 
graph G = G + L '. 

Fo11owing / 7/ , we define the sector am in the integration re
gion of (7) as а 1 ~ 1 , ... а m ~ 1 , , а m + 1 > 1, ... а L > 1 and perform 
the change of variaЬles: а m + 1 _. l l a m+ 1 , ... , а L · -+ 1/а L . 
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Then the contribution to Э: from а m is: 

сэ: о ф) 
am 

п 
f~L 

1 s fs m 

1 00 

( r da t) п 
О f ~ L 

(Г daf) П ( fdaf)·Ф'(a) х 
1 f<;;L' 

m < fs_L 
(8) 

,.. 1 • - ~ ... 1 
х п xe<ae,rt)-- = п ( Гdаf)·П ((dar)·Ф'(a)· П xe<ae,rr)·--

tr;;; Lu L ' U 2(1!) fr;;: L О ft;;:L' О (r;;; LLL.' V2 ~) 

where V (а) = l П а l П ~ П а t . 
Т ... l <f < m m<f<L fr;;:L' 

G - - -
t\<?тс; rr;;: те t\<?те , 

Now we can introduce the R * -operation, 
Let lf 1 .•. I\ 1 Ье the set of all IR-divergent subgraphs, and 

\Г1 ... Г n 1 Ье the set о{ all UV-divergent subgraphs which are de
fined as "generalized Ьlocks" of Bogo1ubov and Parasiuk with the 
index of divergence cu(y) = 4ny- 2fy , where ny is the number of 
1oops of у and f is the number of 1ines of у. 

Furthernюre, let M(f) Ье the operator that re:~>1aces the 
coefficient function of the comp1ete IR subgraph Г in х -space 
Ьу the sum of severa1 first terms of its Taylor expansion. Be
sides, let М(Г) Ье the subtracting UV-operator defined in / 6/. 

Let us define "three-point products", We say that Г 1 be1ongs 
to Г j (Г i С Гj ) if all lines of Г i belong to Г . . We say that two 
subgraphs are partial1y intersecting, if they have at least one 
common line and non of them belongs to the other. 

Definition 4. The three-point .product : M(i'\) ... М(fk)М(Г 1 ) ... М(Г11 Н 
is the operator defined as follows: 

1) if any two .subgr_aehs Г. , Г. (or fi , f. ) are partially 
intersecting, then ;М(Гl) ... мtГ11 );J :0. J 

2). !f ... two subg~aphs гi 'rj have at least one соппnоn line, 
then : М(Г 1 ) ••• М(Г11 ) :_ = ... О . 

З) O~herwise ;м(Г 1 )..: .. М1Г11 );=0 is equal to _tl}.e usua1 product 
of М, М so tha_!: J-f Гj )Г i (Г j) Г i), then М(Гj )(М(Г j )) stands 
to the left of М<.Г i) (М(Г i )) . • 

Now the R*-operation is defined as 

R*= ;(1-M(r1 )) ••• (1-МПi>Н1-М(Г1 )) ••• (1-М(Гn)); (9) 

It is easy to see that in the sector am (9) is equivalent to 
- ... 

R~m = ;{1-м<Г1 )) ... (1-М(ГР))(1-М(ГР+iН1-М(Г11 ));, (10) 

where Г1 ••• ГР are UV divergent subgraphs containing lines f < m, 
Гр+l ... Г11 are IR divergent subgraphs containing lines f> m-, 
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Definition 5. The IR-(UV)-divergent subgraph у(у) is an ar
bitrary set of lines with а non-negative index of divergence 
w(y) = 2f-- 4m -(w(y) = 4n - 2f ). 

Let Js palametrize У R* .tet к i Ье а parameter corresponding 
. от 

to гi and we introduce the variaЬles: 

13r = к;1···к;еаf, ij s р. f .s m, f ~ г!. 
J 

(11) 

f3п =к . ••• к . п af ' 
L J 1 J L 

jk > р' f> JI!, е ~;г . 
J k 

In /б/ а parametric representation 
tors has been given 

of the UV-subtracting opera-

R uv 
к 

1 w/ 2 
r dк (1-к) 
о (w/ 2) ! 

( 
д w/ 2+1 
-) 
дк 

2n 
к. 

based on the Schlomilch formula: 

nj n. 
х. J 

= 1-М(Г) (12) 

1 k . k + 1 
J д . 

--(--n-· f (x)) l 
1 д - r dк(l- к) -.. --f(кх). 

k ! о д кk+ 1 
f(x) - l 

n 1+ ••• +nm~ k (nj ) 1 дх . 1 - х с о 
J 

То obtain а simila r parametric representation for М(Г), we use 
the momentuщ representation and change the variaЬles as х~хlк. 

a~lh 

IR 
(1- М(Г)) = R . к 

1 (;;/ 2 
J dк (1-к) 
о (ai/ 2) ! 

д (:; / 2+ 1 

-(-) 
дк 

So, using (12), (13) we obtain 

2f - 2m 
к 

'· 
. w'!' / 2 

1 "" n 1 n (1-к ) 1 

( 1 3) 

R *(jo ф ) = li 
От от f(;L 

( J d a у ) . 11 ,< r da у) . н ( r dкi) . н [ * . 1 х 
О f (; L о 1 = 1 о J = 1 (w . , 2) . 

~ J 

( 14) 
, (w'!' /2) +1 2-r j ф'(а) 
д J ] ----· х (-) • Kj ' v2(/3) 

дк j 

11 ( ~ 
f (; L u '" , Х f а f ' r f ) ' 

where w * is t he UV or I R index of diver gence r = n fo r UV-di
vergent sub gr aphs , r~ f- m f or IR-d i ve r gen t subgr a phs . 

The value of t he func t ional R* З' on the tes t f unc t i on i s de-
fined as R* ( 1 о ф) = l R ( j: о ф) . · 

а а 
а - - -

We stress that (14) is obvious if Г 1 ••• Г n and Г 1 ••• Г n are 
generalized Ьlocks and comp l ete IR subgraphs, respective l y . 
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.. 
But (14) is equivalent to the R*-operation also in the case when 
Г are understood in the sense of definition 5. The proof of 
this is based on the fact ~hat in the presence of 

1 )w/2 · w/2 + 1 
R с J d к <1 - к ..,...д--r::---=-
к (w/2)! дкш/2+1 

additional subtractions that are absent in (10) are equivalent 
to an identity operation (cf / 61 and Appendix). 

Our next aim is to prove the convergence of (14) in the li
~it when the IR and UV regularizations are removed (i.e., when 
r ~ О ·). 

2. ТНЕ PROOF OF CONVERGENCE, 

Here we prove the convergence of (14) in the limit when IR 
and UV regularizations are removed. 

Introduce an auxiliary regularization as: 

1 "" n 1 tB 
R* (1 о Фr-

am от 
=J;

8 
= П ( J daf) П ,< ( day)· Н ( ( dк .) ·Ф'(~.~!15) 
f~;L tf f~L о i = l д ; 1 

w'!' * 
J. 

Ф'~, ~) 
n _ (1-к·) J/ 2 · ш. 1 2 + 1 
п ( ] (~) J 

j = 1 ( '·' * ) 1 д к . ~j / 2 . ] 

к .2 r j ) • ф 'VJ. ) • 
J vz <~> Н Х У (af '~ f) • 

f (; L u 1" ' (16 ) 

Then one only has to prove 
lim lim lim J'., 

the existence of the limits: J00 
~ <> lU 
r,~o (,~ чу~о --

Note that 
w* 

n (1 - к . ) i/ 2 
11 

i = 1 

1 

<шТ1 2 >' 
п х ( А 

f ~;;; L u L' t а t' r t) < const . 

Therefore it is sufficient to prove the convergence of the in-
tegral 

1 00 n 1 
Jt

0
= П ( ( daf ) . 11 ,< ( dar)· П ( ( dк i ) Ф(~, ~ ), (17) 

-- f (; L tf fi;;L О 1= 1 oi 

where 

Ф~, ~) 
n 

п 
i= 1 

2n j n 2fk-2mk ф'(а) 
к п к --

k = р + 1 v 2 ({3) 
(18) !(~ )wj;2+11 h 

дк . l j = 1 
J 

In ( 17) and (18) the natura l var iabies are f3 and к with f3 de-

7 .. 
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fined in (11). Therefore we change the variaЬles: Kj =Kj, af= 
= aeU ~ L'), f3e= Ki ••• к . а е = "tae. 

The Jacobian is f lf ' · 
n , -Li 

I = П к . ( 19) 
i= 1 

where L i is the number of lines of the subgraph Г i. Eq. (18) 
takes the form: 

{3 д wj*/ 2 + 1 

i д{3 . )} 
1 

2r1· ф '(а) 
. ) - - ·-~ 

кi v2<{3) 

n 1 а 
Ф(к, а)= П [\-(к.--+ ~ 

- - i ~ 1 к. J дк . i ~г 
J J j 

where we have denoted: r j = n j (j ~ р), r j = L j - m j (j > р) • 
Performing differentiation with respect to кj in (20) 

introducing the operators 

* (Ui/ 2 
f . = П (2r . - s + 

J s =о J 

we obtain 

д 
~ {3i-. -), 

i ~г . дf3 1 
J 

n 2r.-(w~/2+1) ф'(а) 
Ф (а, к) = П (к . J J f. ) ---- . 

- - j=1 J J V~{3) 

(20) 

and 

(21) 

(22) 

Substituting (19) and (22) into (17) , we get the following ex
pression for Jf8 

1 dк 1 
Jl8 = f--
-- 8i к 1 

1 dк 
(

. n 
. -ф (к1 ••• к ) , 

8 к f n 
n n -

(23) 

.... 

where we have taken into account the definitiori of the diver
gence index: wj /2 = 2r j- L j and ф f (к 

1 
••• к n) in (23) has the form: 

"f 
) = п ( f фf(к1'''кn f~L17fff d f3 f ) П ( f d а f ) · ~ f . ф ' (g) 

r ~ L , о j = 1 J v 2<ш 
(24) 

The pattern of singularities of V 2({3) is somewhat complicated, 
Let us prove that they factorize in_- the sector {31 ~ {3 2 ~ ••• ~ {3m , 
а1 s· а 2 S ... S а L , {3m+ S ... S {3 f , and introduce the variaЬles: 

t 1 = {31/{32 • t2= ~/f3з , ••. , tm=f3m, 

Ui =-f3m+l/{3m+2''''' Uk=f3L' 8 1=а/~2''''' 5L'=aL'' 

recall that V({3) ~ п f3r п f3t. п af 
т А f" ТА f ~т А f r;, Т" G G G G 

f < m f > m l ~ L' 

8 

~ 
~.. ~ ... 

Let us now construct а TG tree such that the con7ribution 
corresponding to it factorizes the singularities: 

,_ k' ml n! nk: mm l 
v ({3) = t l ••• t u 1 ••• u k s 1 m 

kL, 
SL, ·(1 + D(s, t, u)), (25) 

where 

mi nj kf 
D(s, t, u) " ~ п t . u . sf ,- - _1 .. f 1 

m. > о' n. > о ' (26) 
J - J-J m. , n. ,kf 1

• l• 
1 J 

Let us construct the Те -tree as follows: include the line 1 
into it and add to it а line with а minimal nuwber such that 
if does not form а cycle with the line 1. Having tried all the 
lines f S m, include into the Т(; tree the maximal set of lines 
of L' that do not form cycles with the lines already chosen. 
Then take the line· L and add to it such а line with the maxi
mal number which does not form cycles~ with the lines already 
chosen. In this way we try all the lines t > m. All the lines 
chosen should Ье included into the TG -tree . So, we arrive at 
the representation (25), (26), and for Г . , m'. (n'.) = r .• 

Note, that the derivatives with respedt tJ ~~ and 1_! of w(~_!) 

·w(u,t)= П (fds6 )·П - - f ~L, о L i 

have the form 

-21<1 
si 

ф'(s) 

(1 + D(s, t. u))2 

-
ui aj 

а t. u . 
Ii 

i,j 

д 

atPi 
i 

_д __ _ w(u, t) ~ 

la,_,u. ,;. 1 
п 

k,i, j 

k 1 J . П . ((ds )·s • 
f~L ' o f k (l+D(s,t,u))a . Р · 

дu . J 
(27) 

Note that u. > О , ; . > О , !а. 1 < const, for р. < const. In the va-
1 J 1 1 

J L 1 ) 

riaЬles ~ L, eq. (27) has the form 

ck 
J da1 ••• J da , П а k 
О О L i,j,k 

а . а . 

t . 1 u . J 
1 J 

(1 + D(s, t, u) )а 

If Ф· < w -12 ,then -R- < C·< R · , where R 1-, R1 enter into the 
} - 1 1- 1- 1 

cond1tions а and {3 on the test function ф'(а) and, consequent-
ly, w(~,_:) has wi derivatives with respect to u 1 (or t 1 ) -
a·t u1 = 0 (t1 =-0) . 

Changing the variaЬles as {3, а -+ u, t, s 
- -L, - - -

and noting that 

L · Lk 
П u . 1. П sk we rewrite 

J k 

L· • • 1 the Jacob1an 1s 1 = П t
1 

9 · 

.... 

' 

.,"'! 
• 



bm b l bk ь 1 
- ( j "j .( • 11 . 

r;, = I ctt . . . f ctt 1 f duk .. . r dul x(u, t) d.(d.) = 
( ) ) 

) ' f m . -- ' ) ) 
"i+1"'"k dm dl dk d1 tj+1 ' ''tm 

(28) 
- - 17 j 

bj(bj) = maxldj (dj), min[l,--
tj+l "' tm 

тt · 

J )]\ ' 

uj+1"' uk 

where 

m L. -1 n ·L . -1 . 'W(u,t) 
1 ) Q Q --)( ( u, t) = п t i . п u J .L 1 ... .L 2 2 

· 1 · 1 n r · r 
1 = J= m+ t . 1 u. 

1 ) 

(29) 

The operators •fj in the variaЬles .!_, ~ are: 

шi / 2 д а 
П [ 2r . ..., s + :l ( t . - - - t

1
. 1 )] , 

' s = О 1 
• ~ Г ) at . - дt . 
з i з з-1 

1 $. i $. р, f i 

p <i< n, f i 
ш"': /2 

1 

п 
s =0 

[ 2r. - s + k (u .1-- U· 1 - а )] . 
1 · J з-

J. !;; г. au . au . 1 
1 J з -

Note that if the subgraph Гi consists of the line s 11, 2, ... , i l , 
then j'_ takes the form 

1 

2r i а . 
j' i = П . (s + t . - -) . 

s = 1 1 at i 
(ЗО) 

So, let Гi Ье the sub gr a ph which is dive rgent i n the given 
sector. Expand w(u, t) in а series to order ш~: 

1 

-
. Q w~,t) Q (c0 + c . t.) с' с" (3 l) 

1 < 1 < р , .L • = .L . 1 1 = - - - + - - + ... . 
1 2r· 1 2r j ' i-1 i-2 

t . 1 t . t . t . 
1 1 J 1 

~pplying f j , j > р • i n а similar manner and ~ub s t i tut i ng (3 1) 
1nto (29), we obta1n x(u,t ) = c 0 +:lc . t.+ :lc . u.+ .... 

- - 1 1 J ) 
Now one can take t h e limit f ~ О · - -

Ь m Ь1 Ь k Ь 1 

r/1 о (к 1 .. . к n ) < const r dt; . .. r dt1 r du k ... r du 1 
о о о о 

or in t he variaЬles {3 

"L 
ф0 (к 1 ... к n ) < const· Г d{ЗL .. . 

о 

10 

m in(17 1 ,{32) __ __;:.1 __ -;;_ 

f d{31 {32 ~ .. {Зт {3m+'1" {ЗL 

' 

' 

1 

'!1'\ " 
' 

In t h e s ector under consideratic•n ;· 

1 - 1't1/ m -1 + 1/ m -1+1 / m 1 -1+1 / (L-m) -1 +1/(L-m) 
--- ~ {31 
{3 2: •• {3m 

{32 • .. . {3m 

There f o r e, 

r/1
0 

< const · кL1 / rn LP / m 1;,+1 / (L-m) 
1 ... к к . р p+'l .. . 

' {3m+ 2 ... {ЗL 

Ln / (L-m) 
к n 

$./3m+l . .. , {ЗL 

(32 ) 

Substituting (32) i n to (23) we get an ~stimate on 

1 L 1/ m-1 
J" = lim J" < const. П( ( d к . )к. 
Ои е и · 1 1 __ f ~ o -- 1 si 

L/m- 1 
... · к 

р 

Lp+/(L-m)-1 
к . 
р + 1 ... х 

L 0 / (L-m) -1 
Х кn 

It is now obvious that the l i mit J00 = lim J 00 · exi sts. Final ly , 
~ -- 0 ->0 -- . 

since J oo doe$ not ~epend 
r izat i on; i , P. ;' , le t r ... О .. 
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APPENDIX ,. 

The R*-oper ation can Ь е written a s: R*= (1-M<f\)) ... (1-M(f)). 
On the o ther hand, R~R = 1- M(Ii) . Le t us prov e tha t new sub t r : c

' tions resulting from partially intersecting d ivergences do no t 
c hange {f . It is sufficient to check that 

- - - - · , · к 1 к2 к, -1 кu 2r1 
(1- М(Г u ))М(Г 1 }М(Г 2)(1-М(Гn ))5 к 1 

2r 2 2r 
к 2 K r 1 

2r 
кu = о. 

i 

-- · к -- ао • 
He re М(Г) Э: = М( Г) }; с . к 1 

i = -k 1 

-1 
}; 

i = -k 

i 
с iк 

к IR Q: кГ Г n Г · 
= Э: . - · R к J • u = 1· 2 ' 

~ 

Then, u s ing the fact tha t 

Э:к= }; А ~ ~ 
N

1
,N

2
, Nf1 N1N2N_n 1' к2 кu кf1 ) - (к 1 

Г = Г n Г .n 1 2 

к 
u 

N 1 N 2 

(к .2 кu ~ 

11 



' 

we get the conditions on N 1 , N 
2 

, N[l 

Nn + N1 + N_2 + 2ru >О, Nn + 2rп >О, -(N1 + Nn + 2r 1) ~о, -(N2+Nn + 2r2).?0. 

SullШling _these inequalities and using the fact that r 1+ r 2 ~ L +r, 1 

we obtain 0 > 0, i.e., 

- - - - К1 K2Kn Кu 
(1- М(Гu)) М(Г 

1
) М(Г 

2
) (l -М(Гn))Э' 
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