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I . Introduction 

The quantization of systems with singular Lagranglans by means 
of the functional lnte~atlou in the phase-space was proposed by 
L.D.Faddeev 1n paper /1/ • The proof of the formula whioh expresses 
the matrix element of the evoluti on operator by the functional lr._ 
tegral over ooordinates and momenta sugge sted there be oame the stan­
dard one and wae a coopted i n subsequent publioations /2-4/ wi t hout 
ohange. Howeyer, 1n the cass when the oanonical Ham1l tonian La equ31 
to zero identically ( t he Lagranglans homogeneous of the first-degree 
in the vel ooitiesl relatlv1stl0 point particls, relat~vlstl0 string, 
eto~ the proof in paper /1 , ought to be modified. In this case thn 
gauge oonditione , expl 10itly time-dependent, must be Oon81dere~/'I. 
Usually ODe assumes t hat the gauge conditions haTe ~J such a depen­
denoe /1-4/ • Besides, if the or iginal Lagrang1an has an exp11c1t 
t ime dependenoe (e.g., a syst em coupl ed t o an external nonstat10nary 
f1eld), t hen the oonstraints 1n theory may t urn out to be time-de­
pendent as well. I t m~ demand the choi ce of gauge conditions 
depending on time explici t l y 1n t urn. 

In this paper we shall show that the r ul es f or oonstruotion of 
the funotional integral f or t he systems with degenerate Lagrang1ana 
1n the phase spaoe, propoeed 1n /l~ remain Tal1d when t he time-de_ 
pendent gauge oonditione are used. The funotional integral 1s written 
at ~lrst in terms o~ t he physioal canonioal variabl es that are obtai­
ned by means of a oanon10al transformation adapted to t he gauge 
oondit1 one. In the oase ot tbe nODstationary gauge oondi t 10DS the 
oanonioal transformat ion exp1101tly depends on time. I n oomparison 
witb papers /1-4/ t h1s leads to an addi tional term in the Ham1l tonian 
wbloh determ1nes th e dynamios on a phye10al eubman1told ot the phase 
spaoe. 

The organ1~atlon of tbe paper 18 as ~llows. In SectIon 2 the 
equatIons of motion in tbe phase spaoe for the systems w1th oonstraints 
and nonstatlonarr gauge oondIt1ons are written in a generalized B8m11_ 
ton1an form. In Seotion ) using the oanonioal transformation we 
reduce the equations ot motion to the Ham1lton s7etem whioh desoribe. 
the dynam108 only iu term8 at the phys1cal variables. In Seot1on 4 



the funotional integral :tor the matrix element of the eTolution 
operator i. oonstruoted at f1ret 1n terme 01 the physioal variables. 
Then the funotional integration i8 extended to the whole phase spaoe 
by 1nserting into the integrand appropriate 8 - funotions. In oonolu­
olusion we Dote basic diBtinotions bet.esn the giTen proof and that 
of papor. 11-41 • 

70r simplio1ty in this paper the meohanioal 87stem with a fLn1te 
number of degrees of freedom i8 oonsidered. 

2. 	Generalized Hamiltonian dynamios of S7stemS with 
tims-dependent oonstralnts 

111e Lagran~ian Lccy..Cf) of the 8Tstem with a tints nWDbflr ot 
degrees of freedom i 8 aetted as a tunot10n of the generalized ooordi ­

nates CJ,.=(Jf" .. ,'1-n) and vo1001t10. q.. =Cg,." ... , q.~). 
We are interested in the oa8e when in the whole oonfiguration 

spaoe ('t. 4) the rank of the e;ymmetrio Hessian matrix with ele­
menta 

. a2i.c~:4)
.A_,/q.,q.)=(Ji. aq.j ( 2.1) 

i .j = f, .. . . n 

is les8 than the number of degrees of freedom 11 
( 2. 2) "t.o.nkll.Aij ('1-, q..)/1 < 1'1 • 

In partioular, oondition (2.2) will alW'f8 be fulfI l l ed, i f the Lagran_ 
gian [;(q~,~) i8 the funotion homogeneous of first-degree in the 
velooitie s /6/ • Indeed, the Iuler theorem for suoh Lagrangians l eads 
to the relation 

. auq. 4- ) ( 2.J)

Cf, A~, =/...cq.,q.) 
The d1fferentiation ot (2.3) with respeot to ~j allows one to oon_ 
olude that the matr1% (2.1) has at least ons Ziro eigenTeotor 

4;.Ai/ q. ,q. ) = O. (2.4) 
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BTerywhere we haTe been a5suming the summation OTer repeated indioes. 
~ Tirtue of o.nd1tion (2.2) the phase spaoe of oanonical ooor­

dinates ~ and momenta P defined as 

8/..(1.9- ) < 1, . . , I? 
(2.,)

P: = 	 , 
( 8qi 

i8 restrioted by oonstraints /6-7/ • The primary oonstraints direotly 
tollow 	from the oondition (2.2). The seoondary oonstrainte oan be ob­
tained 	from the Lagrange equations of motion independent of the 
aooelerations / 8/ • 

Let 

( 2.6)tf/.,('1-.P) = 0 

ol. = 1, .. . , k 


be a oomplete set at all (primary and secondary) oonstra1nts in the 
the or,.. W••hall propo.e that f... ( g.,P ) , d.. = {, .... II 
are tunot1onal17 1Ddependent, that i8 

'lank!! ~~~W)I! = k, 	 (2.7) 

u:;f: 	cq.·P) , 1 ~f{ 217. 

In T1rtuo of ( 2.7) eq •• ( 2.6) detormine a (211 - k )- dimonB1onal .ub_ 
manifold M of t ho pha •••paoo ('t, P ). 

BaT1ng the oompl ete set at oonatraints ( 2.6) that obe7 the oondi_ 
tion (2.~, one oan deriTe the oanonical equat ions for the oons1dered 
system / • ~ means of the Lagrange multiplier method we obtain 

.d1.; 	= Blli + A(I:) a<P"­
d t ap. ap,d. 

(2.6) .r12i.. - Elk - 1\ (t) il'£. , 
d t oet, art;d.. 

{= f , .. . . n 

3 



where HcCcr. p) 1.s the oanon1oal Hamilton1an, oonstruoted in 
aooordanoe with the Ilsual rules, and Ad..(t) ) cI- = ' • .. . . k 
are Lagrange mul t 1.pl1.ere. The eQ.uation of mot i on for a. general 
phase-spaoe funotion "f'C't-.p .t) in aooordanoe w1.th (2.a), haa 
the to-:-:- . 

(2.9){ft = fft- ... (He .'I/' )· AJ.(i )(~oL' '\jJ) . 
He r . the Po~sson braoket. of two funotions f(1- ,P) and ~ ( cr ,p ) 
are defined by" 

p _ .a1a5i _ illa1t1 
(2.10)( T. ~) - f.t (a p. oey; oCf, ap) . 

We shall restriot oure elvee in what fol lows to the oase when the 
relations (2.6) are first-class oonstraints, that is the Po1sson 
braokets w1th ea oh other and the canon1oal Hamiltonian lie vanieh 
on M 

C'f If ) = C (a f) 'f. :>:: a (2.U)
"-, jl J.fO r D ' 

cPo. ,He ) = CJ.f (cr,p) 'P, ~ 0 . (2.12) 

"".f1=( .. ·· k, 
wher s C"'"l C'j., P) andC.. ., (Cj... P ) are oertau funot~one of tho 
oanomo~ varabl .. 1- , } P . 

I t f ollow. from (2.11) and ( 2.12) that t he oon.tra~nto (2. 6) 
are invariant r elatione f or the oanoni oal sTBt em ( 2.S) with arbl tra­
rr funot lons },d.(1; ) • In othor words, oquat1 on. (2. 6) w~U bo 

sat isfi ed bT &Q7 solution of the oanoniDal sys tem (2.a) with AnT form 
of the funo tlone Ad.<.t ) if tho.. equat10ns do f or the ~t1al 
data. Indeed, 8ubst1t uting (2.6) into eQ.uatioDS of mot10n (2.9) and 
t aking into aooount ( 2. 11 ), (2.1 2), w. obt~n 

(2.1))~tJ. = (He ,'P",) + A/ he ~. ~ '):::: 0 
cI-,p f . .. . . k0 . 

Thus, 1.f the relalions (2.6) are the fi r st-claaa oonstra1.nta, 
the aolution of the Cauohy probl em for the syst em of the oaDon1.oal 
.quat~on. ( 2. 8) ~nvolT.s k arb~trar7 funotions of tao AJ.(i). 

4 

In this oase the 1nt1.nites1aal ohange. of the oanonioal T&r1ables cr 
and p generated bT the oone tra.1.nts (2. 6) 

(2. 14)= E Ci) ~rf", Ed.)~'bCf, do u f; aR =-
<J. 09'i 

./.. = 1. . .. n 
transform the olaa.es of 1Df1n1.telT neighbouring trajeotoriee into 
themeelTea, and ~unotions A(t) inside eaoh 01a8s ohange &. follows 

~ 

dA ch = [, d., + C d., C + 
d. oL J1 jld. ,~d"E{hCnd. (2.1') 

'"-.p .r = 1, . k 
The funot10nal arbitrar1ness in the solution of oanonioal 

equat10ns (2. 8) oan be removed bT the requirement that all the obser_ 
vables in t he theory do not ohange under the transformation. (2. 14) 

8'lf' = E",d) ( <Pd. • "fl ') c::: 0 . 
Benoe bT virtue of the independenoe of parameters E (t ) we obta i n 
a s et of k d1fferent1al equat10ns of the first o:aer fo r the 
obserTable funotions 1p 

( t, 'lI' ') = dd.l 't, P) <Pjl ~ 0 (2.1 6) 

d...=i ..... k. 
Th e subst1t ut10n of relat ions (2. 11) int o the Jaoob1.1dent1tT 71e1ds 
tho int ograb~11t7 oondit~on fo r (2.16) 

( 'fd. .Cj,Y )) - C ~ .C~.'\jI )') = CC t,1i, ) ,'1JI) "" O. ( 2. 17) 

It f oU... . from (2 . 17) t hat oq •• (2.16) han (2n - k ) .olutions 

1fT' and t here are k oonstraints (2. 6) among them . Theretore 
t he 1Mepedent obs.rvah1e vu1&bl.s 1fl w111 be \1D&IIIb1guousl T de­
f 1ned bT t h.ir value s on the eubman1fold of t he phaBe spa oe with 
da.noion ( 2n - k ) - 1< = 2(n - k ) . 

5 



SUOh a subman1£old oan be realized as follows 17/ . In add1t ion 
to the k oonstra1.nts ( 2.6) the oanonioal Tar1ables q. and P 
will be eubmitted to k gauge oonditione that will be assumed 
explioitly time-dependent 

(2.18)'td-((1- .p.h = a , 
C/..- = 1.. .. • k . 

The re2ations (2.18) haTe to be taken Dot invariant UDder the 

transformation (2..14) 


(2.19)8Xp=e<i,d )(~, 'tjl) "0 

Thia allowa u~ to remove oompletely the funotional arbitrariness 
~n the oonaidered 5yst em, 1.e . to expreas the Lagrange multipliers
Act) through oanonioal Tar:la blo•• 

d.. ' rOIl (2.19) it tollow. tbat tho choioo ot tunotion. x,,,,,Cq. ,pJ) 
is restricted ~ the requ1rem~t 

(2.20)det//( t, X} )11 f 0 

~oord1ng to (2. 20) t ho .ot ot oonstraints (2 . 6) and (2.18 ) booom•• 
the .eoond-class one. 

In add1tion to the oondition ( 2.20) i t i . neoessary to require 
that eqs. ( 2. 1S) be invariant relations for t he oanonioal systam 
(2.8). Tho substitution ot (2.18) into (2 . 9 ) riolds k equation. 
linear with rupoot to the tunotions A",c/: ) 

dtJ= grJ + ( He . A'} ) + A...ch e lf... . Iv ) =0,
j 

eX. .J = -I, " . . k , (2.21) 

The solution of the syst em (2.21) haa the form 

Acid.) = - [fftj ... Ulc .x,j)] a.1'''' 
(2.22)

c/.. .j= { " " k . 
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where the matrix II Cl"' II i5 inverse t o that of the POissonobraoketo ll ( '/'r ,1jl )11 

(2.2))ad..a- ( tfr· t y ) = t .j 
Thus, the dynamios of the oonsidered system 1s oompletely deter­

mine d by t he set of ee oond-class oonstraints (2 . 6), ( 2.1S) and the 
canonioal equations ( 2.8) which owing to (2. 22) can be repre sented &s 
f ollows 

dq, i = illie - [il1", + ( H X, )10. M
J
1 ,

CIT apt at. c · ... J '/.} api (2. 24) 

jti =- ~~ +[~+ (He .X.,)j Cl <LJ ~f 
i = 1.. .. • n . 

Substituting (2. 22) i nto ( 2.9 ) , we obtain tbe equation ot mot ion for 
the tunotion '\jJ (g.. .f .t ) 

(2.2' ).d:::L .a:2L Bl... Q ( '-Ii ljI) + ( Hr ''In .• dt. CJ t at aLJ .P ' 

wher e the D1rao braok et ( He , V )~ is defined by the equality 

, 
(He , '\jJ ) = ( He .'\+') - ( He . x.~ ") 0 ,,{ tfy .'Ji ) . 

(2. 26) 

1inal1r, in the oase of t1me-dependent gauge conditions ( 2 . 1S) 
the equations of the generalized Hamilt onian dynamics take t he f orm 
( 2.24). It ric. : 0 , then eqs. (2. 24) admi t s olutions , d1ff erent 
trom the etatio ones , only for th e gauge condit10ns (2 . 18) dependent 
on time t explioitly. 

J. Reduot 1on to the ph7sioal variable s 

To descr1be t he d7D8mi cs of the ooneidered s7stem in terms of 
( n - k ) independent degrees of fr eedom, we make use of the invari ant 
rel a t ions (2.6) and ( 2. 1S) . In the 01ass 10al me ohanic s it 16 well 

7 



known that the existence of firet integrale or invariant relat10ne 
of the Hamiltonian ,yst em &1lows one to reduoe their order ( s8e, e.g., 
Levl-Ci v1.ta and AmalU /9/ ) . Herewith the reduoed sl'stem of equation8 
has &180 the oanonioal farm. 

If fin firs t integrals or lnTariant r elat ion8 of a oanonioal 'I e"etem of 2 til dlfferential equations ( 111 S. f) ) e.:re 1n iuvolut1on, 
t hen one can reduce the number of these equation8 t o 2(n~) . In ge­ 1 
neral, when m first integral or lurariant relat i ons are not in 

1nvolution, the order of t he Baml1ton1RD 87etam oan be reduoed onI,. 
to 2n-m. It is neoes8ary to amphas1~e that t he r eduction by using 
the f1rst integrals lead8 to the oanonioal 8ystem whose general in_ 
t egral 1s that of the orig1nal oanon10al equations too. On the oont­
rary, if the ~arlant relat10ne replace the known firet integrale, . 
then the general solution of the reduoed 8Tetem is onlT a partioula.r 
solution of the original Hamilton1an 8T8tam. This solution d••crib.8 
only the traJeotorle. whioh 11e 8e a whole on th e 8u~to14 of the 
phase apaoe defined b7 tb8ae ~ariant relatione. 

In t he CBa8 under oonsid eration juet thie 8ubmanlfold 1s tb. 
phraioal phase apaos. To recover from the system (2.24) the equations 
that desoribe the d,.nami os on the phy8ioal phase spaoe, we carr,. out 
the o8.ll0n7C~ traD8fo1'!ll8.tion of va.r1able s q. and P . l'ollowing 
to paper 1 , w. shall suppo.e that the left-hand S148S of gauge 
oondition (2.18) eati&f7 the rel&tion 

c x,<I-,YV ) = 0 (J.I)
J 

c/., ,j = f •• . . .k , 
Acoording to (J. l) the nrw oanonical variables ~ be introduoed 
a8 follow8 

(J. 2) 0<1-=Q... cg... p.-h F: x,~c q.. . p .b , 

d. =1 .. . . • k 

Oa = QaCq.. p ,1) . ~ = ~ Cq. ,p ,f. ) (J.J) 

.I 
a. = k+i , . . . , n 

8 

(J.4)( P, .OJ ') " So.
'J 

f $ ;' .j ~ 11 . 

We notioe that tbe gauge oonditions (2.18) lead to the appearanoe 
of the explicit time dependenoe in transformation ( J . 2) - (J .4). 

To write the aquat1on8 of motion ( 2. 24) i n new variables, it 
1.& neces8ary to substitute the ne" ooordinat es Q. and momenta. P 
froll (J.2) and ( J.J) 1notea4 of 'tfICq.,p:t) 1nto (2.25) . I.. r~­& 

suI t, we obtain 

Q= a& + .afu A rYE} ( J .5) 
L apt BO... "-J aPi 

P(.=_ii& afuA~ao· < o Q", djl BQ, 

i = i . . ... /1. 

the oon8traint. (2.6) and (2.18) are rewritten now as 

'P/q. CQ.P:D . pC 0 'p,i)) == ~ cQ ,P.t ') = 0 _ (J .6) 

(J .1)~ = x,... cq. .p.i ) = O. 
cX. : I . ... . k . 

In f o:rmula (J.,) A"'p,CQ,P.t ) denote. t he ....trix obtainod f r om 
QdP Cq. ,P ,f ) bT tho tranef oraat10ne (J.2)-<J.4) • '!'ho rola­

t i on (2.2') beoomee now 

A ilP = ( J . e ) "' TaQ d · 
J 

t J 

'J 

http:Levl-Civ1.ta


Tho now canonical Hamiltonian l<c(Q,P .t) io ginn by tho oxproo­
sian 

'\(Q,Pt)= /-ILCq,( Q,p.t), P(Q,P,D)~ RcOP .O , (J.9) 

~e s eoond form ot CJ.9), caused by the explic1t time dependenoe of 

t he oanonical transformation (J.2)-(J.4), 18 determine d up to an 

arb1trary additive function of t as tolloW8 


(J.10)BRCOPO_ aOj c1tp i) aRCQPo= _BRC9- pi)
BP; - at ' 00, at 

( = 1, ... . n 
Ow1ng to C). e ) the seoond half of the canonioal equattons 

( J. , ) at-i. =d...- = .( .•. . ~ k turns into an identity which means that 
(J . 7) are invariant relatione with respeat to (J.,) 

(J.n)~ = 0, 
o<. ' I , ... ,k . 

That 1 8 k general1z ed momenta ~ take constant z ero value s 
along thoee phase traj eotories of t h~ system (J.,) whioh 11e 1n the 

manifold defined b,. (J.7) . The ooordinates Q rL oanonioall,. 
oonjugat e to t he r: can be eliminated by u81ng the oonstraints 
(J .6). Indeed , by v1rtue of oondit1on ( 2. 21) the appropriate Jaoobian 
does not van1sh 

(J . 12) detII G«J'1 ;< O. Gd-p = ~6; 
and system ot equat10ns (J. 6) oan be eolTed for k coordinat es Qd.., 

Q = 4-' c. 0 P t ) 
... "- G" • 

0. 1)) 

o(" j , . • . k·, Cl=/(' 1 ," 11 

In this case i t tallows tram ( J. 6) t hat the partial dar1vat i Ttle of 
funot1 on. 1.jJ , 0 P t) with r s.pect to 0 aod p. aro oonneoted

d- U' . (l '1 
with tho .o of original funotions t (G ., p.t ) b:r the equalitie . 

10 

ffi+c ~=O'aPa . "f BF?, (J.14) 

; l1.Po. + G ~ -0,
aOa "'PaQa 

Q , k · f, . .. 11 

.a5& + CU.! t,# o ' dPa (J . H)d 
1 . f • ...• k . 

Taking into aocount the obTlou8 ident1ty 

• ( . .. . k Q!R 
= G<l-p ~ij~P- . raOt r 

we r.wr1te the relationa (J.14) , (J.l~) a. foll ow. 

ilP,.. = G Qillp,JB.l 
(3,16)ap; ..p -0 Pi r ' 

~ - G ~.::..!±'..)aa, - d-p BQ~P-

t=l, .. . . n. 
How the expressions (J.13) and (J .14)-(J, 1~) allow ono to complo­

te1.T elbl.1.nate the dependent Tar1.ables Gd" frOli t he r ema:LnJ.ng equat10ne 
of the e7ataa (J. ,). As a T,ault , theee equiations at ~ = Q • 
• k .. 1 . " "." . n take the usual Ba.m1l tonian form 

. 
Q = .ii& .a..fu. ill B£ 

a BP. + = aP (3.17)a aQci. aPo a 

II 
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~ -_ aKt _ Me .D.!R __ ~ , u·k'1 ~ . . . .n . 
a - ~ aGo/. aaa - aaa 

and w1th {,=cL=I • .... K they are reduced to the oondit ion 
that the constraints CJ.IJ) be the lnrariant relations 

/J J _ ::JK 
~ .lLW ~ B.fu il.':l!p - B.fu CJ.IS)aPeL aop BF;;. - a P", 

""·1 .... k ._ 
Here the oanonioal Ham1lto,dan Kc ( Qa . P . t ) 1s a result of 8ubetl_ 
tuting CJ.D) into the funotion Kc (Q'p. t ) 

- CJ.U) 
i\CQa. P .i )= 1\(~(Qo.P .t).Qa· p . t) . 

In what r ollo...a the oondltlone ().l8) -.y be dropped out at OOD­
81d.~&tlon b.o~u8e theT are 1dent ioall,. satisf1ed in Tirtul at equat ­
ions CJ . l l) and CJ . 11) 

a!-<. c CJ.20)~a ~ (kc . '-jJd) p Q = (fPc<­t o' a 

c;l·i •.. .• k 

To prOT. the 1dent 1t1es (J.20)t on. Dan u•• the relations (2. 11)_ 
(2.12) after theT baTe been express ed in ne... canonioal Tariabl•• (J .2)_ 
CJ.4) . Then, ropla 01ng tho 40riTaUna of fWlotiou ~ (Q .p. t ) bT 

the expre.siona ( J.16) and t ak1n& 1uto aooount the oondit1on (J.12), we 
obt41n from (2.11) the ~oll owlug .qual~t 1.e 

( Q - '+' Q - LfJ ) = (J.21)
do <f,.' .P P 

~ - .ii!:J:!o.. + (l.fJ Lf1) = 0 . d.p1..... k.'" apa.. B P do.' f p'.QJ a 
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We notice that the relatioDs (J.I) oannot be u8ed to fulfill ( J.21) 
becauss the r ight-hand sides of these equal1t 1es do not depend on 
the coordinates Qd. . In other words, the inTolutlon of oonstra.i.nta 
(J.6) on the manifold ~ entails the inTol utlon of oonstraints 
CJ. I J) in tbe wbole phaee epace 1 ) • 

~ similar arguments &8 it has been done tor (2. 11), relations 
(2. 1 2) are reduoed to the equations 

CJ. 22)aHc ( /-1 'fI) + .ilii.c iJ..Y:!q. = 0ap ('d-po aa app
d.. Q. Q p "" ./. .k . 

Paesing from He to the new canonioal Hamiltonian J-'\ c aooording to 
CJ.9) and taking into aooount (J.lO), we obtain from (J.22) 

CJ.2J) 

~ + (Kc'~) = .il.Kc + dKc a!:J!do. 


at ~.Qa BPdo. aar app 

d- d • .... k . 

J'1n&l.17J att.r t he replaoellent of the ooordinates ado. by the 
expressions ( J. I), we add theee equations and the oondl tlona (J . 2l) 
slde b7 814e and obtain dlreot17 the 1d ent1tie8 (J . 20) . 

.ow we pasa t o the oonsideration at the rema1n1ng equatlons (J.17). 
B,r subst1t uting the relati one (J.7) these equatioDS are r eduoed to the 
Hamilton s Tstem of order 2(n - k ") only- with the independent oanonioal 
Tar1ables Q P

a' a 

, 
_ilKc' dPc, B!ir, Cl.24)~ - BP ' err aa oa 

Q=k ·I •.. .• n 
where 

1) Uaing the o~ious ralation. (Pol..' Q - ~ ). S'" J3 in additi on 
t o ('. 21), it 1e eaST to see that the CrOO'dura of elim1nation of the 
dependent Tarablea Qcl g1T'~ h!..rl 18 oomplet!,.17 aqU1.!alent to the 
oanonioal trans! onation P Q. -r P Q. ,suoh that P • P Q. Q - LfJ _ k { . .{ i ' .{ rJ.. d ' d. ct rJ..'
0... - 1, ... . . 
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(J.2')
Kc(QQ'Po,i)= /\(Qa'O,~ , t.) . 

If the general 1nt egral of this system oonta1ning 2 ( 11 - k ) 
arbitrary Qonstante is known, then the dependenoe of ooordinates Q~ 
on time nan be obtained by the substitution of this integral and 000._ 
ditions (J.7) into the relation (J.I)). Besides, taking into acoount 
that the canonioally conjugate momenta ~ = 0 we get suoh partiou­
lar solutions of the original oanonical system (J.5) that satisfy the 
invariant relations (J.6), (J.1). As eqs. (J.1J) are also the inva_ 
riant relations, the substitution of the solutions Q ct) P- <.. t ") 

ainto (J.1S) turns (J.1S) into identities. o ' 

T.bus, the independent oanonioal variables for the oonsidered 
system are Qq , Po. ' 0 ~ k"f" 1 .0 . . ,11 whioh satisfy the Hamilton 
equations (3.24) with the effe~tiTe Hamiltonian defined by tormulae 
(J.2'), (J.19), (J.1U), and (J.9). 

4. Construotion ot the funotional integral 

The physical canonioal variables Qu . Po oan be used now for 
the quantization of the original constrained system_ At firat, we 
represent in accordanoe with the standard rules IJ/ the matrix ele_ 
ment of the evolution operator for the HamiltOnian system (3.24 )_ 
-CJ.25). 

U((t) =exp{- i.(t'- ()i(Ul .P ,-1:) 1 
0 a (4.1) 

by oontinual lnt egral 
oj II. ! I I 

1=(Q , .. , Q"IU(U)IQ • . 0J'l>= 
k·d ,,-1 ' 

t' 
= fexp{if [PQ - /,( ' (Q .p ,oldtjn Jau(i)JI'i;ct), (4.2) 

I t' DOC a a J t a 211 

a=k·f,. ,n 
How the f unctional integration in (4 . 2) oan be ext ended t o the 

". 0whol e phase 8pace Qj. Fj. t .: ~ , n by the ansatz 

fn S(PcL))SCQ - 4J(Q p t ))il da.ctldPd (t) = 
to. " 0(. 0. a" t 2J[ (4. J). ." 

~fn8 (p (h)'8C<P (Q p t ))JetIIG lin dQ"lh dP,.dl ­ i .t , ';' d. d.' . "'1' t,o(. 2 .1C ­

14 

Here the CO tUl10t lou_ Ttu'tdol the Jnttgratlon over Q , .. and (loJ,. 
cL'II: 1.. k til th. nut..a.nUhl,l ~.r1ned b.f oonstraint. (J.6), 
(J.7), and w. u,.. th, tnnnul" RonarA.llztd to the oa•• at Ilrb1trar,f 
dlmene10ne the •• 'l....kno.n propert,. or the usual 8 lunction 

Sde,n) S(.x -a) 

(4.4)"'tUll 

(to)'O . 
Substitution ot (4.3) into (4.2) gives for the funotional integral I 
the following representation 

t" 

I" \exp{t!.lP.Q,- K/U.P.O)dQc1etIIGd)l- (4.,) 

n D(p(h)8cCf>ca.p ,tJ)rl dQicb~Pid) 
t. 0(.'" ... t • l . 2. J1 . 

11 • 

To deduoe thia formul.a, we extenp the sum ~ Po. Q(J in the 
n Q . i o·k·,exponent1al to all Tar1&bles ~. i . t., . ' . . . 11 


due t o (J.1) and repl ace Kc' (OD p t) bv K (Q . P. t)
, a 0 01 C. (0 i 
aocord1Dg to (J.2') and (J.19). 

Kak1ng use of the canonloa1 transformation inverse to (J.2)-(J.4) 
.e perform no. the ohange of the funotional Tariables in integral 
(4.') i) • As a result, we obta1n t he final expreSSion for the matrix 
elament of the eTol utlon operator in the form of the oontinual integ­
ral over the whole phase spaoe er ,p 

t' 
(4.6)

1= fexp{~f,(p, k Hccq..p )Jdt \det\\CPd .Lp1\ ' 
~ dq,jchdP;ch

n S( \f,,.cq..pnuO, ..cq,.p.h)n 2Jf ­
t... t,l 

This format7 completely coincideD witb the appropriate oxpression 
in paper 1 

2) We do not 4iaous8 here the pOlsibi11t7 of perform1~ such a 
replaoement of the Tar1ables 1n the fUnotional integral,10, 11/. 
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,. Conclusion 

The basio r esult of t his paper i 8 the proof of the Hamiltonian 
structure of dynamio s on t he ph78ioal 8ubmanir old of phase spaoe de­
rined b7 the constraints and the gauge oondit i ons. Just t hi s probl em 
t akes the central plaoe in the general i nvestigation of the oonst ra1­
ned dynamios in the phase sr oce /1 21 • In paper /1/ and monographs 
/2-4/ the Hamiltonian structure of dynamios on the physi cal 8ubmantfold 
was assumed impl ioit17. In oontrast to t his we give the oonsist ent 
derivation or the appropriate Hamiltonian equations (3.24) and (3.2'). 

The authors are pleased to thank L.D.Faddeev, L.V.Prokhorov and 
I . V.~tln for interest in the work and useful disoussions. 
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Functi onal In t e g r a l for Systrms with TIJIII. · UrpC'u,It·1I 1 l '. lIllli11111' 

It is s hown thilt the method ror lunt[IUO lillI, 'II~ (1I11(,lll)1lo11 Il1lrq r d l I n 
the phase s pace p roposed by l.D.f 'add,·,·v I.lttdl,,, (tlilact wlitll tha q.,ulJc condI ­
ti ons a re explicitly tl mc-d~~"IH"·"1. 5wh 1)-"1'1'" ,1t(".1 1I lu, w.rtl 111 that case 
when t he canonical Hamlltonla" v.IIII"II(•• Idl'I1IICj1 11 y (11 point ru1.ltlvls l lc 
par ti cl e, the r e l a tivi stic ~t,ln." ,IIu1 olh'!f flj"~IIII,' l llIn·lnvol,litnt theori 
es). At f irst the func.tlon.tl 'nlpl)l.l1 I" ~nlll.n In Icnn, of physk.t' canon i ­
c a l variab les which arc , I n'llt"d mil IJY II'. '~1I.,)"11.,1 Ir.tll·jform.llion defined 
by c.onstraint s and IJDUIJI' (O;ldl I lClw., I'lJl tlm('t '" d"I"'lltlrnt fl'1U('Il' conditions t his 
transformat ion allpf,'ln 10 bf'! I!!xfl llr Iity tlll'(1-,lopC'l1d,·nl. In con'pllrhon wit h 
t he ca 'i~ considered by l.D.ro1ddrrv Ihl, 1t'\uIU in ~ln .1ddltlonal l l'rm i n the 
Hamlltoni.]n dClt.rtnlnlnCJ th~ dyn.iml, I 011 1'1 I'hY'loiutl ~u l '!n.1n i rold of the phase 
space. 
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