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I. INTRODUCTION 

In paper/ll we have found wave funct lons of the ci rcular 
oscillator (c.o.) in elliptic coordinates (e l liptic bases of 
c.o.). In our opinion, it is of interes t to obtain a complete 
set of commuting operators determining Lho e l liptic bases, and 
then, by using this set to expre ss t he elliptic' bases by ex­
pansions in terms of polar and Cartes i nn basus I)f C.o. 

2. THE ELLIPTIC INTEGRAL OF 1I0TION OF C.O. 

We will take elliptic coord inates 3H 

y = ~ sh{sin~. where the pa ramet e r R and 

change in the limi ts O.s R < ClIO , O !. ( 
the system h =~ _ '" =1 and variab l es { 
equation for c.o. (with energy E ) 

a2 a2 ER2 R 4 

r0 I I UWN: I - t cb { cos ~ • 

cuonli IH1Lt'S , and " 

- . llnd 0 .::: If ~ 2r. In 
IIlJ ~ I he Schr15dinger 

(~ + --2)'1' + [--(ch2{ - co8271) --(ch ':~ . co.'2q)J , - 0 
a{ a~ 4 64 

is splitted, and upon introduci Il G t he aepnraljun constant Q 
and eliminating the energyE 
arrive at the equation 

a2" 1
Q'I' • I (co.2~-- + 

ch2{ - cos 2q a{ 2 

from the obtained t'QUI'ltions we 

a' R4 
ch2{ -.-) - - ch2/. CO" 2>! J., - 0'1' • 

a~~ 64 

It is clear that operator a conmutes with the c . o . Hami ltonian 

and is therefore an integral of moti on . It is easy to show that 

when R -+ 0 and R -+ there are valid t he 1i mi ting rela ti ons
DO 

a2 a2" "2 a 2 :iI " 1 2 2limQ=-L ~-(-i-) • u.,- P E --(X ---- Y +--).

R~O a<p R_R2 4 ax2 ay 2 


Operators i and 9 coumrute with the c.o. Hamil t onian and 
are known / 2/ to have eigenfunctions in the form of solutions 
of the Schrodinger equation for c.o. i n po l ar and Cartesian 
coordinates. Expressing operator a i n terms of the Cartesian 
coordinates and making some calcula t ions we may prov{': tlw uqua- .. 

• " "2 R 2 ,. R4 . . 
l ~ ty Q _ - L - - ~ + - .It L8 also convonlcnt to l'lllrJuy ttl(>


2 64 


2 

" " R4 "2 11'.<:operator A - Q - - _ - L - -7 . , Ie shall call i t the elliptic
64 2 " 

integral of motion of c.o. Eigenvalues of A wil l be denoted 
by h. Obviously. h = Q - R 4/ 64. 

3, THE ELLIPTIC BASIS OF C. O. 

Hamiltonian.... H. elliptic integral of motion A, and opera­
tors P xy and P y inverting coordinates (x. y) ~ (-x. _y) and (x,y) ~ 
.... (x. -y) form a complete set of co~ting, and uniquely fixing 
the elliptic basis, operators. We present Table 1 of the clas­
sification of ellipticA P2lar, and ....Cartesian states over eigen­
values of operators H, P and Pxy y 

TaMe 1 

Elliptic 
basiS 

Polar 
basis 

Carfesian 
basis 

E P.y Py t.. 

\fI('" ) 
E,h 

~(+,+) 
20.2p n2k.2n-k 2ntl • • t ··) 

~(-'. ) 

E,h 

(- .) 

CD2nt1,2P.l n2kt1 ,2n .2k {2n·1)·1 - + 
t,·) 

(' ,-) 

\l'e.h 
qt·-) 

2n.2,2p.2 nlk-l,2n.2k., (2n.21+1 • - t·-) 
(-,-) 

't'e.~ <tt -)
2n.',2p.l n2k.2n.2ktl {2n·1H - - r,-'­) 

L-­

The energy of C.o. is E ~ N + 1. In table I energy levels with 
N =20. N ~ 2n+1. N=2n+2. and N~2n+1 are placed in different 
cells, and the corresponding states differ, within a given ba­
sis (elliptic, polar, Cartesian), in P Iy and P y parity de­
noted in the first two columns by superscripts of wave f unc­
tions and in the third column by indices of Cartesian bases. 

\Ie will take the polar and Cartesian bases in the form 

4>(+'+) ~ R (r)....L cos2p~, 4> (-.+) = R fr) _1_ cos(2p + 1)<p • 
2n.2p 2u, 2p V'iT 2n+i.2p+i 2n+i ,2p+ vn 

4> (+,..) - R I (- r) 
2n+2.2p+2 - 2o+2.2p+2(r)vn BIn(2p+2)<p. 4>2n+i.2p+i R2u+i.2p+i J"Sin(2!>+-l)<P. 
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- -
!1'1'2 H. (x)H. (Y). nl _ 2k . nl - 2k +1.I 2

Functi ons RN m and Hn are no rmali zed t o unit y , and t he ir f orm 

i s well known /3/. Inte gers p and k change with in the l imi t s 

DC: 	 p ~ n and 0 ~ k 5 0 • 

4. 	THE CONNECTION OF THE C.O. ELLIPTIC BAS I S 

WITH THE POLAR AND CARTESIAN OIlE 


The connection of t he el lipt ic with the polar bases a t a gi­
ven ener gy and pari t ies Pxy and P y is gi.ven by the expansions 

", (+,+) ~ (+,+ ) (+ ,+) (_;1-) • (-,+) (-,+) 
y - '" W <1> 'I' - :!; W <1>

EA - p _ 0 2p 2.,2p • EA P",,0 2p., 1 2u + 1, 2p + 1 

(- - ) . (- -) (--)'1' (+'-) - l: W(+'- )<1>(+'-) 'I' ' - I W • $ ? ' 
E.\ p= 0 2p+2 2n+2. 2p +2 ' EX p "" Q 2p+ 1 _D+l.2p+ l" 

With t he hel p of these expansion~ the problem of e igenvalue s 

and eigen func tions of operator A can be reformulated in the 

fo rm of systems o f l inear equations 


~ I P(+;,++)+L(,\(+'+)+4p 2Xl + 8 )8,IW(+;I- ) - o 

p -0 2p ,2p R2 pO pp 2p 


• (-+ ,-+) 2 (-,+l 2 (-,+) 

:!; 1P2 '+1 2 I + - 2 [X + (2p + 1) lo , IW 2 1= 0 


p::O P • P + R 	 PP P+ 

• , (+- ,+-) 2 (+ ,- ) 2 (+,-) 

:!; I P2p '+22+2 + ~[ ,\ + (2p +2) l opp,IW 2p +2 =O 


p=O • P R 

• (--,-- ) 2 (-0 ) 2 (- ,- ) 
p:0IP2P+I ,2p+1 + RT[ '\ + (2p + 1) lo pp ' I W2p + l = O. 

~ 

The ma t r ix elements of operat or P over the polar bases 
are calculated with the use o f the expansion o f the c.o. polar 


imr/J 

basis f ound i n / 4/ , <1>Nm= RNm(r) e..[2iT having no d ef inite P xy 

and p)' par i ties over the Cartesian basis of t hi s t ype 

N N/ 2 

:!;' d m J!. (2!..)D N+p !!.=p..
Il>Nm "" 

p = - N 2" ' 2 2 2 ' 2 

The prime of t he sum means that summation rund only over the 
values of p with the parity of numb er N. The Wigner d-func­
Lions are taken f rom the monograph/ S/ . Using t he recurrence 
relation 

- M(I;t.M'(;) = ~ V(J+M'l(J-M'+l)d~.M'+1 (;) • 

'. 

J 
+ .1. V (J - M' ) (J + M' + 1 ) d M M' I (2!.. )2 	 , + 2 

we 	may obtain the fo llowing formulae: 

(++,++) 1 	 1 
p, - -2 v(n+p' )(n - p'+llS ' I + -2 V(D-p'l(D+p'+llS '+1 +

2p 	 ,2p p.p - p.p 

+ 2'1 
VD(D+ 1) (opO Spi + Spl 0p 'O ), 

P2~~C;~+1 - i V (n-p'+l)(D+P'+I)op,p ' _1 +! v(n-p'l(n+p'+2)op ,p'+1 + 

1 
+ 2(0 + 1l0poSp ' 0 ' 

p(-- ,--) 1 
2p'+I,2p+1 - '2v1:D-p'+I )(n+ p '+llS , 2 p.p

+.l.V(D-p')(n+p'+2)0 '+1 ­
1 p.p -I 

-y-(D+l)S S
pO p'o' 

5' (+- ,+-) 
- .1. V (n - p' + l)(n + p'+2)8 'I +.1. v(n-p')(D+p'+3)S 'I'2p'+2.2p+2 2 p.p - 2 p.p + 

Explicitly these matrices have the form: 
~ 

0 VD(D+l) 0 0 0 

V n(n+ 1) 0 ~ V(D-1)(n +2) 0 0 

0 ~v(n-l)(D+ 2) 0 0 0 
p(++'++) -

I 

2p,2p ­

0 0 	 0 ~~ 
0 0 	 0 ~ o 

-}-<D+ 1) +VD(n +2) 0 0 0 

tvn(D+2) 0 tv(D-l)(D+3) 0 0 

p (-+,-+) = I 0 ..Lv (n-l)(o+ 3) 0 0 02 .2p'+1.2p+l 

. 
(I. y'2S+ 1o o o ... 
__ 2 

,, 20 + 1 0o o o 
2 
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1 1 - ­
- 2(n+1) 2v'n(n+2) 0 0 0 

! v' n(n + 2) 0 ~ v'(n - l) (nt3) 0 0 

0 ~ v'(o-l) (n +3) 0 0 0 

(- - .--1 
~ . ~ P + 1. 2p+ l 

v'2D+ 10 0 0 0 
2 

v'20+10 0 0 -2- 0 

0 -tv~ (0 + 3) 0 0 0 

11...v'n(n+ 3) 0 -v'( n-l )(n+4) •• • 0 02 2 

0 1... v' (n-l)(0+4) 0 0 02 


(+ -.+-)

p • = 
2p + 2,2p+ 2 

0 0 0 o y'2n + 2 __ 2 

v' 2n+20 0 0 0 
2 

l\l'i th t he aid of the above r e sults it i s not difficul t to e s­

tablish the trinomial recurrence relations 


. I ( "( '1) (+.+) . 1 ( "( , ) (+,+)
v 0+ P J n - p + W2p 1'_2 + v n - P i n + P + 1 W2p ;+2 + 

<+. +l (+.+ 1 4 (+.+l 2 (+.+) 
+v'n(n+1 ) (W0 0p'1+ W2 0p'O)+ji2"(A +4P' )U + o 'O)W 2P ' =0p 

(- +) (- +)

v'(n-p'+1)(n+ p'+1)w2p~_1 (l - o ' O ) +v'(n-p')(n+p'+2) W2p !+3 + 
p

+ (n + ll o ' O W\-·+) + :2 [>'(-'+)+(2P'+ 1l2]W~;!:)1 = 0 ,p 

(- -) (- -)
v'(n-p'+l)(n+p'+l) 1l - op '0)W2p :_ 1 +v' (n-p')(n+p'+2) W2p .... 3 


(- - ) 4 (- -) 2 (- -) 

- (n+ 1) o '0 WI ' + -[A • + (2p'+1l ]W : I = O.

2P R 2 P + 

6 

v' (n - p '+l)(n+ p'+ 2) (l-O p 'o ) W~;';\ v'(n- p ') (n + p'+S) W2<;):~ + 

4 [,(+.-) (2' 0)2] W(+·- ) 0+ - /\ + p+,;. 2'2=
R2 p+ 

wh i ch make the bas is for constructing t he expansions of elliptic 
over polar bases. There also hold t he conditions 

2IW(+·+lI2 + i IW(+'+)1 2 = 1 
o p_1 2p 

IW(+.-l:i: IW(-·+ ~2 = ~ Iw(-·-lI2 = :i: 2 
2p+2 I = 1p=O 2p+1 p= O 2p+1 p_ O 

representing the normalizat i on of the bas es partic ipating i n 
t he expansion (al l the e ll ip t ic bases are assumed t o he norma­
lized to unity ) . Then the method of calculation of the coeff i ­
cients Wand eigenvalues A is obvious. Some re sults for small 
values of nand p we report in Tabl e s 2-5 . 

Tab~e ? 

W(+o.) 2 
~t'n p 2. IR I 

(00-) 

~ ' 000 1 
~(•.•, + 4 '12 t,·, ~( . ,. ,I .4) •1 0 ( 3X"' ( ·4 ) 

R'; T _ 2IT l"'( 1/' ''' '4 )'"1 1 R' 3,1-"'.4 

{ 8 11" " 2 2 t ,·, 2 V" ";"'0:'''' .4l\1l"· '.16),2 0 1 • l( R' ) • 3( t ··) . 16 ) 

-R'lt"'12)4 //•..) { 8 ~•." 2 2 t ··' 2 r"2 1 - Ts R' l ' 3(Ii') 'l( X" ' I16) 

2 l'" { x,..., 2 l" ) r l<-z'2 2 16 *""16 1· ~ (Ii') ,~( t ""16)I 

The above method is, of course, applicable to finding ex­

pansions of the elliptic bases over the Cartesian ones . Here 

we will present only the final results . If the expansion is 

chosen in the form 


• (-.+)<+A· <+A ~~ 
'l'EA =:£ U 2k [l2k,2.-2k . 'l'EA :£ U 2k +1 [l2k+ I.2.-2k 
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---

Table 3 

~,.."W"'·' 
, 

n p 'P .' IR 1 1 
 f 
~"" R' • -1- 41 


( t ··' • 9 'h 


0 0 

III"" '111~" '" . 9)·
1 0 21f··1'1O'R'/ ) 

-.~x" ·' l!!'2 ·91 . 16
' ( ,.., ~,.." -ffil')i ' 'I ' R~2\( . 9 )i'1 
 1 
 3 R J 2.>i··· 1'10.Rlh 
f{ '·) (-,.) h}I' .Mtt '·" 1'3R 'l',)' . !(Ii-'·I 'I'3R 'l" )' y~ 'IKA .g)()i ' .25/02 0 R k··) . 25 


.-~t·' .g1ll,·I.;5 
- ~W" ' I '1.3R?~1.~t'· ' .1.:fl'/.'j . 5(~" ··" 1'3R'/' n'"2 1 
 8 ~(" " . 25 


R4 (- ..) 6 

'fu113A ' .2(5). ~ (- t )2 2 
ill)i ' .1 '3R';, I 2 (-'.1 '· ·1


• k ,"_' 25 l ' FAA .1·:fl'l.t 'i<\:l:~',f, nv. 

Tab le 4 


(- ,- ) '2 t ·,np W'P" IR ) 

I
X··- • -1 .. f1
0 0 

t ,·).. 9 III 
 t ··' ,..,I .1lI~' '9 ) .1 
 0 ( 2AI. ,.I.l0'Rl,r2) 
Ii X··, 3R''"' 21 . •9) .. ­16
- -'-Ct-'1.1'R' 2 II" " -9 I<,
1 
 1 
 ff R I X2,>,1 ' '-''lO·Rl/2) 


{,. ~(X·'·' .1 .3R'/4)' • i( t·' .1-3R1, nl<, 
 iX','I.1!iK' -1t9!iX" I.25). r02 
 8 111 '
.,.1.25 

.~,.'1.9lIX.r'.25). ) 

2 1 
 -~Cl'" .1':fl'l9/1·~CII'-"'1'3R'/4)' .i(t··' .1·JR'/4 J}"'"
X···1.25 

'Ifni"\205~1f6 
2 2 
~ X- ' ;~.. ;1':fl'/'!, .1..(-'~"I.l.3R'/4 )' • t<A""'l-3R'/4 nilx .25 R' 8 H','1.25 
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Tab l e 5 

t ·· ,w'···' IR')n p 2P' '2 

t ,' I .-.1
0 
t1 N,- ) . 16 1,.; (. - J (. -)0 IX ' .4!1X ' .16 )­12 ( //" ' 1 . 10 ) 

• .8.' 
. .(2 ( ",",., . 4X 11' .., .16 )'I-z
1 
 •Rl' w··1 ·10 

It"" ' lIt'·' .16) ­(1' -!r/..t ·" ')' .l(t'· , .• )' r'0 5 5 ~I· ,'I .36 

- 111" ··1 '36) • 

0 

, 

1 

2 

2 

2 

, { 8 " ., II 

, - ~II" " ") 1.~~" " " 4)' . l(X · ·4 nlOR' 5 5 ,>,1- · 1. 36 
 •R' I~"'" • 241 


2 R 11" " ' .4 1 B ,•.. , , 3 11'," ·. 'r" 

5 X·,· 1 .36 , . 5R'C'i •• ) ' 5(~" '" .36 ) 

-_. ­

(+,) n. (+ ._) (_ ._) n (_ , ) 


'PEA l: U2k + 1 "2k+l,2n_2k+l' 'PEA e l: U 2k "2k,2n-2k+l 


the recurrence re lations for coef f icients U are of the form : 

~~ ~~ 
2", (k+1)(2k+ 1)(0-k)(2o-2k-1) U + 2"'k (2k-1Xo- k+1){2n- 2k+ 1) U2, 2 +

2k. +2 L­

(+ ,+ ) R2 (+,+) 

2 
e+ (A + 8k (0 - k) + 20 + - (2k - n)] U 2k 0 

.-::--:-:-.::c----:c-:----:-=- ---:::--:-:-. (- + ) {-~ 
2", (k + 1){2k + 3)(0 - k)(2o - 2k -1) U2k~ 3 + 2"' k(2k+1){n-k +1)(20 -2k+ 1)U2k_1 + 

(- .. ) R 2 (- .. )
+fA • +4(2k+ 1){n-k) +20+1+ -{4k- 2o+ 1)] U2k : 1 eO 

4 


2", (k +1){2k + 3Xo- <)(20- 2<+1) U~; ~-i + 2", k{2k+ 1)(n- k+ 1)(2o-2k+3)U~:'':-{ + 

(+ ) R2 (+ -)
+(A r +2(2k+ 1)(2n-2k+l)+20+2- T (2k-n)]U : eO

2k 1 
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(- - ) (- - ) Table 7
2\1' (k + II (2k + l)(n-k)(2n-2k+l) U2k : 2 + 2\1' k(2k-l )(n-k+l)(2n-2k+ 3) U 2k:" 2 + 

(__) R2 (__ ) 
+ [>. • +4k(2n-2k+l) +2n+l+-(4k-2n- lllU 2k ' ~O 

4 

and the coefficients obey the normalization conditions 

I. IU(+'+)1 2 ~ i IU(-'+) 12 i IU(+'-) 12 ~ ~ 1U(-·-) 12 ~l 
k~ O 2k k~O 2k+l k_O 2k+l k~O 2k 

and for small nand k are listed in Tables 6-9. 

(. ,.) 2 

U" (R I 


0 


n k 

0 1* ~. ,.I i'2 -R~2 l;1 0 2 ( 11"".2 ) 

Table 6 ' 

It ,·1 

t ,'1 =0 

A" 'o) It"1 ' 41 

(-,.) {-, . }

IIn k U"'. , IR'I 

,t ··1 
• - 1- RL0 0 1 

A(-.· I '3 '3R'/4 )'h 1l\'·~111I1'- '1.91 •1 0 ( Uf"! '1O'R'/2 
1 'A-" I 3R'h '- ~I .91. 16II '1,3+3R'" )'"1 1 -m(l·d •7.R'/4) (211,-,.1,10 .R'/2 

(t.. I '1II~-"\9I1}{-,·I.25~I ",-." '13-3R'" ' r!l,2 0 l
!1· (t,· '13 -3R'/4)' ·~(N- ·I.s.sR'/I;) l!3l ,-..I.iiK-" ).;sj. 

72 - -411\ 9 

2 1 
d 

~",,,.,,,, ')' ~t · '1) '3R~{1 • h,<t"1 
·13 .3R'/4)' •~( ",-.•I. .SR'/4 ) .1f11l'l.-"1.205I.~' 6.)2 72 s 1 

{~J 2 (-.J 2 2 X ' +13­(- . J JRYI. 1J ~2 2,(5X ' .n ·3R!I.{1·1..(X · .1)·3RI4) '~Ah.l .s.SR'/J
3 /1-,'1 '5 .sR'" 72 __ 

11 

2 0 

2 1 

2 2 

, 1\"'.) 2 R';2 \; __1 (.'~. ' .' .2- R )( •• ) 
2ff 2 ,,""1.2 

{ 1 ' ~(~"'1'4_R')'+(A'· '·1.4-R')r'
24 If,·! .4.R' 

{ (H) 2 
- 1 (",. ,.1 .4-R') 1•.L(t··1'4 -R')'+(~' '4-R nit,irs 24 AI•.•1.4'R' 

(....) 2 
ii .4-R (1 • L(t··1 .4 -R')' .( ",.,.1.4_R' )'(" 
x·,·j .4 tR2 21. It '·) ... .t.·w 

B'• 4 

~"'II~· '·"4I1t· ·1.161' 

• R4 I,,<+,t) ... 12) n k 

0 0 

1 0 

u,· ·-) IR'I 
21\- 1 

1 

h(1\" '-)'10' R'/2 ) It, 
2 A1+,- i'10 

Table 8 

~" ' I 

~••-) __I.. 

(11.'•. ).41111" -' .161, 

5 . PERTURBATION-THEORY llETHOD 

The disentagling of the above trinomial recurrence relations 
is connected with the solution of high-order algebraic equa­
tions and i n the general case cannot be performed analytically . 
Nevertheless, when R« 1 and R » I . properties 01 the ~lliptic 
integral of motion are determined by the term L2 or P, and 
perturbatl...0n theory may be used. When R«l, the second term in 
operator A is taken as a perturbation. If we supply the einen­
values of'\ with index q changing in the range 0.:S q ~n. divide 

10 

1 (t" 1 , )("'·'-)'1O.R'/2f"1 1 -672 'lO-R/2 ""..1. 10 

20 (1 • .1... (t,·1. 16-R' )' +( 11"'-) .16'R'n­ y,
120 l\c.,-i+16 +R 

2 1 X·,-1.16 -R'{ 1 +l(A""1 .16·R')' 0( X··­
I 

o16 -R')' J"'" 
250 120 /1',-' .16·R 

2 2 l\(1,-1.16 _R 2{ 1 (' ,- ) 22 l\(+,-1. 16 -R2 2rl,.<z 
A'·,-I .16.Rl 1'120(~ .16 · R) 0( 1\'· ,-,. 16' R') 

R'
=T 

It,-I.4ltt··).16l x 

x l t ,·1.36 1 . 

.R'II\" ,·1' 241 

II 
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--

Table 9 

U,-,-, tR' 1 ~-.-,n k 2k 

,
~-'- "-1 	• f00 1 

,.,c- ').7 +R2", ~ tX-'-"111X-·- '.91= 
1 0 ( 2.'1-·-1'10 -R'/4 ) 4 

.::l 

2 16
Ji2 tX-·-) +9l+ 3R 

1 (-.-) 2 )(~(-'- ) +7+R?i h1 1 - 213('" ·3-3R 14 2N-.-••10-RyJ 


{1 • .L(N- ·-" S-SR'/4 )' .1;{ ~(-'-'.S-SR'/4 n-'h 
 {' y,J.-'-' J;'-'~(.1 '9 •20 40 	 S /I-e' .13.3Rl;, 
.¥t~-'-'.9iiX-'- ' .251: 

2 1 -~A'-·-"S-5R'/4 )11· J:ri-·-'· S -SR'/4)' ·~~:-'.·.~;:~~r •~411~-·- ··205~if 

2 ~ t ·-,.S-SR',t. !1.tlt·-'.S_SR'/')' . !(~-·-, .S-SR',f. frll2 ~ .-I.13 .JR2,1. 4 	 ~h-I.13'3R'!4 
L __ L -

. f ,(+.+) , (-.+) ,(+,- ) d ,(-.-) d 
t hem ~nto our group s "2ll. ' 1\2q+l ' 1\2'1.+ 2 an l\.2q+ l an 
make use of the perturbat1ve formulae obtalned in / 6r and t 

I 

he 
express ions {ound i n t he previous section for matri x elements 
of operator f over t he polar bases with Biven Pxy and P y
parity, we a rrive at t he fol lowing results: . 

,2 22 R4(+,+ ) ~ - (2<1) n + 9 + n R' 
A 2q + -n(n+1)8 0 - .!L o(n + 1)5 ql ' 

32 844q 2_ 1 84 q 

A~ '+: = _(2<1+1)2 -~n+ l)1l + ~(n::q)(n+q+2) _ (n-q+l)(lH-q+l)( l -<l )] 
q+ 4 qO 128 'I + 1 'I qO ' 

(- -) 2 , 
A2q~ 1 2-(2q+ 1) + .!!...(n+l)B 0 +..!..(n-g)(1H-Q+2) _ (l\:Ij+l)(lH-q +1)(l-<l )]

4 q 128 'I + 1 q qO , 

(+ - ) 	 R' 2 2= _ (2q + 2)2 _ _ n + 'I + 2q - 8n + 3 

2q+2


A ' 	 I 
32 (2<1 + 1)(2'1 + 8) 

\(1 (+'+ ) - ~ (+,+) + K t- "(n+g)(1>-q+1)~ (+ ,+ ) + y (n::q)(IH-Q+ l) ~ (+,+) .. 
EA 2D,2q 18 2q _ 1 20,2'1-2 2q + 1 211, 2q+2 

(+, +) 	 (+ '+ ) 1 
+ " n(n + 1) BqO ~2D,2 - ,j n(n + 1) 8 ql ~2D,O 

(-,+ )( -,+ ) R2 (-,+ ) (-,-) 
~ -,- + -1- ,,(n-q+ 1)(n+q +1) Il-B )~2:~~,2q-1 +

\(lEX 'I' E'\ 2n+ l , 2q+l 16 	 qOq 

-+ 
+ 	 ,j(n-g) (n+ q+ 2) ~ (-:- ) 1 

q + 1 2o+1 .2q+3· 

,j(n--q+l)(IH- Q+2) ~(+,) + ,j (n::q)(D+q+3) '<11 (+r ) I.'I' (+ '-)~ <\I (+ ,) +~I 
EA 2n+2,2q+2 16 2q + 1 2D+2 ,2q 2q + 3 2n+2, 2q+4 

In the above f ormulae factor (1-6 qO )/ q is by def i ni t i on put 
to zero at q =O. 

Fo r R» l.we divide bo th sides of A t he equation for eigenfunc­
t ions and eigenvalue s of operator A by R~2 and cons i der 
the term 2[.2 f R 2 to be per tur bation and get: 

(+ ,+ ) R2 
A = - -(q- n) -2q(2n - q) -20 ,

2q 2 

2


(- +) 	 (- -) R )A ' =,\ • _ - - (2q - 2n -1) - 2Q (20 - Q + 1 - 2n - 1 , 
2q+ 1 2q + l 4 

2 
A(+ ,-) = - ~(Q - n - I) - 2q(2n - Q + 2) - 20 - 2, 

2q +2 2 

(+ ,+) 2 
\(lEA -	 I1 ,2._2q I RT lv Q(2q-l )(n- q+ 1 )(2n-2Q + 1) I1 2q _ 2, 2D-2q+22q

- "(Q+l)(2Q + I)(n- Q)(2n- 2Q-l) I12q +2,2. -2q- 2 1 , 

(-, +) 2 
\(IE ' = 	I12 12 2 + - 2 IVQ (2Q + l)(n-Q+ l )(2q- 2q+ l) I12 1 2 2 2­~ I\ q+ • n- q R 	 q- • n- q+ 

- "(q+l)(2q+ 3)(n-q)(2n- 2q - 1) I1 2q + 3• 2• -2q - 2 I , 

(- - ) 	 2 .. . 
\(I , e Il 2 1+- I" q (2q- 1Xn- Q+ I)(2n-2Q+ 3) I1 2 2 2 2 3­EA 2q, n-2q+ R 2 	 q - , n - q+ 

-" (q +1)( 2Q + 1)(0 - q)(2n - 2q +11 I1 2q+ 2, 2.- 2q -I I, 

\(1 (+ ,-) 	= II + ~1"q(iQ-': 1 )(n - Q+l X2n - 2q +3) 1l 2q _ I.2._2q+3­
EA 2q+I , 2D-2q+1 R 2 

- " (q +l)(2q+3)(n - q)(2n-2q+ 1) I1 2q+ 3.2.-2q-l I. 
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lIe 	have derived t hese equations us i ng the limiting relations /1/: 
2.1.(+,+ l ",(+,-l 

""'2q+ 211m 2q ~- 2(q- n), lim ~ - 2(q - n - 1) ,
R_ R2 	 R...+oo R 2 

(-,+l (-,-l
2.1. 2Q+ I 2.1. 2q+ I


lim ... lim - -(2q-2n-l). 

R~~ R2 R~~ R2 

Higher perturbation orders can be analogously calculated. 

6. 	 CO;ICLUSIOIIS 

The method we have presented for the calculation of eigen­
values and common eigenfunctions of the elliptic integral of 
motion and Hamiltonian of c.o. is applicable to a larger class 
of operators. In particular, it is not difficult to write the 
recurrence relations d~terminina the exp~nsion of eigenfunc­
tions of the operator 0 _ g(R 2) L2 ~ f(R 2) T (g(R 2) and f(R 2l 
are given functions of R2 ) and the corresponding eigenvalues. 
These eigenfunctions are obviously also eigenfunctions of the 
c.o. Hamiltonian, however now, as a rule, they are outside the 
class of solutions which can be obtained within the method of 
separation of variables. The exception is the cases: a) g~O; 
b) f ~ 0, and c) f - g(R2/2) for which the separation of va­
riables can be made in the c.o. Schrodinger equation in the 
Cartesian, polar, and elliptic coordinates. 

We are grateful to G.S.Saakyan, Ya.A.Smorodinsky, L.I.Pono­
marev, and S.I.Vinitsky for useful discussions. 
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t-iapAuHtI H . J' . " Ap . E2-84-517 
K '3/ullillfIt 1It'l'KUMY na'JHcy KpyroDoro OCqHJUUITOpa 

IInJlY'ICfI I1nllHI.Jn Hlltsop ICOtofyTHP~X Mea:.AY coOoA onepaTo­
POB, UIlP'V,11J1HklllUIX ")1U1Hn TK'Ie CXM t5agHC kBaHTOBoro KpyroBorO 

OCIU1JIIIJlTlIPll /k,U./. Ra MeH ~n1IHnTH1,IecKKA lSasHe x.o. H Ka A­
I.\CIII" l't'IiUPIII'Y1OID.Hl! al'o TpOXqneHHble peKyppeHTHble COOTHOmeHHJI. 

Bbll.lIlCJWIII" -UI1U1 I1 TH\fl"'f( lto n onpaOKH K nonapHoMY H ,q,eKa pToBoHY 
6a'lllcuM ,.. ,II. 

1'.,I"i,ITn lI'.llllllIlftllIlI U JlaOopaTopHH TeOpeTH'IeCKOA titH3HKH OHJIH. 
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