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I NTRODUCTION 

The behaviour of a hydrogen at om in an external homogeneous 
e l ec tr i c field or in a fi e ld of an extra Coulomb cen ter may be 
well descr ibed b y a parabol ic and a spheroidal basi s ra ther 
t han by a spherical basis / l /, Trans format ions between thes e ba
ses were calculated by many authors directly~ by us ing the 
explici t form of bases!2-3/, and ind i rec tly, wi th t he use of 
extra i n tegral s of motion / 4- S/ . To our knowledge, t he latter 
method was neve r used for the expans i on of the spheroidal basis 
over the parabolic one . 

In thi s paper we shall make this expan s ion. I n Sec. 1 we 
i nt roduce the hydrogen-atomic bases, i n Sec. 2 we ob t ain trino
mial recur rence relations for the expansion of the spher oidal 
basis over the parabolic one, and in Sec. 3 we cal culate sphe
roida l correc tions to the spher i cal and parabolic basis. 

I. BASES 

By def inition the spherical rp :rm parabolic rp ~rl n2m and 

~pheroida~ ~:JPm bases in the discrete spectrum obey the follow
I ng equatlons 1.6/: 

a) the spheri ca l basis 
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b) the parabolic basi s 
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c) the spheroidal basi s 
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Here R is the parameter defining the spheroidal coordinates / 1/ , 
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2. EXPANSION OF THE SPHEROIDAL BAS I S OVER THE PARABOLIC ONE 

Let us write the e xpansion we are interested in: 

n-Iml-I 
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Using the e xplicit f orm o f operator Aand de finit i on of bases 
'" sp and ,/I pr we hav e 
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If we ' expand, foll owing / 7f the parabolic basi s over the spherit 

cal one 
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take account of tr i nomial recurrence relations for the Cleb s ch
Gordan coe f f ic ien t s/8f : 
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and the orthogona lity r e lation 
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we ob t ain for the matrix element s o f operator [2 over the para
bolic bas is the following f ormula 
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and ~e ~~y s igni f icantly simp l i fy the above formula for coeffi
c i ent s U"2 . 
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The s e trinomi al r ecurrence r e lations for smal l 0 a llow us to 

calculate e i Genvalues of Aq and coeffi c ients U:~manalytical lY . 
An unambi guous choice of the coefficients requires al so the 
normali zation condition 

0- 1011- 1 n2 2 
:l: IU nqm I - 1 . 

n2 = O 

In the general ca s e the obtained recurrence relations can be 
di sentangled only at the computer. 

3. PERTURBATI ON THEORY 

When R i s small, the se cond term in operat or A i s a per t ur
bation, and the spherical bas is is a zero-order approximat i on. 
The equati on for eigenvalues of operator Afor large R upon 
dividing it by Rio is as follows: 

(-A . --'!.i}) ", sp =.'!.. ~ . 1. s p 
Z R nqm R q Of' nqm . 

As is seen, the pertirbation now is the t erm n1.2 I R. Then t he 
corrections to A and r/J 8p at small and large R can be ca l cula
ted in a s tandard manne:~mlt is only necessary , t oget her wit h 
([,2 ) D n ' . t o know the exp l icit form o f the matrix element of 
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operator A over the spherical bas i s 19/ : z 

CA z )e' . 5 J"'.,~ A"" dv = , n [ m z nrm 

(1 + Iml + 1) (1 - Iml + I) (n - P- 1) (n + 1 - 1) 1/ 2 
= - \ I I)" , I 

(21 + 1) (21 + 3) , , + 

_ \ (I + Iml ) (1 - Iml)(n - 1) (n + 1) 1 
1 / 20 1; 1_1

(21 + 1)(21 -1) 

3 



We 	 shall present t he final resul t : 
a ) 	 for small R : 

A (R)=-Q(q+l)- R2 I (q+ lml + l)(q- Iml + l)(n-q-l)(n+q+I ) + 
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+------------------- 
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b) 	 for large R : 

R
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Hi gher-or der correc tions are calculated analogously . 

We are grateful to G.A.Saakyan , Ya .A. Smorodin sky, L. I . Pono
marev , and S. I . Vinit sky fo r useful discussions. 
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C~epol1Aanh Hble non paBKH K c~ep}{tleCKOMY H napa601lHl.IeCKoHY 
6a3HcaM a'l'ONa BOAOp0,lla 

Ha~ellbt pexyppeHTHble COOTHoweH HR , onpCnenJUOIllHe pa3noxeHHe 
C~CpOJ1.AanbHOrO 6a3Hca aTOMa BOAopo;c,a no ero napa6onHl.IeCK oMY 
6a3HCY. Bbll..l.l1CneUbl r.naB Hble cq,epOI1,nanbHbte nonpaBKH K c~ep"
l.IeCKoMY H napaUOnHl..I.eCKoMY llaSHCY MeToAoH TeopHH B03MYlIleHHji . 

Pa60Ta BwnonHena B Jla6opa TopHH TeopeTHlleCKoH ¢H3HKH mum. 

UpenPHHT O&be~eKHoro KHCTHTYTa RAepKWX HccneAoBaHKA. nYeHa 1984 
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Spheroidal Cor r ec t ions t o the Spherical and Parabo l ic 
Basis of a lIydror,en Atom 

Recurrence relat i ons are found for the expansion o f the 
spheroidal basis of a hydrogen atom over its parabolic basis . 
Spheroidal correc tions to the spher i cal and paraboli c basis 
are calcu l ated by a perturbative me thod . 
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