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Introduction 

А eubetantial part of the information provided to ue Ъу the 
quantum theory eteme from varioue non-rel8tivietic potenti8l modele. 
Hence 811 methode for tre8ting bound et8tee of Schredinger oper8tore 
are of phyeical intereet, in particul8r, thoee devised for eвtima
t i ng the nuabe~aultiplicitieв and location of the correeponding 
eigenvalueв. There are different types of such estimatee. Some of 
t hem 8re,in f8ct, receipte for 1ter8tive c8lcul8ting of the eigenva
lues , е8у, the R8yleigh-Ritz vari8tion8l method comЬined with 8 eui
t8Ьle l ower bound- see, e . g., the papers/ 1 • 2/ for further referen
ces. They can yield highly accurate results, but they require cert8in 
t edi oue proceduree, i n p8rticular, solving large systems of 8lgebraic 
equ8tions. 

Here we shall Ье concerned with 8nother type of estimates which 
y i e l d r elatively poorer results but in 8 much siapler way, moвtly vi8 
suitaЬle i ntegr8ls of the potential involved. Various methode of this 
type have been elabor8ted during the last three decadeв - for 8 re
view and Ьibliogr8phy see Ref.3, especi8lly Section XIII.3 • Notice 
t hat the merit of such methodв is not only to give а quick orient8-
tion about ch8racter of 6d i sc(H ) for а given Schredinger oper8tor 
Н = - 6. + V • They c8n Ье useful also in the савеs when the 8bove men

tioned quantitative methods are difficult to Ье applied,or when t he 
exact 6newer iв no t 8ctually needed . Ав an ex8mple, r ecall the well
known proЬlem of st8Ьili ty of ma t ter , where one lookв j uвt for а вui
t8Ьle lower bound t o the ground-st8t e energy of the 8ppropriate many
particle Hamilton18~4/ . 

Recently , Roвen/5/used а Sobolev i nequality t o ge t а necessary 
condition for exiвtence of bound e t8 teв of t he Schrodinger operat or . 
Н = - 6. + V on ~ = L2 (R3 ) • Ву the ваае method , he deduced а lower 
bound t o the веt of all bound-вtate energieв , i. e., to the ground

st8te energy of Н • These resultв 8re not new from the most part (see 
Refв. 3 3,34, and the concluding rem8rks), but their proofs 8re 8ttrac
tive being simple 8nd stra1ghtforw8rd. They are expressed through the 
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potential V alone, or more exactly, in ter~e of integrale of cer
tain powere of IVI • Another attractive feature ie that no eyametry 
of the potential iв req~1red. On the other hand,there are eome draw

backe too. Firet of all,the results of Ref.5 are confined to the Sohro
d1nger operatore in the three-dimeneional configuration ерасе. 
Another reetrict1ve feat~re is that convergence of the mentioned in
tegrale demande V to decay rapidly enough at infinity. In this way, 
the res~ltв do not apply to many physically important cases : long
range forces в~сh ае the Co~lomb опе, confining potentiale, eto. 

It iв the aim of thiв paper to вhow that theвe restrictions can 
Ъе removed. We вhall Ъе concerned with the Schrбdinger operatorв 
Н =-А+ V on )( "'L2(Rd) , where d ie any dimenвion :;:: 3 • The 
авв~рtiоnв abo~t the potential are the following : 

(а) Н iв вelf-adjoint on itв nstural domain D(-A)nD(V) , 

(Ь) the needed integrвlв (cf.(2.4),(2.7) below) converge for the 
appropriate val~eв of the parameterв ~.f 

The firвt hypothesis is rather implicit, of course, ъ~t there are 
many powerf~l eelf-adjointneee criteria which may Ъе ~веd to cheok 
it - we refer partic~larly to Chapter Х of the monograph/3/. In 
fact, one may req~ire Н to Ъе e~nt1вlly вelf-adjoint only, provided 
we know that itв eigenvectors belong to the doma1n of eeeential self
adjointneвs (вее also the concl~ding remarks). 

The paper is organized as follows. Firвt we recall briefly а few 

fвcts concerning the Sobolev inequalities which are essential for t he 
method. In Section 2 we derive o~r main res~ltв, namely в neceвeary 
condition for existence of а Ъo~nd state of Н with an energy leвs 
than а given ~ , and а related lower bo~d for the gro~d-state ener
gy. In order to appreciate the obtained neceвeary condition, we compa
re it in Section 3 with some other known conditione (see Refs.б-9, 
or Ref.3, Theorem XIII.9) for several eimple : pher1cally symaetric 
potentials. The next two sectionв contain the diec~sвion of two exam
ples that ill~strate how o~r res~lts generalize and improve thoee of 
Ref.5. They concern the d-dimensional hydrogen-like atom and the 
d-di111ensional haraonic oscillator, d 33 • In Ъoth cases, we obtain 
lower Ъо~dе to the gro~d state energy which Ъесоmе remarkaЫy tight 
for large val~es of d • The final section contains а few remarks, in 
particular, one concerning the re1вti.on of о~ necessary condi tion to 
Cwikel-LieЪ-RosenЫj~ theorem, and another one devoted to the Sohro-

dinger operatore with oomplex potentiale. Тhе results of the paper 
were announoed in Ref.)O. 
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1. А Prelimiпary: Sobolev Inegualities 

se 
There is а wide veriety of ineq~alities bearing th1s na111e Ъеса~

оf their co .. on ori~1n in the paperl101. Their moet standard form 
can Ъе fo~d, e.g., in Ref.3, Section IX. Starting from it, one can 
derive another set of ineq~alit1eв (Ref.11, Section V.2), which are 
often called alternstely Sobolev imbedding theoreae. They yield в 
bo~d on the L q-norm of е gi ven function У' : Rd - t Ъу meens of 
the LP -norm of 1 V'f 1 , the length of 1 ts gradient, 

( )
1/q ( J )1/р 1/"fllq = ~ /-y.-(x)lqdx ~ Cp,d IRd /(~J')(x)/Pdx , ( 1 • 1 ) 

-1 -1 -1 where -q +р = d end ер d is в conвtant independent of "f 
(here and in the following, ;е write dx inвtead of ddx ). For our 
рurровев, the севе р = 2 is important, where 

2d 
q = d-2 

( so one req111reв d ~ 3 ) and ( 1. 1) may Ъе rewri tten ав 

11 vyA~ ~ xd 111fllq 

( 1. 2) 

( 1. 3) 

The Ъ~вt constant for the ineq11ality (1.1) was fo~d Ъу Talentt/121 
for р"' 2 his reeul t gi vee 

х~ = :td<d-2) [ 2d-1 3( -1/2 r(d;1)Г2/d ( 1. 4) 

Partic~larly 1n the three-di111ensional саве we have the value 

2 4/3 
1(3 = 3(~/2) • (1,5) 

wh1ch was suggested earlier Ъу Rosen/13/. Notice aleo that f satura
ting (1.3) 1в of the forшf121 

2 2 1-d/2 
У,(х) = const. (х +а: ) ( 1. 6) 

1 t does not belong to L 2 (Rd) for d :: 3,4 , Ъut 1 t аау Ъе approxi
~ated Ъу L2-f~ctions. 
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2. Тhе Мain Resul ts 

Let uв look first for а nесевваrу condition on Н to Ьате an 
eigenтalue below а given energy е . Equivalently, one аау авk whether 
the operator Н.,!! Н- t. Ьав а negative eigenvalue, во it is uвeful 
to introduce the вh1fted potent1al V(t.,.) = V(.) - Е • ll'or our рurро
вев, the (poвit1vely taken) negative part 

V (t,,x) : = ux {О, & - V(x) } ( 2. 1) 

w111 Ье eввent1al ; в1m1larly we denote V + (t ,х) =шах f О , V(x)- ~ ~ 
Pirвt we take Е.= О and abbrev1ate V;t(O,x) = V±(x) • If Н hав 

а negat1 ve eigenvalue Е correвponding to а un1 t vector 1f Е D(H) = 
= D(-6)nD(V), then1tholdв 

11 'l'fU~ + j V(x) l-y,<x>l 2 dx = Е < о 
IRd 

во (1.3) together w1th (2.1) and the Hбlder inequal1ty g1ve 

к~ 11~11~ ~ n v~ < - f v + (х) lv-<x>l
2 

dx + f v- (х) l1f<x>/
2 

dx ~ 
IRd IRd 

~Jd V_(x)/1f(x)/ 2 dx~(~ V_(x)adx)
118 111'!/~ь 

1R IR 

(2.2 ) 

-1 -1 1 2 where а + Ь .. 1 • Chooв1ng 2Ь = q , we can elim1nate lfПq from 
the reвulting inequality. The relation (1.2) g1veв then 
а .. q/ ( q-2) = ~ d , во the aought condi t1on readв 

( t V_(x) 4
/ 2 dx Y/d > к~ . (2.3 ) 

Apply1ng now the ваае argument to the operator HL =- А+ V(t:.,.) , 
we arr1ve at the follow1ng aввert1on : 

Theorem 1 : Аввuае (а) and V_(t,.)eL4/ 2 <R4 ) for а g1ven t.. The 
cond1t1on 

1/2 "" d/2 
J V <t,x)d/2 dx > Kd = :t (~d(d-2)) 
ad - d 2d-1 r(d;1) 

(2.4) 

iв nесевваrу for the operator Н to hате an eigenvalue below t. . 

Apart from the extenвion to the dimenвlonв d >3 , there are 
two (вtandard) improvements here comparing to Ref.5 • Тhе 
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firet one concerns the шiddle inequality in the above chain (2.2), 

which replaceв the more rough eвtiшate Ьу J..iv(x)l/'f(x)/2 dx • The 
ltd 

other is the eventual shift on Е • In coмЫnation, they lead to the 
condition (2.4), which is sensitive to the valueв of the potentiвl 
below the choвen t only. In thiв way, one iв вЬlе to eliminвte the 
influence of а вlowly decaying tail of V or itв growth at infinity. 

At а glence, the above conвiderationв mey вееm to Ье вlightly 
acedemical, Ьесаuве the exiвtence of bound stateв repreвentв а real 
proЬlem juвt for the вhort-range forceв. One should realize, however, 
that the condition (2.4) can provide at the ваше time в lower bound 
to the point вpectrum of Н, i.e., to itв ground-вtate energy Е0 
Thiв iв во, Ьесвuве the lhs of (2.4) iв strictly monotonouв with 
respect to t (with exception of those partв of R , where it ie 
equвl eventually to О or со ) , Thuв we get 

Ео > Ео (2.5а) 

where Е0 iв the вolution to the equat1on 

f d/2 d . d V_(t,x) dx = Kd , (2.5Ь) 

R 

if it ехiвtв, the monotonicity implieв itв uniqueneвв. 
Now we are going to modify the method of the above proof to de

rive а more general bound on Е0 in termв of the integralв 

f V (t,x)fd/2 dx 
d -

R 
t > 1 (2.6) 

Tbeorem 2 : Suppoвe that (а) iв valid and the 1ntegralв (2.6) are 
finite for воmе ~ and f > 1 , then eny eigenvalue Е of Н ful
fils the inequallty 

Е~ Е. -<1-t-1> [r-d/2 к;;:d ~ v_<t,x>rd/2dx ]2/d(f-1) (2.7) 

In particular, thiв iв true for the ground-etate energy Е о 

Proof : One can again conв1der the севе t = О only, the argument 
for the generel саве being obtained Ьу replacement of Е and V_(x) 
Ьу E-t. and V_(t.,x) , reвpectively. Let ~ Ье а norшal1zed eigen
vec.tor, ll'lf' Q2 = 1 , correвponding to Е , then in analogy w1 th ( 2. 2) 
we cen write 
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Е = BVfl~ + j V(x) 11<х>1 2 dx ~ 
Hd 

~ K~l"l~- Jd V_<x>l-y,<x)/
2

dx 
R 

(2.8а) 

Further we eвt1mate the laвt term trom below uв1ng tw1ce the Balder 
1nequa11ty 

J 2 (J а ) 1 /а ll Пс/Ь (2Ь-с)/Ь d V_(x)/'Y'(x)l dx ~ d V_(x) dx "f се ll'f8( 2b-c)t , (2.8Ь) 
Н Н 

where, ot courвe, а- 1 + ь- 1 = 1 and е- 1 + r-1 = 1 , and с iв ео111е 
number trom (0,2Ь) • We want to сhоове the parameterв in вuch а way 
that се = 2 , во the aecond tactor on the rhв can Ье removed 1n view 
ot the normal1zat1on, and at the ва111е t1me, (2b-c)t = q • It 1в еаву 
to вее that theвe requ1rementв are tulf11led 1t we веt 

а = ~ t'd 

в=~ 
d (f -1) 

ь = ..d 
fd-2 

t = jd-2 
d-2 

с "' 

The relat1onв (2.8),(2.9) together 1mply 

Е ~К~ ll'f'a~ - ( cd V_(x)A'd:
2 

dx y/fd 11)'-'[/ ~/t 

(2.9) 

The laвt вtер соnв1вt of m1n1m1z1ng the rhв w1th reвpect to 0~~ , 
wh1ch y1elde 

( )
2/d((-1) 

Е;::: -<1-к-1> ~-d/2 к;;d J: v_<x>fd/2dx 

Н 

1.е., the deв1red reвult. • 
~ : Suppoвe that the 1ntegralв (2.6) converge tor f = 1 too 1n 
а auff1c1ently large 1nterval ot t 'в , and that they are r1ght cont1-
nuouв at thiв po1nt. Denot1ng ав f(~,;> the rhв ot (2.7), one can 
eaвily calculate the 11m1t 

11m t(t.,f) = { t. 
f-+1+ 

-оо 

! d/2 d d V_(&,x) dx ~ Kd 
Н 

~ V_(E,x)d/2 dx > ~ 
Н 
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во the bound (2.7) leadв back to (2.5) under the вtated asвumpt1onв. 

з. Compariвon with Some Other Neceвeary Conditionв tor d • З 

Мовt ot the known nесевваrу cond1tionв tor ex1вtence ot bound 
вtаtев concern вpherically aymmetric potent1alв 1n the three-d1men
в1onal cont1gurat1on врасе. Let the funct1on V : Н+ -.н deвcr1be 

вuch а potential. The 1nequa11ty (2.4) w1th ~=О can Ье 1n that 
саве rewr1tten ав 

00 3/2 
j V_(r) 312 i dr > 9 = 1.02026 (3.1) 

о 

Thia reвult вhould Ъе compared, e.g., w1th the following cond1t1onв 
(valid for the вpher1cally вymmetr1c potentialв from (R + L~) (R3 ) -

вее Ref.}, Theorem XIII.9) : 

(а) JPB-conditio~6 • 7/ 
00 

jiV(r)/ r dr > 1 
о 

(Ь) Calogero conditio~8/ 
00 

0.2) 

]1v(r)/ 1 /2 dr>~, 0.3) 

- о 
which 1в val1d it V 1е non-poв1tive and 1te moduluв 1в non-
increaвing with reвpect to r , 

(с) GMGT-cond1tion /9/ : 
00 

J 1 V ( r) 1 Р r 2Р- 1 dr > 
о 

valid for each р > 1 

llp Г(р) 2 

(р-1 >Р- 1 Г<2р) 
0.4) 

То Ье concrete, conвider а few вimple вphericвlly ayшmetric potent1a~, 
which tultil obviouвly the aeвumptionв ot Theore111 1 

(1) the rectangular well 

{ 

-Vo 
V(r) "' 

0 

(11) the exponential well 

-r/a V(r) = -v0 е 

r' а 
0.5) 

r>a, 

('·б) 
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(111) Yukawa potential : 

8
-r/a 

V(r) = -v0a ---r--- (3.7) 

The reвultв yielded Ъу the conditionв (3.1)-(3.4) are liвted in 
ТаЫе I below. In particular, the valueв referring to the GMGT-con-

ТаЫе I : Coшpariвon of variouв necesвary and вufficient 
conditionв for existence of а bound state in the potentialв 
(3.5)-(3.7). 

Nеоее~~Пу Vada~ 
Nесевваrу conditionв and eut- !Ut't1c1en~ 

GJIGTb) ficient с) oaldl.tial 
(3.1) JPB Calogero 

ocп:U.tial 

rectangular 
2.46740а) 

2.35927 
well v а2 ;. 2.10809 2 2.46740 2.94121 

о р=1.175 

exponential 1.43833 2 well v0a > 1.43469 1 0.61685 1.44580 1.6875 
р=1.455 

г------ -

Yukawa 1. 66427 
potential v0a 2 > 1.64767 1 0. 39270 1.680 2 

р=1.675 
---· -- --- -- - - - - - - - · - - --- --- --

,_ 
- ---

а) In thiв саве the potential 1Ф not вtrictly шonotonouв except at 
2 -

one point, and (3.3) yieldв the exact value (~/2) • 

Ь) We liвt вimultaneouвly the optiaal value of р 

с) It iв еаву to find in the firвt two савев (вее Rвf.14, Section 
2.4 . 3; Ref.15, Section 12.3), the value for Yukawa potential 
1в taken froш Ref.9, or Ref . 16, РrоЫеш 4.49. 

d) One uвually lookв for the conditionв under which (~,Hf) can Ье 
negative with а вuitaЫe trial function 1' (Ref . 16, РrоЫеш 4.48; 
Ref.17, РrоЫеш 72). Thiв yieldв а вufficient condition if only 
the eввential вpectrum of Н iв bound to (О,ю) , what iв cer
tainly true for the potentialв under conвideration (вее, e.g., 
Ref.3, Section XIII.4). 
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diti on are obtai ned Ъу numerical optiшalization over р • For coшpa

riвon , we preв ent аlв о the exac t valueв, and the r ough вufficient 
condition obtained froш the variational argument with the exponential 
trisl function, -у-<х> = 2 rx.'12 e-fl.r • The purpoвe of theвe exaшples i s, 
of c ourвe, rather illuвtrative. ~part froш а higher accuracy and one 
вlight correction, шost of the valueв liвted here can Ъе found alrea
dy in Ref . 9, where а lв о the Gauввian-shaped well iв treated. 

In all theвe ехашрlев, the potentials are non-poвitiтe во 
V _ = 1 V 1 • Actually, the шoduluв may Ъе r eplaced Ьу V _ in the condi-
tions (3.2)-(3.4) even if V аввuшев poвitive valueв . Thiв follows 
from the minimax principle (s ee Ref.3, proof of Theorem XIII . 9) : 
if н has а bound вtate , then the ваmе iв true for н_=- t:. + v_ 
(cf. аlво Ref.21, Propoвition 4). Thuв (3.1) turnв out to Ье а parti
cular севе of the GMGT-condition correвponding to р=~ (noti ce that 
the reeul tв achieved wi th ( 3. 1) are rather good, when р = ~ iв сlов е 
to the optiшal value). On the other hand, t he condition (3.1) hав the 
advantage that it repreвents а specification of the much more general 
reeult expresвed Ьу Theorem 1 • 

4. d-Dimensional Kepler ProЬlem 

Here we вhall treat the firвt of two mentioned d-dimenвional 
exa,mples. The Hamiltonian Н on L2(Rd) will Ье 

• 2«. 
H=-L'.+

r 

( 
d )1/2 

where r = j~l х; and С(, i в а ровi ti ve conвtant 
adjoint on D( - A) , Ъесаuве tha pot ential belongв to 

(4. 1) 

Н iв вelf

(LP + LIO)(Iid) 

for all р < d , and therefore for any fixed р Е ( td, d) ( cf .Ref . 3, 
Section Х . 2) . The ground-вtate energy of this operator iв known/18/ 
to Ъе 

Е о 
4ос.2 - --

(d-1)2 
(4.2) 

Let uв appl y now our Theorem 2 • Тhе integralв ( 2. б) exiвt in thia 
саве for each Е. < О and 1 <! < 2 • Since the potential iв вpherical
ly вymиetric, we have 

-1 
d/2 2«/t./ 

J V- (€ ,x)fd/2 dx = ~~d/2) J ( 2: -lг.t)fd/2 rd-1 dr 
Rd О 

(4.3) 

The last integral iв eaвily evaluated (Ref.19, 3.131, 8.335) во the 
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inequality (2.7) can Ъе rewritten with the help of (1 . 4) аа 

1 [ d -d/2 Е ~ -ltf-(1 -J'- ) (2«) (J'd(d-2)) Х 

х Г<1 + lf> r<d-lf> lt.l<t-?>/<f-1> 
d d ] 2/d([-1) 

r(~) r< 1 +~ > 

(4.4) 

Next one hав to maxiшize the rhв with reвpect to /Е./ ; it yielda 

4«2 _ -r t-2[r<1+1../>r<d-l/->]?/d , 
Е ~--- r <?-r> (d) а • <4.s> d(d-2) r 2 r(1 + 2 > 

Denoting the rhв ав E0 <t> , we вее easily that 11m E
0

(J') = -со 
, ... 2-

An orientative analysis suggests the function Е0 (.) is preвumaЪly 
decreasing in the whole interval (1,2) • In such а саве, the Ъевt 
lower bound following from (4.5) is 

4«2 
Е ~ 11ш E0 <r> = - ---

1 ... 1+ d(d-2) 
(4.6) 

In particulsr, for d = 3 the last 1nequa11 ty gi ves в0 ~ -1 ct 2 

the known Ъound to the hydrogen ground-state energy 
Е0 .. -«2 

(cf. Ref.4, Eq.(9)). It is в remarkaЪle fact thet the ana
logous bound becomes Ъetter with increasing the dimension d : the 
relations (4.2) and (4.6) give 

11m 
f-+1+ 

Ео <J4 > = < d-1 > 2 

Ео d(d-2) 

во the relative error of the eвtiaate 1в 

5. d-Dimenaional Нarmonic Oaoillator 

(4. 7) 

~ d-? for large d 

In thiв ехашрlе, the Hamiltonian Н on L2(Rd) 1в of the form 

Н = - А+ t.ir2 

where again 

of Н iв 

:в0 • tu d 

2 d 2 
r = L. xj 

j= 1 

( 5. 1) 

and tu > О • The ground-вtate energy 

(5.2) 

10 

Ав we have already claimed, the eвtiaateв (2.7) work in вpite of the 
fact that the potential 1в growing. Check of the ae8umpt1on (а) 18 
еа8у (8ее Ref.?O, Propo81t1on 1). Тhе integralв (2.6) converge for 
all ! and f>1 (in fact, for f>-2/d too). In anslogy with 
(4.3), we have for а positive ~ the expresвion 

d/2 t1/2/to J V (t,x).fd/2 dx = 2~/ J (E.-tir2)td/?rd-1dr, (5.3) 
нd - r<d ?> 0 

80 after evaluation of the integral (Ref.19, 3.191) and 8Ubst1tut1on 
to (2.7) we get 

Е ::!: Е.- ( 1-{1) [ ~ ~-1/2 (~d(d-2) ,-d/2 (~)d х 
(5.4) 

х 

r(~) r<~+~, J ?/d<r-1> 

r ( 1 + O!i±fli) 
е. (cf+?)/(.j'-1) 

Tsking the шaximal value of the rhs with respect to ! , we obtain 
the 1nequa11ty 

Е~ tu(d(d-?)) 1/?11f"2(41+1)-(f+1)/? 2 , (5.5) [ 2~1/2 r(1 + ~) )1/d 

d о r(~ r< 1 + q > 

On the Ьавiв of numericsl tевtв, we conjecture thst the rhв (denoted 
ав во<r> ) 1в again decreasing with respect to f . thiв time with 
the finite limit 

lim Е ( ) = tud (d-?)1/2 (1 ~-1/2 r(d+1)) -1/d 
f-+eo О f ?е 2 2 

The Ьевt lower Ъound following froш (5.5) 1в then 

в ~ нш в0 <r> = 21/d (d (d-2) > 1/2"' 
, ... 1+ 

ТаЫе II 
Тhе lower bound to the ground-atate energy (5.2) from (5.6). 

d нш E0 <r> d нm в0<t > 
1' ... 1+ t ... 1+ 

3 2.18225tu 50 49.6737 i() 

4 3. 36359 /С 100 99.6835 4,) 

5 4.44889 lAJ 103 999.692 *' 
10 9.58623 4J 106 999999. 69 (А) 

ll 

(5.6) 



Ав 1n the previous example, the estimate to the ground-state energy 

( ~.2) becomes closer with the increasing d , the relative error 
being < d- 1 • This is illustrated Ьу the tаЫе. 

б. Remarks 

1 . The interest to various quslitative methods of analyzing the 
disorete spectrum of the Schrodinger operators is not ceasing - for 
other recent results аее, e . g., Refs . 22-24. 

2. The term "bound state" used in the introduct i on might seem 
inexact, s i nce no multiplicity requirements are made in Theorems 1,2. 
In most prscticRl саеее, however, the eventual differencee between 

~diec(H) and ~point(H) are not important : either we know locetion 
of the eeвential epectrum (Ref.3, Sectione XIII . 4,5) and we are inte
reeted in the eigenvaluee that lay outeide it, or even ~888 (Н) iв 

empty, вау, Ьу the Molchanov criterion/25/ or some similar reason. 
3. Among varioue bounds to the number N(t,V) of the eigenvalu

ee (counted with multiplicitiee) of а Sohrodinger operator H•-l1+V 
on 12 (IRd) , d).!; 3 , that lay not above а gi ven Е. , the probably moet 
general ie given Ьу the Cwikel-Lieb-Rosenbljum t h eorem(see Refs.21, 
26-28, or Ref.3, Theorem XIII.12, or Ref.29, Theorem 9.3). In our no
tation, it reads 

1 d/2 
N(E.,V)~ ad d V_(t,x) d:x , (6.1) 

IR 

where ad ie eome constant independent of V and Е • Since the 
rhв is etrictly monotonoua with reepect to t , the inequality beco
mes sharp if we consider only the eigenvalues located below е . In 
particular, we have 

J d/2 
ad d V_(t,:x) d:x > 1 (6.2) 

IR 

if only Н ha s an eigenvalue Ъelow t . Hence we obtained the condi
tion (2.4) up to the value of the constsnt . Furthermore, we have the 
inequality 

s 2d-1 r(~) 
а~а:с 1 1 

d d Jt1 2(,:rd(d- 2) )d 2 
(б.3) 

which is derived from (6.1) Ьу а Sobolev-inequali ty a r gument s ketched 
in Ref.29, Section III.9 ( for an upper bound to ad вее Ref . 21). 
Ву Lieb-Thirring conjecture, (6.3) becomes equality for d4i7 , in 

-d ) which свае ad = Kd snd (2.4) turns out to Ъе а consequence of (6.1 • 

12 

On the other hand, ad is known to Ье вtrictly larger than а~ for 
d ~ 8 ; then our Theorem 1 atrengthens the neceaaary oondi tion (б. 2) 
following from the CLR-theorem. The 1mprovement is subatantial for 

higher dimensions, becauae ad~ ag (Ref.29, Section III.9) and 
с; S ada4 ~oo ав d+oe. 

4. It ahould Ье mentioned that the GIIGT-condi tion for р ~ ~ may 
Ье formulated withoui the requirement of spherical syametry of the po
tential. А result of this type with р•~ was derived first Ьу ll'aria 
(see Ref.9) . 

5. Ав for Theorem 2, let us first notice that в more general 
inequal i ty was derived in Ref.33 ( see Eq.(25) of this paper and alao 
Ref.34 ) . However , the f-dependent factor that multiplies the integral 
ia g i ven only implicitly there ; it 1s not obvious whether it would 
coincide with t ha t of (2.7) . 

б . Another proЬlem related to the bound (2.7) is the f ollowing. 
In the above two examples, the beat l ower bounds ere presumaЬly 
achieved f or f~ 1+. In Ref.5 , Rosen trested the e:xponential 

wel l (3 .б ) Ьу means of (2.7) with S =О ; he obtained the Ьевt lower 
' 2 1/3 2 bound for f ~ 1. 72б2 ( v0 а ) if v0a >> 1 • А numerical teat aug-

ges t s that this bound cannot Ье probaЬly improved Ьу ch oos i ng а nega
t i ve t . I n the сва е of the rectangular well ( 3.5 ) , в aimpl e calcula
t i on shows t hat ( 2 . 7 ) y i elds the optimal bound f or е non-zero & in
dependently of ! . The question about exiatence of а pot ential for 
whi ch t he rhe of ( 2.7) ha e е stri c t me:ximum for eome valueв e,r 
that lay ineide the allowed s t r i p ie left open. 

7. Ав we have already mentioned , the aelf-adjointneas asaumption 
ie not actual ly needed. The considerations of Section 2 require only 
that the eigenvec t ore of Н belong simultaneoualy to the domains of 
both -4 and V • In fact, the reaults are partly preaerved even if 
the potential V ie not reel-valued. Such generalized SchrCdinger 

operators can Ье of direct physical 1ntereat if they are ma:xiaal dis
sipetive, becauee then they may provide models of diaaipative syatema 
(cf.Ref.31, or Ref.32, Chapter 4). Consider an operator of thia type, 
Н=-А +U on L2 (Rd) corresponding to а complex potential U=V-iY, 

and suppose that Н iв maximal dissipative on D(-4)nD(U) • Тhе re
l ation analogoua to the firat equality in (2.8а) ahows then that the 
proofe can Ье eaaily adapted to yield relations between the real part 
of an eigenvalue Е of Н and the real part V of the potential U. 
Hence under the aaaumption (Ь), the inequality (2.4) ехрrеввев а ne
cessary condi tion for Н to heve en eigenvalue wi th Re Е < t. , and 
Re Е ia bounded from below Ьу the rhs of ( 2.7). 

13 



8. Ав an ill~вtration, conвider the operator Н correвponding 

to the вpherically вymmetric d-dimenвional damped harmonic oscilla
tor deвcribed Ьу the complex potential U : U(x) = Jl2r 2 , where 
.0.= l<>-111 with O<v~/o (вее Ref . 20, and Ref.32, Section 6.2) . 
Since the req~irement of maximal diввipativity iв !~lfilled and 
V(x) = (111

2
- 1)

2 )r2 , we obtain in analogy with (5.6) the ineq~lity 
Re Е ?: 21/d(d(d-2 )) 1/2 ((12 _ 11 2) 1/2 (6.4) 

which holdв partic~larly for the real part of the "gro~d-вtate" 
eigenvalue Е0 = (t.~-i~)d . In diвtinction to the real севе, however, 
the bo~d (6.4) iв no longer aвymptotically exact : the ratio of itв 
rhe to t.>d tendв to (1-i/ t.> 2 ) 112 < 1 ае d _.со 
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Некоторwе npac~ услоамА на сакааннwе состокник 
onepaTOP08 l!lредмнгера ра:sмерностм 4 ~ 3 

EZ-Sit -51 

Паn~ау~~е~ неравенства- "Соболева , мW аwводин необходи- условие длА 
с~естаованмк сВАа.ннwх состоккий нм.е ааданной энергии АЛА оnератора 

!lрцмнгера Н • -~ + V на Ll (R4), 4 ~а. внес те с оценкой снизу на энергНD 
основноrо -состокнИА оnератора Н. Это обо&!ает некоторwе недавно полученнwе 

.Реаул~татw АЛА слу...,ев раанерности 4 > а м ДЛА потенциалов, которwе не 

дolhl- &tс;тра убwuт~ на бесконечност ... Прмводит~ срааненме с АРУГики 
мзаест- необходм- условм- . OбcyJCДaiiiTCA nрмнерw 4 -размерного 
водородаnодобного атома и 4 - разнерного гармонического осцилл11тора. 
В обомх случ.11х nолуЧенна11 оценка снизу на энергию сiсноаного состо11ни11 
становитек - доаол .. но тесной длR бол .. 111мх значений 4 о 

Работа awnonнeнa в Лаборатории теоретической физики ОМЯМ. 

Соое. ... е OCh.eдJDie .. oro IDICTJIТYTB JIДepнwx НССJiедоаакиА, Дубна 1984 
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Some S 1mpJe Cond i t lons оп 8ound States of Schгбdingeг Opeгators 
in 01-nslon 4~а 

А necessary cond i tlon for exlstence of Ьound states below а glven 
energy of а Schrlldingeг opeгator H - -~+V on L2 (R4), 4:!:3. together wlth 
а lower Ьound t o the gгound-state energy of Н are derlved using the SoЬolev 
inequal l tles. lt generalizes some recent results to the dimens ions d>a 
and to the potent l als that are not necessarlly rapid1y decreaslng . Compari
son to other known necessary condltions is given. -·The examples of the 
4-dlmenslonal hydrogen-llke atom and the 4 -dlmensional hannonic oscil lator 
are dlscussed oln Ьoth of thea~,the Ьoundto the ground-state eneгgy Ьecomes 
remarkaЫy tight for large values of d. 
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