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1. INTRODUCTION 

We consider a uniform semispace z> 0, onto whose surface 
z = 0 there falls an independent of X,Y flow of particles 
u(p)v(p)(here v(p) is the density of particles with momentum p 
in the semispace z <0) from the region z. < O. Let p(z . p) be 
the density of particles with momentum p on the depth z, :r. ~ O. 

Then we have, to determine the function p(z. p) from the equa
tion 

a a dp 
U3 (p) elz p(z. p) + ap;;- [Ua (p) (if (p) rJ..z . p)l = 

( 1 ) 

= Jf(p. q) p(z. q)dq - f(P) p(z. p) 

and the boundary condition 

p+(O . p) = v(P). P3 ~ O. ( 2) 

Here functions p±(t. p) are defined by equat ions 

PJ ? 0p+ (z. p) = { PC: , p) (J)
< 0,PJ 

o ~ 0P3 (4 )
p-(z, p) = { p(z, p) PJ < 0 

so that 

p(z. p)= p+(z. p), p- (z, pl. (5) 

In e q. (1) ii\p) is the velocity 

(6)ua(p) = Pa l \p2+m2. a=I.2,3, 

where P is the momentum and m the mass of a particle (we have 

h = c ~ J), u3 - z -projection of the velocity . The quantity 


~(P) in eq . (I) defines the momentum de crease per unit length
df 

due to the retardation in a medium. 
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One has also : 

f (P. q) - 0 (P. q) Iu (q) Ino • (7) 

where u(p, q) is the differential cross-sect ion for t he scattering 
of a particle with momentum q into a state with momentum p , "0 
is the density of the scat t erers in semispace z> 0, C(q) 
= Jf(p.q)dJp. One may find a derivation of e q . (I), e.g., in 

book ll /. 


2. THE "CAUSALITY PRINCIPLE" IN THE LINEAR TRANSPORT THEORY 

We s tate the exis t ence of the following "causality principle" 
in the transport theory : if one knows the function p+(ZO, p) = 

= p+(z,p)lz=zo t hen eq. (1) in a semispace z>zowith the boun
dary condition 

p+(z.p)~p+(zo · p) . z ·.zO ' z>zO (8) 

enables one to get the function p(z,p) for all value s of z, z~z O •. 

2. O. In other words, there exi s ts a kernel T (z 2' P; Z I • q) such 
that the functions P(z2'P) and P+(z l .P),z 2 ~zl,are connected 

by a equation 


P(Z2' p)= !T(z2' P; z I' q) p+(z I' q)d+q ( 9) 

(Jd+q means the integration over sem i space q3~ O) . 
2. 1. Let us define in the regi on z2 :::,z l ' P3~ 0 q3 ::: 0 t he 

kerne l L(z2' p; z i .q) by the equat i on 

L (z 2 ' p; Z I • q) - T (z 2 • p; Z I • q). ( 10) 

Then eq. ( 9 ) gives 

p+ (z 2' p) = JL (z 2' P; z, • q) p +(z, • q) d+ q . ( I I ) 

whence there follows the composition rule 

+L(Z3' p; z, . q)=!L(z3' P; z2' s)d s L(z2'S; zl.q). ( 12) 

Here the depths z3' z2, z I may assume any va l ues, satisfying 
the inequa1 i ty 

z 3::: z 2 ::: z , ::: O. ( 13) 

*The authors are in debted to Pro f essor D.V . Shirkov , who has 
communicated to them this principle. 

One has, evidently 

L (z2 ' p; z I ' q) ~ 8(p - q) as z 2 ~ z , . z 2 > z I ' ( 14) 

2.2. In our case of the uniform semispace the solution of 
the functional equation (12) with the boundary conditi on (14) i s 

(z, - Z2 )'p (P. q).
L (z2 . P; z, . q) = :l: (15) 

o n! • 

where the functions Pn (p, q), n ~ 0, are defined by the eq uations 

Po (P. q) = 8(p - q). PI (P. q) = P (P. q). 
( 16) 

p.+ 1 (P. q) =,(P, (P. 5) p. (5. q) d'5, n =0.1 . 2 .... 

Here P(p, q) is an arbitrary function of i ts arguments; it is 
defined in the region P3~O, qJ~O. 

2.3. So, we may introduce the notation 

K (z; P. q) = L (z I + t . p; Z I . q) ( I 7) 

then eq . (I S) gives 

/)0 (_~)n 
K(z; P. q) - :l: --I- p. (P. q). (18)

o n 

I t follows from eqs. ( II ), ( 17 ) 

pt(z. p) _ fK(z; P. q) p' (O. q)d+q . (19) 

2.4. Let us consider now t he function p- (z,p). According 
to the "causality principle" one may expect that there exists 
an "albedo kernel" R(z.; p, q) (in the region P3 < 0, q:l 2: 0) such 
that 

p-(z. p) = fR(z; P. q) p+ (z. q)d' q. z > O. (20) 

Jt is easy to show that the kernel R does not depend on z. 
Really let us represent the functions p±(z. p) a s sums 

p+ (z. p) = :l: 
~ 

p~ (z. pl. p- (z. p) = :l: p- (t. pl. (21)
n=-l n.-0 

Here p±(z, p) denotes the density of the number o f particles, 
which 'have visited the region z '> z n times. 

One has 
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One has, eviden t ly U(O, x l = IF(t : x, y) U(t, y)dy (29) 

p- (z, p) = fR(O: p, q) p+(z, q) d+q. 
0+ 1 n (22 ) exist, one may substitute for U(t, y} an arbi trary, e . g. , dis 

continuous function of y; meanwhile th i s funct i on , according 
Then eqs , (20)-(22) i mply to eqs. (27), (28 ) , i s an entire func tion o f (the complex vaI 
 riable) y (if lhe function U(O, x) i s, e,g" bounded) . 
R(z: p, q) = R(O: p, q) E R (p, q). (23 ) I 


3. 1. M. A.Mnatzakanjan was the fi rst to apply the semigroup
2.5. Thus, we have got method for the s o l ution of the transport equation (see, e.g., 

his work / 2/ and the references therein) . His consideration, 
p- (z, pl = fR (p, 5) K (0, S, q) P+ (0, q) d +s d+q = however, causes some doub t f or he systematically uses the kernel 

(24) V(z; p, q) that posse s ses the semi group property (25) and he 
= IR(p, 5) p+(z, s)d+s. expresses the function P-(z l' p) in terms of the function 

p- (z \ + Z, pl, Z \ ~ 0, Z ::: 0. 
Equations ( 19) , (24), ( 18), ( 16) expres s th e so l utio n of our 
boundary prob l em in t erms of two unknown kerne l s P (p, q), R(p, q) , 

4, EQUATIONS DETERMINING THE KERNELS pcp, q), R(p, q) 

3 , THE SEMI GROUP Let us substitu t e eqs . (19), (24) int o the transport equa 
tion ( 1), 

Equations (12), (I S), (17) i mply the operators (18 ) t o f orm 4 . 1. Consider at fi rst the case 
a semigroup: for any value s of zl' z 2' zi ~ 0, z2~ 0, one has: 

P 3 ~ O. ( 30) 

K (z 1 + z2: p, q) - fK (z2: p, s) K (z 1 : s, q) d+ S. (25) Us ing the formu la 

According t o eq , ( 11) the kernel K(q ; p. q) allows one to express aa K (z: p, q) - - JP (p, q ' ) d+ q ' K (z: q " q) , (31 )
the function p+ (z\ + z,p) i n terms of the function p+ (zl:P). z 

zl ~ 0, z 2' O. which foll ows from eqs . ( 16), ( 18) , one can get the expression 

3.0. We do not think, however, that the c.perator K(z; ... ) aa p+(z, p) - -JP(p, q ' )d+q'p+ (z, q) (32)
has an inverse, K(z; . . . ). This inverse opera t or , were it exist z 
would al low one to express the funct ion p+(Zt 'p) in t erms of f or the derivative that enters in t o t he firs t term of the l . h .s . 
the function p+(z 1+ Z, pl. of eq, (1), 

Le t us consider, e.g., the hea t transport equa tion Then one can rewrite eq . ( 1) in the form 

(ata - 6) U (I, xl = 0 . (26) IA (p, q ') p+ (z , q ' ) d +q ' = 0, (33) 

The kernel f where r

(x - y)2 1/ ' 

F(I:x, y)=exp[- •. 1/(4",) (27) A(p, q 'l = -u3 (p) P (p, q ') + _a_(Ua (pl J!E. (p) Ii (p - q ' )) - rep, q ' ) 
aPa di (34 ) 

allows one to express t he f unc tion U(t, xl. t > 0, i n terms o f th e - I d-q "(p, q") R(q " , q') + rep) Ii (p - q ' l. P :I ~ 0, q:; ~o. 
function U(O, x): 

I 


The condition 
U(I, x) = fF(t: x, y) U(O, y)dy, (28) A (p, q ' ) = 0, P, ~ 0, q'3 ~° (35 ) 

The operator F has no inve rse , F ; it i s impos s ib l e to express which is sufficient fo r eqs. (I), (33) to be fulfi l l ed in the 
U(O, x) i n t erms of U(t, x). Were the equat i on r egion (30), allows one, evidently, to express the kernel P in 

terms of f and R . 
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4 . 2 . Let us now cons i der eq . (I) in the case 
(36) 

P, < 0. 


Equati ons ( 24 ) and (32) imply 


(37 )a~ p-(z, p)$ - JR(p, q") d+q"P(q", q ')d+q ' p+(z, q') . 

Using eq. (37) one can rewrite eq. (I) in the form 

(3S) f3 (P, q') p+(z, q ')d+ q' $ O, 


where (c.f, eq, (34» ) 


B (p, q ') = - " 3(P) fR (p, q ")P (q " , q ') d+ q" + _a_ ("a (P) .9E..(p) R (p, q ' )) - f(p,q ~ 

aPa dP 

(3 9) 

_ Jf(p, q") d-q"R(q', q') + f(p) R(p , q ' ), q '3 ~ O, P3<0 . 

Analogously to eq . (35) one gets the equation 

(40) B (p, q').O, P3 < 0, q 3 ~ 0. 

4.2. 1. Equat i ons (34), ( 35), (39), (40 ) allow one to calcu

late the kernels P, R. 

4.3. The manifold of the eq . (I) so lutions is det ermined 
by the Green function p(z; p. q). q32 0 which is defined as a so
l u tion of eq. (I) with the boundary condi tion p +(z ; p,q).Ii(p - q) 
as z .... 0, z> O. This Gr een function ~ epends on seven independent 
variables. We have reduced the problem of so l ving eq. (I) to 
the nonlinear (quadratic) integral equation with respect to the 
albedo func tion R(p, q) tha t depends only on six independent 
variables. This i s all the progress we have achieved · , 

5. 	 CONCLUSION 

We 	 sus pect the Arnbartzumjan invariant embedding method (see , 
e.g. /1/ ) to be abl e to give our result. For the case of the 
sing l e - velocity problem with isotropic scattering we have checked 
this statement (c.f. / 1/ ) . 

• As a matter of fact , the kernel R(p, q) (and P(p, q» does 
depend only on five independent variables ( f or this kernel is 
invariant under rotations around the z axi s). 

6 

5. 1. Our kernel K(z; P.q) has the exponent i al construction 
(16), (I S). One should not think, h owever, tha t s er ies ( IS) in 
powers of Z has a positive convergence radius . 

The retardation i n our semispace implies the Green function 
p(z; p, q) to become zero in some region z ~ zo(p, q). This fact 
makes one to expect serious difficulties when attempting to use 
eq, (IS) for the kernel K(z; p, q) computation . 

It i s necessary to note also that the probl em considered (if 
the re t ard ation exists) is not comp l etely stationary . The den
sity p (t , z. p)lp=o of partic l es with zero momentum would constant
ly i ncrease WJ.th time, even if the density per, z, pl. Ipl > 0, does not 
not depend on time . 
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B 06~eAHHeHHOM HHC~H~YTe RAepH~X HccneAOBaHHH Ha4an 
BbI)(OA~Hb C50PHHK "}{pamKUe coo6UleHUR OHEM". B HeM 
6YAyr nOMe~a~bCA cTa~bH, cOAep*a~He opHrHHanbH~e HaY4H~e. 
HaY4Ho-TeXHH4eCKHe, MeTOAH4eCKHe H npHKnaAH~e pe3ynbTa~~, 
TpefiytOl.I&He CP04HOH ny6nHKaLtrllit. 6YAY4H 4aCTbIO "Coo6u.leHHH 
OItlRW •• CTaTbH, BoweAwHe B c60pHHK, HMelOT /e ornlit4lite aT 
npenpHHToe/ CTaTYC o¢H~HanbH~X nyGnHKaUHH O~~H. 

C60PHHK IIKpaTKHe coo6l1teHHA OH.RH II 6YAeT BblXOAHTb pery

nRpHO. 

The Joint Institute fc r Nuclear Research begins publi 
shing a collection of papers entitled JINR Rapid Communi
cations wh i ch is a section of the JINR ComMunications 
and is intended for the accelerated publ i cation of impor 
t an t results on the followinq subjects: . 

lJepneHKO 11. n.. 3aCTaseHKO 11. r. E2-84-S06 
TlnocKaR 3aAal.la nHlieiill0l1 TeopHH nepeHoca AJlR O,IJ;HOpOJl,HOrO 
nonynpocTpaHCTBa H MeTOA nonyrpynn ~1HaLtaKaHRHa 

PaCCMaTpHBaeTcn CTaLtHOHapHoe KHHenf'tleCKOe ypaBHeliHe JlHHeilHOJi 
TeopHH. nepeHoca R OJl,HOPO,l.lHOM nOJlynpocTpaHCTBe. UenbJO pa50Tbl 
RBmleTCR caeJl,eHHe 3aAallit K peweHHfO ypaBHeHHR OTHOCHTenbHO CPYHK
LtHH C MeHbWHM 4HcnOM lIe3aHltCHMLIX nepeMelIllbtx. 3Ta nenb AOCTHra
eTCR BBeJl,eHHeM B paCCMl)TpelHle nonyrpynnbl onepaTopOB, CBRsaHHbtx 
C HCXOAHblM KHHeTI1'tleCKHM yp.1hlle~lHeM. Pe3ynJ,TaTOM pa60Tbl flBnReT
CR CBe,l.leliHe HCXO.llIfOii 3QJl':lllH K Hem·meitHOMY HHTerpanbHOMY ypaB
HeHl-i1O OTHOCHTenhllQ nApa llJlbGC,nO R (p, q) P 3 < 0, q 3~O. 3,1.lecb q -
HMnynbc 1.laCTHI.I,bI, Hxo/lmucii H nonYflpoCTpaJlC'T'BO, P -HMnynbc 4aCTH
~bl, nOKMaJOw,ef'1 f10nynpOC'T'p3I1CTJlO, P:l H q:J - npoeK~Hl1 HM11ynbcoB 
Ha HopManb K rpallllltl' IIC'JlynpoCTp<lHCTBa. lIaw pe3ynb'T'aT, K.3K 
KaJlCeTCR, MO>!l:e'T' 5WTb TlOllYl'l'1! If MeTopON Hl:lBapHaHTHoro norp~eIlHR. 
AM6aplI;YMRHa. 

PaGoTa BblTIOIHU'II.1 u Jlaf\op:l'fOpmt RAepHblX npo5neH H na60pllTOPlill 
TeOpeTH'tleCKoi\ ctlH"lllkll mum. 

Coo6aeHHe O&benKHeHHoro HHCTHTYTa RAepHWX HccnenOBaHKA. nY6Ha 1984 

Physics of el ementary part icles and atomic nuclei. 
Theoretica l phys i cs. 

Experimenta l techniques and Methods. 

Accelerators . 

Cryoqen i cs . 

Computing mathematics and methods. 

Solid state physics. Liquids. 

Theory of condenced matter. 

Appl i ed researches. 

Being a par t of the JINR ComMUnications, the articles 

of th i s new collection, in contrast t o the JINR Preprints, 
have the status of official publications of the JINR. 

JINR Rapid Communications will be issued regularl y . 

Chernenko L.P., 7.nstnv~nko L.C. E2-84-S06 
Fla t Prohlem of the Lint'ar Transport Theory for Uniform 
Semispace and Mnntzllkanjan Scmigroup Method 

We consider n stationAry kinetic equation of the linear 
transport theory in .1 uniform semispace. Our aim is to reduce 
the problem to t he solution of an equation with 01 di.minished 
number or vnri(]hles. We achieve this aim through the considera
tion of semi-group or operators, associated with ('lOr kinetic 
equo1tion. Our resul t is the reduction of the problem to the 
solution of a nonlinear integral equation for the albedo kernel 
R(p, q), P3 < 0, q 3 2! 0 determination (q is the momentum of n 
particleB which enters semispace; p the momentum of 8 par
ticleS which leaves our semispace; q:J nnd P3 nre tht" momentum 
projections on the normal to the semispace surface). 

The investigation has been performed at the Laboratory of 
Theoretical Ph~sics, and Laboratory of Nuclear Problems, JINR. 
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