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At гresent no formu lation i s known of Quantum Electrodynamics 
(QED), which satisfies simultaneously conditions of the gauge, 
trans lational , and Lorentz invariance. The QED in Coulornb gauge , 
e.g., does rnanifestly satisfy the conditions of gauge and trans
lational invariance, but does not rnanyfestly satisfy the condi
tion of Lorentz invariance *. 

The Lorentz-gauge QED, 

д{3 А {3 =0 (1) 

does rnanifestly satisfy the conditions of Lorentz and transla
tional invariance, but does not satisfy (rnanifestly) the condi
tion of gauge i nvariance, and so on . 

1. Meanwhile, i t seerns to Ье very interesting to find а QED 
fo rrnula tion that is rnanifestly invariant with respect to all the 
three groups of transforrnations. 

1. 1. In the present work we give the forrnulation of QED in 
Euclidean space of four dirnensions, which does rnanifestly satis
fy the conditions of gauge, translational, and rotational in
variance. 

One rnay hope to Ье аЬlе to obtain the Green functions of QED 
in pseudo-Eucl idean space through an analytical continuation 
of the Euclidean QED Green f unctions. 

One rnay hope, also that such pseudo-Euclidean Green functions 
would rnanifestly satisfy the condition of invariance under al l 
the three groups of transforrnations in pseudo-Euclidean space. 

2 . It i s t o Ье noted that there exists а consideraЬle dif
ferenc e between the QED-s in Eucl i dean and pseudo-Euclidean spa
ce. Fi r s t of all, note that Lagrangians of these theories are 
different: 

1 2 -
f' pseudo = 4 (д {3 А а - да А {3) + ф (у {3 (д {3 - ieA {3) + m + От] ф • (2) 

Ф = ф *у 4 • ReA 4 = ImA i =О, i = 1, 2, 3 ; (З) 

*This variant of QED is considered in detail in t he text
book Ьу Wentzel / 1 /. тhis book, however e scapes discussing the 
zero-rnode (of the potential . A~) proЬlern. This proЬlern is dis -
cussed in work 121. 1 ,''· 

tи:: ::. \ • 
r/ !о ~ .' 
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f Eucl = ~ (дf3 А в - дв Af3) 
2 

+ if;*fy{J(д {3- ieA{J) + m + &n] if;. 

ImAfJ= О , f3 = 1, 2, 3, 4. 

Also, the region 
р 2 < f 2 

(4) 

(5) 

(6) 

in Euclidean space is finite unlike in pseudo- Euc l idean space . 
For this reason one may re gular i ze divergent integr als Ьу the 
conditions tha t all integrat ion momenta be long to the region 
(6) only in the case of Euclidean me tri cs. (Bu t not in the case 
of pseudo-Euclidean me trics), Note also that the matrices 

- 2 
у f3 ~ у f3 - k {J(k в у в )/ k (7) 

which enter i nto vertices, are well defined (at k ~О) in Euc li
dean but not in pseudo- Euc lidean metric (for the quantit y k2 
may admit zero value at k ~ О in pseudo- Euclidean me tric). 

3. The gauge-transformation is 

Л( х ) Л(х) 
Ар (х)---+ А ~(х) = Af3 (х) + дЛ/дх f3, ф(х)---+ if; '(х) = if;(x) ехр[ iеЛ(х)] (8) 

here Л(х) is an arbit r ary real func t ion . Both the Lagrangians ( 2 ) 
and (4) are invariant under gauge t r ansformations . 

4 . We shal l find our QED fo r mul a t ion , t ran sforming t he f unc
tions А , ф in t he Lagrangian (4) accord i ng to the equa t i ons: 

В {3= А{3- д{ЗЛ., f3 = 1, 2, 3, 4, (9а) 

7J(x) = ехр[ -iеЛ(х )] ф (х), (9Ь) 

Л(х) = о- 1 дв А в ; (9с) 

here о is а 4-d imensional Laplace oper a t or. Thes e eqs . define, 
evidently, t he gauge- transformation (8 ) for а particular choice 
of the f unc t ion Л , Л(х) = ·-Л(х) . Correspond i ngl y , one has 

f E ucl (А , ф) = f Eucl (В, 7J) . ( 1 О) 

Let us show t ha t the f unction s Bpdo not change under gauge 
transfor mations (8) . We begin wi th introducing, as usua l, the 
periodicity cube in f our-dimensional space, and considering the 
decomposit i ons 
А (х) = 0-l / 22 А е ipx 

f3 р p{J (1 la) 

Bp(x)=O-l / 22 Bp{Jeipx 
2 р 

Л(х) = 0-l / 2 2 Л eipx 
р р 

( 1 1 ь) 

7J(X ) =O-I /2~ 1'/peipx, ( 1 1 с) 

О = L 4 , - L/ 2 < х f3 < L/2, Р = 2nn/ L. ( 12) 

Here n is а 4-dimensiona l vector , with i nteger components 
n =(n 1,n 2 , n 3 ,n 4 ) ; sunnnation in eqs. (11) r uns over a ll values 
of n 1 ,n 2,n 3 ,n 4 • Л 

Equ~tions (8 ) , (9а), (9 с ) give В f3---. В~=Вtt д{3 Л .-д{3 о- 1 оЛ . 
Accord1ng t o eq . (llb) one has оЛ(х) = -0 - 1 '~f р2 Л р е•рх, so . 

р# 

that 
о - 1 оЛ (х) = o-I / 22 

рЦО 

and 

Л ре iрх = Л (х)-о- 1 12 2 Лреi рх 
р2 = о 

дf3 (1- о- 1 о) Л(х) = о- 1 122 ip{3Л p ei px 
р2 =0 

fo r our ca se of the Eucl i dean me t ri c the latte r s um conta ins 
the onl y term р = О and i s zero . Thus , the f unct ions В р(х) re a l 
l y do no t change under gauge trans fo r ma tion. ( In the case of 
pseudo-Euclidean metric eq. р 2 = О has an i nfini te number of 
so lutions so t ha t the func tions BfJ (x) are no t invar iant under 
gauge transfor mati ons ). As far a s we know, the trans fo r ma t i on 
(9 ) has f irst been i ntroduced in work / 3/ . 

Further, equa t ions (8) and (9) give 

7J (X) ~ 71 ' (х) = expfie 2 Лре i рхо- 1 12 1 71 (х). 
р2 = 0 

So , i n the case of the Euclidean metr ic t he f unction 7J (X) under 
gauge transformat ion (8) get s only the phas e f actor ехр[iеЛ 0 о- 1 12 1 
t ha t do e s not depend on coordinates х. (This f actor corre sponds 
t o t he char3e conservation). 

4.1 . Thus, we have proved the functi ons Df3•1J t o Ье gauge in
v ariant. This result gives а possibility o f constructing the 
Euc lidean QED formulati on that is manifestl y invariant under 
the gauge transformations, translations, and rotations. We will 
ach i eve this aim, defining, the electron G and photon D propaga
t ors Ьу the equations: 

G (р, а, m + &n, е) w ,f В (О) = f (1J р) w (1J;) f d т 11, 

D {38 (k,a, m + 8m, е}8(0) = {Bk,J3-k8 dт/ 1, 

1 = fd т , S = fJ? Euc l (В(х, f), 7J(X, 0)d 4x, 

а = е 2 
/ (417) ( 1 З) 

(14) 

(15) 
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-S 3 
dт=е ( П (П dB(q)w) dryqdry ;j). 

q2 <E2w= l 
(lб) 

Here the Lagrangian f Eucl is given Ьу (4); the x-integration is 
carried over the whole 4-dimensional periodicity volume О; t he 
functions В(х , О and ry(x, О are ob t ained from functions ( 11 ) Ьу 
introducing cut-off (б); functions B(q) w are defined Ьу the 
equations 

3 
вр,в = l В(р)а[еа(р)],а. 

&1 
(17) 

where еа(Р), а= 1,2 ,3 ,4 are the system of real unite vectors 

е 4 (р) = PII PI. [еа 1 <Р)J ,в [е а2 (р}],а =аа 1 а2 • 

Equations (9а) , (9с)1 and ( 11 а) imply 

д ,в В,в(х) = О= Р,В Вр,В, 

eqs. (17), (18) give 

в (р) а= в р,В [е а (р)] ,в . а= 1.2.з. 

( 18) 

(19) 

(20) 

Our definitions of propagators (13)-(15) follow those given in 
book /4/, chapter 4. The integrals over shinors dryq_ and dryq are 
t o Ье understood in the Berjozin sense 5/.тhе indices си, f in 
eq. (\3) define the Dirac Ьispinor. (We omit tl1ese indices in 
eq. (lб)). 

4.2. Gauge invariance of the functions в8 , 77 (item 4) implies 
gauge invariance of the propagators (13) and (14). 

Let us show now tha t these propagators satisfy the transla
tiona l-invariance condition. We will define 

G(p, q , ... ) = fry ry * dт/ I, 
р q 

and produce the transformation 

_ .,idq , * -e-idq '* d~O 71q- у 11q . 71q - 71q . B(q) а= eidq в '(q) а ; 

the action S and "volume element"dт are invariant under this 
trans formation, and we ge t 

G (р, q, .. . ) = G (р, ... ) а(р - q) 

(2 1) 

(22) 

(23) 

(c.f . 14·6 1). Equation (23) is an adequate formulation of the 
propagator translational invariance. One may arrive at eq. (23) 
also Ьу а straight forward cons ideration of the perturbation ex
pansion of propagators. 
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Analogously, one may ver ify the rotational invariance of 
propagators (one has to take into account our rotationally 
invariant cut-off (б)). 

4 . 3. So we have go t the equations: 

о (р .... ) U)( - ip ,в (у ,в ) U)( а (р 2 ) + а U)( ь (р 2 .... ) • ( 2 4 ) 

D,вa(k, ... ) =са ,ва- k,вka / k 2 )d(k 2 
.... ). (25) 

in eq. (25) we have taken into account that еqв. (14) and (19) 
imply D,aa(k, ... )k,a=O. 

4.3. 1. The definitions (\3)-(15) and eq. (25) allow us to 
obtain the equations 

2 2 -1 2"' о О( 2) (a,aa-k,aka / k )d(k , ... ) =k и,ва-k,вkа +а--- --+ а (2б) 

1 - -- 2 G (р , ... ) - = ip ,В 71 ,в+ m + am + а ' ' + О (а ) (27) 

from whi ch one can construct propagators without computing in
tegrals (13) and (14). In these equations to every internal 
solid line there corresponds an integral JG(p)dp, р2 < е 2

, with the 
electron propagator; to every internal dotted line there cor
responds an analogous integral with the photon propagator; to 
every vertex in а given diagram, except, one, there corresponds 
the function а(р 1 +P 2 +k), where р 1 , p2are the incoming electron 
momenta, k is the incoming photon momentum; to every vertex 
there also corresponds matrix (7), where k is the incoming 
photon momentum. 

4.4 . Knowledge of the propagators enaЬles one to construct 
high-order Green functions which describe the processes of par
ticle scattering and production; these functions in our QED also 
satisfy the conditions of gauge, translational, and rotational 
invariance. 

5. Our Euclidean OED formulation is equivalent to its 
Lorentz Gauge formulation нith the cut off (б). 
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Заставенко Л.Г. Е2-84-499 
Эвклидова КЭД, явно удовлетворяющая условиям калибровочной, 

трансляционной и вращательной инвариантности 

Рас ~:матривается эвклидова КЭД с целью nолучения ее формули

ровки, которая одновременно и явно удовлетворяла бы условиям 

калибровочной, трансляционной и вращательной инвариантности. 

Главным моментом нашего рассмотрения является переход от обыч

ных переменных А 11 , ф к калибровочно-инвариантным nеременным 
В 11 , Т/ по формулам В 11 =А 11 -д 11 Л, f/=exp[-ieЛlф, Л=о-lд 11 В 11 . 

Пользуясь соответственно преобразованнь~ лагранжианом, можно 
nостроить функции Грина, инвариантные относительно трех вьПIIе

указанных Г'рупп преобразований. Можно надеяться получить функ

ции Грина обьNной nсевдоэвнлидовой КЭД nутем аналитического про 
должения наших функций Грина, Такие nсевдоэвклидовы функции 

Грина будут, по-видимому, инвариантны - относительно калибровоч

ных nреобразований, преобразований Лоренца и трансляций . Так, 

быть может, удастся nолучить формулировку nсевдоэвклидовой 

КЭД, явно калибровочно- и Пуанкаре-инвариантную. 

Сообщение Объединенного института ядерных исследоваииА. Дубна 1984 
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Formulation of Euclidean QED Manifestly Obeying Conditions 
of Gauge, Transla~ional, and Rotational Invariance 

The 'Euclidean QED is considered with the aim to get its 

. 

formulation which would Ье manifestly invariant under gauge 1 
transformations, translations, and rotations . The main p6int 
of our consideration is the introduction, instead of usual 
variaЬles А 11 , ф. of gauge-invariant veryaЬles В!!. Т/ through 
the equations Вrз=А(3-дf3Л, f/=ехр[-iеЛ]ф , Л=о- 1 дf3Аf3. Тhе 
thus transformed Lagrangian, enaЬles one to construct Green 
functions which are invariant under all above-mentioned groups 
of transformations. One may hope to get the Green functions of 
the usual pseudo-Euclidean QED through an analytical continua
tion of our Green functions. So, one would get the formulation 
of the pseudo-Euclidean QED which is,probaЬly,manifestly gau8e, 

and Poincare invariant. 
The investigation has been performed at the Laboratory 

of Th~ore~ical Physi~s, JINR_. 
Commun1cat1on of the J o Lnt lnstl.tute for Nuclear Research. Dubna 1984 
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