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I. INTRODUt.:l'f ON 

ween the 
ne r a l i zed llami ltanian dynl1l11i. 
La grangians I ll. Hcwevcr. j,1I t.I Il 


that enab le us to p rcdi 

the const rai n t s without 

vious l y. t h e i nvariancc 
with arb i trary f unctiolill 
role 18/. J ust this invariuIlt: 

r angian as i t has bel:!l1 prf,vl.lLl hy 

r em (Noe ther identitie!l) 17 .8'. 'II 
t o prove s ome thing morc.• Uy IlilWIt 

show that i n a t heory i nvari lillI' \llId e ! Uw 1.I ~ III1U I" rmations with 
arbi t r ary f unc tions 0 r t i IIIC L III~ pd lila I 

lution between t hemselves 
The pape r is or ganized 

mul ae and def ini t i on s are 
per ties o f La grangian and Jlilmi .l,l,cJI\i,lill 
ved in Secti on 3, He shall show he l 
s t rai n t s a re invar i ant relatill" 
In the fr amework o f the Lllgr:nnBil1l1 
ter i on of t he appea r ance in the dl! t'. cl\ln~ ul:I_· U'('(II' V '-If t im 8l!cond
class constrain t s . The Poisson hrn ~ ku~~ 01 
ra ints wi t h t he c anonical /1amilt('I1i:III fit 

t ion 4 by means o f the second NLlI~ thl!!' r;1I 
a c tion invar i ance under the trau!lf:lIr.m,'I I,i(lll fl wi,I:I1 
t i on s o f t ime ( s e e f ormula (4 . 2) TlHlu .ll;U ill lill! primary con~t
r a i n t s whi c h are i n invo l ut i on betwcell UworUlll. vC9 at leas t i n 
a weak sens e. I n conc1 usio n (Section 5) we d i flCUSS o the r a pproa
ches t o th i s prob lem. 
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2. BAS I C FORHULAE AND DEFINITI ONS 

We ~ha ll consi der for s implicity a mechanical system with 
a f inite number o f degr ees of f r eedom. Let q-(q' •••• q n) are 
general ized coordinates o f this system and L(q. Q) i s its Lag
range func tion dependin g on t he generalized coordinates a nd 
velocities. The degeneracy of the Lagrangian L(q.4) means that 
t he rank o f a symmetric Hessian matr i x wi th e l ements 

2 ' 
( ') a L(q.q)q,q :0----.;",. i.j .. l .... ·.n (2. I)"Ij 

ali i aciJ 
is smaller t ha n the number of degree s o f freedom n 

rank II 1\ Ij 1\ .. r .. n - III • m> O. (2.2) 

We shal l suppose in what follows that r>O. that is. the case, 
when singular Lagrangians depend on t he velocities Q linearly, 
i s not consider e d here. 

By virtue of c ondition (2.2) t he ma t rix II " Il II has eigen
vectors with zero eigenvalues 

cI S( q , q) "IJ ( q . q)", " ll c: .. O • s cs 1 t . u t m. 1.J""1 ••••• 0. (2. 3) 

On account of the same reason t he Eu l e r equa tions 

,.. d a L aL ' .. ,
L ,(q.q.q ) --dt -,----- " lJ (q.q) qj -it (q.q) .. O. 

aql aql 

(2.4), a2 L a L 
t l(q.q)-- , I'I j +--. I. J .. 1 .... ,o 

a q laq j aq , 

are reduce d to r l i ne ar ly independent second-order equations 
that can be r epresented in a normal f orm and m .. n - r f i r st 
o r der (or zero- o r der) equat ions. These last m equa t ions inde
pendent o f the accelerations q a r e c a lled the Lagrangian const
raints. They are obtained by mult i p l ying the Euler equations 
(2.4) by ze ro eigenvector s of the matrix A 

, a, , S a2 L aL 
B s(q.q)"c, ( q, q) fj(q.q) = t'j(-. 4 +--) .. O , S~lt.... ~m. 

Jaq,dqJ dq l (2,5) 

If eqs. (2.5 ) a re f ulf i ll ed, the n r accelerations Ii. •a '" 1..... r. 
can be fo und f rom sys t em ( 2.4) as functions of q, aq and t he 
r ema i ni ng n - r a ccelerat ions 

<ia=Q a( q. q; q r + l ' ... , qn) , a c l J ••• ·.r. (2. 6 ) 
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It is convenient to assume here that the first r rows of t he 
matt ix A are i ndependent. 

Condition (2.2) leads to m primary constraints between t he 
coordinate g and the momenta P defined by 

aL(Q,q) 
PI l=l ...·. ,D . (2.7) 

aci 
i 

These constraints are obtained by solving r equDtions (2.7) 
wi th respect to r velocities q

a 

ita = ha (g. p~' qr+ 1 ••••• qu ) • a . ~-l •...• r (2.8) 

and by substituting these expressjons inlo the remaining m ~ n _ r 
equations (2.7) 

P + =gr+s(q,P )· s.,1, .... ,m, ,~ _ l •.•. fr. (2. 9 ) r s a 

Instead of relations (2.9) usually on ~quiv ;'lcnt se t of const
raints involving the coordinates q ,"m t! I he 1II(lmenta p in the 
symmetric form 

¢ 8 (q.p) =0. (2 .10) 

II a¢s(q·p) II ' rank . ,., m. s _ 1, ...• rn , 1,. 1..... n. ( 2. I I) 
apt 

i s used. Constraints (2.9). and conMcqucnlly (2 .1 0 ) , may con
t a in no coo rdi nates q. but they mu!>l invll l Vl' the momen t a p. 
Af t er substi tuting expressions (2.7) into eqll.(2. 10) we obta in 
t he identi ties wi t h res pect to q a nd Q. TI\(' Lii C[erentiat i on 
of t hese i dentities wi t h res pect to el l yitdds 

B¢ BPj B¢ 
__S_~., __s_A .. =0 s .l, .... nl , l.j.1 ..... n . (2. 12) 
BP aQ I BPj IJ 

j 

consequently , the quant i t ies, 

s aCPs (q. p ) 
~I (q· p) = • Bal .•••• m. 1'!:ll1 ..... ~n (2 .13) 

apl 

depend en t on q and P only, can be used as zero e i genvec to r s 
o~ matr ix II AU II. By vi r tue of condit ion (2. II) t he vec t or s 
'_ I ( q. p) a r e independent. 

Owing to equat ions of mo t i on ( 2 . 4) and equat i ons of primary 
const r ain t s (2. 10 ) the equa t ions 

.. 

• a¢ a.J.
d .J. ( ) d aLe g, q) 8' '1'6'd't'l's Q,P ~dt¢s(q, . )=--ql +--Pl ",0. 

aq aQ j apl 
(2.14) 


8=1 •. ..-.,m. 1", I, .... n 


re reduced to Lagrangian constraints (2.5) 19/. The diff erentia
tion of (2.10) with respect to q, yields 

a¢s a¢s apj--+----- .. 0, (2.15) 
aQ I apJ aQ I 

The substitulion of (2.15) and PI ., aL/aQ, into (2.14) leads 
to the Lagrangian constraints (2.5) 

a¢a (~ql _~) = (; ( ~2L Q -~) .. O. (2.16)
aPj aql tJqj aqjaq, 1 aqJ 

In addition to the primary cons traints (2.9) or (2 . 10) ar1s1ng 
from condition (2.2), t he secondary constraints on the canonical 
variables Q and p, caused by the Lagrangian equation (2.5) and 
their derivatives with respect to time, may appear in the theo
ry with degenerate Lagrangian. Substituting expressions (2.8) 
for r velocities into ( 2 .5) we can obtain the equat ions con
taining q and p only/lOI 

DB (Q,ci) .. BR (g.p). 8.1, .u, m,. (2.17) 

In the same way we must deal with all the derivatives 
dllBs (q.q)/dt. 1I as well. The differentiacion of Bs (Q.4) and 
subsequent substitution of (2.8) have to be carried out until 
this procedure results in identities or expressions that con
tain the velocities explicitly. As a result, we shall obtain 
all secondary constraints 

w" (g, p) - ° , t1 _ 1, ... ; p. • 

(2.18)
dk 


(,)a (Q,p)=IB B (q,P).dt B8 (Q.p) , ... ,--B (g,p)l.

d 

dt lt 
II 

~aving the complete set of constraints (pri mary and secon
dary) in theory and proposing that these constraints are f unc
tionally independent we can derive the equati ons of mo tion in 
the phase space by the Lagrange multiplier method /lOI• 
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3. PROPERTIES OF LAGRANGIAN ~~ HAMILTONIAN CONSTRAINTS 

In this Section we shall prove a series of theorems concer
ning Lagrangian and Hamiltonian constraints. 

Theorem I. The Lagrangian constraints form an invariant sys
tem with respect to the Euler equations. 

Recall that equali ties of the form 

(1) . 	 (Il-I)
Up (t ,7..,X , •••• x )=0, jJ." 1,2 .... 	 (3. 1) 

will be invariant relations 110.1l/for the set of ordinary equa
tious of the k-th order with unknown functions XI (t), i=1 ...~. n 
when the total derivative of ul' (t, x. x(1) .... , x(k-l»with respect 
to t vanishes everywhere on the manifold defined by equalities 
(3.1) in virtue of the present set of equations. 

Let us differentiate the left-hand sides of equations (2.5) 
with respect to t 

dBII (q.q) d(IS 8 dt l 
----- .. --f +( --. (3.2) 

dt dt I I dt 

Taking into account the Euler equations (2.4) in the first term 
of (3.2) we obtain 

dBs de: ., 8 dt l--=--A 1j qj + e --. 	 (3.3)
ldt dt dt 

The differentiation of equalities (2.3) and equa t ions of motion 
(2.4) gives 

8 
de j Ii d (3.4)-- A Ij + (I - A Ij ... 0 • dL dt 

dt l d .. 
-- .. -(A q). (3.5)

dt dt Ik 11 

Substituting (3.4) and (3.5) into (3.3) we have now 

dB B II d •• II d .. 

--"-<1 -(A,j ) qj + (, -(A lj Qj)'"


dt dt 	 dt 

(3.6) 
cS d A :.: c S d .. II . ..'" - ". dt ( IJ) 'I j + <, I dt (A IJ ) qJ + (, AIJ q j - O. s_l . .... m. 

1.l=1 ..... n. 
Thus. the theorem I is proved. 

The reason prompted us to prove this assertion is the conjec
ture made in some paper (see, e.g. ,/101) that the Lagrangian 
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constraints (2.5) mus t be i nvariant r e l a t ions with respec t t o 
the Euler equa t Lons for consistency of t he Lagrangian forma l i sm. 
Iu fact, this assumpt i on is no t necessary because i t is always 
fulfilled as is shown above. 

We shall often use the f ollowing weak equal i t y 

EScS' 	 a2 L a2.L 8 9' aPI apj tP s" 
'I "1 (-  -"':'--'---) ... e, f. j (-- - --).. ... 


aq
j 
a4

1 a4 Jaq i 1 aqj 8ql 


¢8" (3.7) 
(¢s"¢S)' s.s'.8 ""' 1..... m. i.J = 1 ..... n. 

Here (f.g) is t he Poisson brackets of two funct i ons !(q.p) and 
g(Q.p). 	defined by 

at ag af ag
(f,g)= l:

1\ 
(------- --) (3.8) 

j .. l aql aP I api dql 

and the 	sign 1: means equality on condition that tP = O. To prove 
(3.7). il is sufficient t o s ubs t itute fo rmulae (2.13) and (2.15) 
int o the l eft-hand s ides of t hese equaliti e s . 

Besides. we sha l l us e linear differenti al operators (vector 
fields) 	of the type 

X S = (8 ~. S = 1..... m.· 	 (3.9)
j aqj 

They have the property 

• 2 • 

X8 p =X 
8 r1L~~~=f.8 ~~~ = 0 I, j t:=. 1 • ....In, (3.10)

I 	 . j. . 
aq i dQ j 8q j 
 s =l ..•.. m . 

~~at is more, the action of these oper ators on f unction f (q.q) 
that can be repre sented by virtue of (2.7) as some new f unc t ion 
l(Q.p) dependent on q and p only gives obviously zero 

-	 - a xsC(q. q) = '.,8_a._ f (q.P = a~) = ~ 2.L. e(8) = 0 • (3. I I) 
J dq j 8q aPI aci j j 

i.J=l . ... . . n . B=l . ...• m . 

Theorem 2. The ac t ion of t he l inear dif f erent ia l oper ators 
(3.9) on t he Lagrangian cons t r ain t s (2. 5) is expressed in terms 
of t he Pois son bracke ts of t he pr i mary cons traints ( 2.1 0) 

X8BS ' 2	 (¢, . ¢) . 8.8' = 1 .... ; m . (3.12)
8 8 
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there are one Euler equation 0 f the second order Xl - 0 and twoWe prove this theorem by direct calculation 
Lagrangi~ constraints is .. 0 • xl!" 0 • The c~nonica~ momenta 
are PI = Xl • ~ '" -xs • P = O.The velocities x2 and :Ita csnnot

XiS ,,.~I_a_~8'(_ l L q +~) "" sbe eliminated (rom the Lagrangian constraints. Therefore the
• I ali. J aq' oq It aq

I J It J primary constraints ,pl· PI! + Xs • 4>2'" Pa must be of the second 
8 II' a 2L a 2 L B B ', aSL 8 a~8 ' (3.13) cl~ss (cPt ' 4>2) '" 1.In this theory there are no secondary const

.. ~I ~J ( • • ) - (I eJ \ 4 ' + tl t 1 ' ral.nts. 
aqJdql aQJC1QI aqka IOqJ aQI \ 

The l ast term in (3.13) vanishes because the vectors ~. can 
be chosen always so that they will depend only on q and p (see 
eq.(2 .13». The vanishing of the second term in ( 3.13) becomes 
obvious after the fol lowing transformations 

t'~"4 _0_( a2 
L ).elit _a_(~8' a2 

L )_ 
I J It aq ail aq t It aq J ail ail •It I J It , j 

8' (3 .1 4) 
I a2 L . a~J 

-~I ' . \ -.0 . 
aq,aqll aqk 

The first term in the right-hand side of (3.13) can be written 
by virtue of (2.13) and (2.15) in the form 

, a2 L a2 L ' ap ap tbeta ( ) - tlt l 
(_1- _..:..:L) ~ 

t J aq J (lei I ali J aq I t J aq J aq, 

4> a4>. apt 04>., a4>., dpJ a4>. a4>!1 a4>., a4>., a4>B 

- ---- ---_.. --- + --= 


apt aq J ap J aP oq, api aq J c1p J aq, ap tJ 

- (4)8' ,4>.), 

Thus, formula (3.12) i s proved. 
Consequence of theorem 2. If the Lagrangian constraints ' (2.5) 

are fulfilled identicall} or they can be rewr itten in the form 
containing only q and P. then in such a theory the primary con
straints (2.10) are in involution in a weak sense a t least . 

Theorem 2 gives us in the framework of the Lagrangi an forma
lism a sufficient criterion of the existence in the theory of 
the second-class constraints. If the Lagrangian constraints 
(2.5) cannot be reduced by virtue of the definition (2.7) to 
the equations containing only q and p (this can take place 
obvious l y when m~ 2 ). then in such a theory thet:e are the 
second-class constraints. This critet:ion according to its con
struc t i on is suff icient but not necessary. It does not work i n 
the case when the primary constraint s are in invol ut ion only 
b e tween themselves but not with the secondary cons traints, 

Let us consider now a f ew simple examples· 
1. ~n t he t heory with the Lagr angian L -.!. i2 - i 2x

2 I S 

·These exampl es of t he de genera t e Lagrangians were reported 
t o the authors by L. V. Prokhorov. 
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2. We consider now an example where there are the second
class constraints but the primary constraints are in involution 

I •2' ,between themselves L="2 xt +(lt 2 +1s)Jt s +(X a+X )12' 
,. Here there are again one Euler equation of lbe second order 
x 1 =0 and two Lagrangian constraints x2~0 • xs_o.Making use 
o[ the expressio~s for th: canonical m~menta PI so i I • PI! - 1 8 , 
Ps = X2 • we obta1n two pr1mary constral.nts ,p1 = PI! _Xs ' tP = 

= Pa - x2 • The primary constraints being in involution (,pJ' ';12) ~ O. 
the Lagrangian constraints do not depend on the velocit1es and 
give rise to the secondary constraints wI:> 1 1 0:0 • "'2" x.3'" O. 
All the cons traints ¢ l' ¢ 2 ' W, • "'2 are of the second class 
but the criterion proposed above does not work here because the 
nonvanishing Poisson brackets are between primary and secondary 
constraints (¢1,w1)=-1. (4)2''''2)--1. 

Theorem 3. ' ~ he Poisson brackets of the primary constraints 
cPa (q,p) with the canonical Hamiltonian H.p,qt-L are defined 
by 

if; ., 
(4)•• H) - B.(q,q)+ q'+I(4)s, ¢s')' 0.15) 

To prove this assertion, we have to ca l culate partial deriva
tives with respect to ql and PI o f the canonical Hamil tonian. 
Taking into account (2.8) and (2.9) we obtain (3. 16) 

c1haH aha ag r + I . aL aL _a__ agr +fI , t1L 
---p --+ aq a aq, aqj II r+! - aq- -~ aq, q :.t-,-~ ,

aqlI a 

an. ah fj c1sr+ 1 ah . c1gr+1I• _ c1L ~ .. q +-- .. q +p ---+ qrH' 0 .1 7)qr+' • ap aaPa a fj aPa ap aPa aq{3 a a 

an .0. i.1, .u,n, a.{3 .. 1•••. , r~D-m, B., 1..... m.(3.18) 

ap r+1 
Substitute now eqs.(3,16)-(3 .18) into the Poisson brackets 

a¢ a¢( ¢ a • H) '" __a • ..-ill!.- ___I aH 4> 

c1Q , ap ap' aq , , t 
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rP 9 OPj oH s aH 8 ~. oL 
- -I; -----~I --""-~j ( q, ---) 

j aqj api C)ql Clq, Oql 

(3.19)
• 1:'( agr+8~ OPj agr+s' OPj) 

-~ '~ j +-- - = 
+8 Oql alia ap aqr+s'a 

=Bs(q.q)+q r+ 8 
,(¢s'rP,')' S.B'cl •••• ,m . 

Here we used eq.(2.5) and represented the primary constraint 
rP ,(q,p) according to (2.9) in the fOEm 

a 

¢s' (q,p)= gr+s,(q·P ) - PHs' 	 ().20) 
a 

The left-hand side of eq.(3.19) is a function only of q 
and p.So, the r ight-hand side of this equality must depend 
also onq and p.lf the primary constraints rPs(q.p). s.l, .... m 
are involution at least in a weak sense, then the second term 
in the right-hand side of (3.15) considered as a function of q 
and q vanishes. 1n this case the Lagrangian constraints B (q.4)a
can be represented as functions of q and p, that follows in 
a straight forward way f rom eq.(3.12). 

4. 	ACTION INVARIANCE AND PROPERTIES 

OF THE RAUILTONlAN CONSTRAINTS 


If the action 

S == rL (q . q) dt (4.1) 

is 	invari ant 'under the transformations of coordinates q and 
i me t which depend on m arbitrary functions of time fll(t). 

B = I, ..~; m • then the Lagrangian L( q. el) is degenerate because 
the mat,r ix " has m e i genvectors with zero eigenvalues in this 
case 16.3/. Using the second Noether theorem we shall show that 
the primary constrai nts among the canonical vari abIes q and p 
corres ponding to these eigenvectors are in involution with each 
other in a weak sense at least. 

Consider the fo ll owing form variations of func t i ons q(t) 
depending on m arbitrary functions of time taCt). B=I • •••• m 
and the ir deriva t ives with respect to t up to the u order in
clusive 
_ 	 u 
8Qj(t)=q,(t) - ql(t)== ~ y8 (t.q(O).q(l) ..... q(t7-P»f(p)(t). 


p=o Ip s 


(4 . 2) 
r(p) ", dPr (0) 1

O ~P ~ O. f (t) ,de t) , 1 = , ••• • n • s=I .... ;m . 
dt p 

Accor ding to t he second Noether t heorem /71 the fo llowi ng iden
ti t i es 

10 

~ (-ll~ [yS (t, q(O) • q(l) , ..;, q(U-P» L .( q(O) , q(l) ,q(2»]!! 0 • 
p-O dt P lp 1 

-	 l~l, ... ,n, s cl . .. . . m (4 . 3) 

take place, where L,(q«(J),q(l} ,q(2»mean the left-hand sides of 
the Euler equa tion~ (2.4) (the Lagrangian expressions). Equa
lities (4.3) are ful f il led identically with re spec t to the 
functions ql(t). i= l ..... D.Consequentl y , i n t he l eft-hand side 
of formulae (4 . 3) the coef f icients of each functions qj(t) • 
icl, ... ;n.and of each thei r derivat ives with respect t o t, 
met in (4 . 3), must be equat ed to zero separately. 

Equating to zero the coef ficient of t he q ,(O+2~ i," I, .... , n 
i n (4.3) one obtains 

Y,I" (t, q) Alj (q . q) cO. 8::::1l 1...... m , i. j c 1 ...~ ; n • (4.4) 

t~e 	 shall suppose that in transformation (4.2) the coefficients 
YI~(t.q) • BRl . .. .. . m, i .. l •...• n.considered as a se t of m vectors 
with n components, are linear-independent . I n this case from 
(4.4) it fo l lows t hat t he r ank of matrix II All is equal to 
(n - m) and, as has been shown in Section 2, m pr imary const
raints of form (2.9) or (2. 10) occur in the t heory. Evidently, 
these constraints are l i near-dependent on t he momenta because 

a 
y	 (t. q) are independent of p. The set of linear- i ndependent

l 
U S d 	 . f' dvectors Ylu(t . q) an t ha t o f the e1genvectors de 1ne by f or

mul a (2.12), a re connected by a nondegener a t e transformat i on 

, m a a' 
Y	 (t.q) .. ~ 08,(t,q)~1 (q) , (4.5)

t u 6'= 1 

rank II C:' (t.q)jl "" m • B, 8'-1, .• . ·.m. i-1 . ... . n . (4. 6) 

In the case under cons i deration the primary constrai nts are 
in involution in the weak sense at leas t. To prove this, w~ 
write out in an explic i t f orm the coeff ici ents of qfU + 1) . IQ 
~ I ••.. ,in the Noether identiti es (4 . 3) and equate them to zero 

Yj~-l (t . q.q) "Ik (q,q)

S 2 2 ( 4 .7) 
_ 8 (t. q)( a L it + a L o L ). 0. 

Y lu • . j ,, ' 
aq J aq jOqk uqlOqk aq i a4 k 

I.J.k= I , ••• ; n. S = l , ... ,m . 

~fultiplying equalities (4 .7) by ~: '(q).one ge t s now 

II 
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8 s·· a . aeL ae L ) = 0 •.YI(T(t . q) tit (q)( qJ -- A Ik (q. q ) +-.-- (4.8) 
aqJ aql dqlt aql aqk 

The f irst t erm of (4 . 8) co nver ts into ze ro 

y ~u( t. q) t:'( q) qJ _d_ A III. (q. iI ) = 

dq J 


, 	 (4.9)
s . a 8. 	 •• d III 

"' Y10'(t.q)qj~(.!k(q)Alk(q.q»-YI~(t.q)AJk(q.q)q J ~-7k (q) = 0. 

Taking into account (4.5) and (3.7), the expres sion remaining 

in (4.8) can be r ewritten as follows 


m 	 ", dP ap ¢ 
0.,. Ie:" (t.g) ~II (q) e: (q)(_'___k_) .. 


8".. 1 c)q It aq \ 

(4.10)t ~ C:#{t.q)(¢s"¢"). 8.8·.S ... 1 ..... m. 

11".1 	 I 

since the matrix II C:·(t,q)11 has the rank m. we obtain from 
(4.10) that the matrix of the Poisson brackets (¢s(q.p) 

rP ' (q.p» has zero rank when the cons traint equations c/> ",0.


II 	 S 
8"" 1 ..... m are fulfilled. So 

c/>
( c/> s (q I p). c/> s' (q. p» - 0, 	 (4. J I) 

Therefore the primary cons traints ¢ (q.p) , s= 1..... mare 

in invo l ution between themselves at lea~t in a weak sense. 


It should be noted that the conclusion about the singula

rity of Lagrangian may be done as well in the case when action 

(4.1) is invariant under the following transformations 

0' ' 
~ql(t) .. fil(t) - q\(t). 1: y t (t.Il(O) .11(1) .... ,q(!J'-P),q(I1-P+1»,cP)(t), 

p-o p 	 6(4 . 12) 

In contrast to trans f ormations (4.2) the coefficients rt o f 
(4.14) may possess derivatuves of Il (t) with respect to 

p
timeJthe order of which is greater.by uoLty than that of the deri 


vatives in (4.2). Once again the Noether identities must be 

used here 


~ (-ll L[y~ (t.q(O).q(1)..... Q(a-p +1»L,(q.iI.iO] .. O. (4.13) 
p- 0 dt P P 

B-I ..... tID, 1=1 ..... D. 
Then equating t o zero t he coeffi cients of ql(~+ 2) one obtains 

Y~t7(t. q.ii.) Alj (q. q) - O . B c: 1 • ..~ • m • 	 (4.14) 
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The ~trix A1J(q,q) has zero eigenvectors depending on q 
and q . Thus, it i s degenera te. The pri mary const raint s nwy de
pend nonlinearly on the momenta i n this case. By argumen ts si 
milar f or transformations (4.2) one can es t abl ish that these 
constraints wi l l be in involution when the coefficients yll

Ipof 	(4.12) satisfy the cond i tion 

s • a' = 1, .... m • 
0) ( 1), ayS (t q< q CT-P+ )

8 ip" • , •• 
~It (g.p) .. 0. i.k-t .... in. (4.15) 

aq (u-p + 1) . . .. 
k 	 p = O.l ..... CT. 

The problem that would be interesting to cons i der further 
on the basis of the second Noether theorem is to prove t hat the 
primary constrain ts in the theory invariant under transforma
t ions with arbitrary functions o f time should be first-class 
cons train t s. They must be in involution not only between t hem
selves but also with t he secondary constraints. 

5. 	CONCLUSION 

The assertion proved in the preceding Section is almost ap
parent because the i nvari anc e of theory under transformations 
o f the conf i guration space wi t h arbitrary f unctions of t i me 
results in the functional a rbi trariness in the solution of the 
appropriate Eul er equations. But in t he generalized-Hamiltonian 
dynamics the f unct i onal arbi t rar iness may only appear in the 
case when t he f i rst-cl ass cons traints are pr esent (Bee.e ,g •• /tl 
p .4 23). However , such arguments cannot f avour this statement • 
because in the case of degener a te Lagrangians we a r e dea l ing 
with the singul ar Legendr e mappi ng f r om t he conf igur a t ion space 
into t he phase space . When attempti ng t o pr ove this assertion 
by t he consideration of dynami cs in t he ~has e space i mmediate l y 
without the second No ether t heor em one is faced with the ambi
gu i ty in the co r r e spondence between the given transformat ion 
of the configur a t i on space and appropr iate canonical trans for
mation in t he phase space 14/. 

The authors are pleased t o thank L. V.Prokhorov and I.V. Tyu
t i n for interest i n the work and useful discus s ions . 
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tIepBHKoB A.H., HecTepeRKo B.B. E2-84-470 
HeKoTopble caolicTaa cBRseii: a TeoplfRX 
c awpo~eHHhlMH narDa~aHaMH 

C 110~IO~blO BTopof.l TeopeHbl lleTepa DOKa3aHO, 'lTO IIHBapHaIlT
HOCTb p,eHcTBHR no OTHoweHHIO K npeo6pa 30aaHHKH c npOH3B OnbnhlMH 
tilYHKLUfRMlt apeHeRH "IlpHBOp,HT K nepBIil.lHbIH CBR.9RM, H4XOp,RIII,HMCR 
a llHllomoll,liH no Kp aHHeit ~Iepe a cna50M CMblcne. LloKa 3aHo, 'lTO 
nar paHll(eBbI caRSH ftBmtlOTCft HHaap" aHTHWMH COOTHOWeHHlIMl1 A.T1ft 
ypaBHeHHH 3fUlepa. B paMK ax JIa rpaHlKeBa cPopl-laID19Ma npep,nOJf:eH 
KPHTepHH cymecTBoBaHHR B TeopHH c BRs eii: BTopor o pOAa . BbNHcne
llhI CKo5Kl1 nya j:!coHa nepaH'lHbIX caRseH c K3HOIIH'IeCKHM r ilM1inb'J'O
HHaHOH. 

Pa50Ta BbIDOJIHeHa a JIa6opaTopHH TeOpeTH'leCKOii cPHSKKU mum 

GPeDPHHT O&beAHHeHHOro HHCTHTyTA ~epKWX HccneAosaRHA. nyeH8 1984 

Che rvyakov A. M., Nesterenko V.V. E2-84- 470 
Some Properties of Constraints 
in Theories with Degenerate Lagrangians 

By means of the second Noether theor em it i s shown t hat 
he action invariance under the transformat i ons wi t h arb i t 

rary functions of time results in primary constraints , whic:h 
are i n involution between themselves at least .in a weak 
sense . The Lagrangian constra i n t s have been proved to be 
invarian t relations for the Eule r equations. 1n the f r ame
work of the Lagrangian formalism a criterion of the appea
rance i n t he degener ate theory of t he second-class I' uns t 
Tain t s is proposed . The Poi sson bracke t s of the p r imary const 
rnin t a wi t h the canonical Hamiltonian an· detl'tlllined . 

Th~ invtlstigation has been performed lit.: t.:he Laborat.ory 

of ThecITulic.:a. 1 Phys ics , .lINR. 
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