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1. Introduction 

Recently we have presented unconstrained superfield ( SF) off
-shell formulations of all the N=2 supersYтmetric theories/ 1/. They 
are based on the new principle of "harmoni za tion" of superвpa ce ( .ЗS ). 

The harmonic SS has а 6-dimensional even part, 

м. ~ ® S U'C~) 
u. (!.) 

Тhе two extra dimensions form а compact homogeneouв space (the sphe-
re ,S2 ) where- the SU(2) automorphism g11oup of N=2 supe rsymmetry 
'SUSY ) is realized . The SF 1 s defined on the harmonic SS are nontri
vial U(1) repre ~entat ions but SU (2) singlets*>. Or dinary 4-dimenвio
nal SU(2) covariant field s enter as components of t!Je harmonic ех-

' 2 pansion of the SF 1 s on the sphere S . Тhе cruc ia 1 fea tнre of the 
harmonic SS iв that it possesses an analytic subspace 1vith half the 
number of odd coordinates (а generalization of the N=1 conce pt of 
chirality). Тhе вimpleвt analyt ic SF 1 в defined there deвcribe the 
hypermultiple t . The preservation of the concept of a nalyt icity iв 
the basiв of the formulation of the N=2 вupersymmetric Yang-Mills 
theory (SУМ- and N=2 sup crgravity). 

The princ iple of harmoн ization of the S.З is applicaЬle not on l y 
to the севе N=2 . In the preвent paper i t helps uв to solve the l ·ong
standing proЬlem of finding an off-shell formulation of the N=З SThl 
the ory. (On-shell it coincideв with N=4 SУЫ and d eв c ribes а vector, 
four вpinorв,вnd six real всвlаr fields). Up to now there have been 
doubts whether thiв was possiЬle (the вo-called "no-go theorems", 
"П=З barrier" / 2/) • .Ve jump over thiв barrier Ьу using infinite sets 
of aux111ary fields, 

Тhе standard ( constrвined ) SS approach to Н= З SYM i s Ьавеd on 
the SS with coordinвtes 

*) In а fixed U(1)-gauge they tranвform according to the non- Р 
linear realization of SU(2): undergo U(1)-tranвformationв depending 
on SU(2)/U(1)-coordinates. 
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( 1 • 1) .zH = [хп:~, eL"' ) iJ:x) 
wh_:re L_j =:- 1J1J3 are SU(3) indi ce s , The spinor derivative s ~><< , 
Z;:.: : , covariant v1it h re s pe c t t o the Yang-Mills group with p8rameters 

'"LC~) ( 'L"- group below) . . 
д; D; ·т- t А~ (z) 

Z)~. i.-= Dri( i.. + L A.?ti. (z), 
must оЬеу t he constraints/ 3,4/ 

~ D;; +L 
'{}$~ 

D - ::L .-'с)( 1.-- оеО((.. 

(\ -O<i_ 
~~е 

l е"! ot><o< 
1.-

{ D;\ .:Ь J) 1-= {Ь~ и ,l:>ftJ)} = о 
. - l 1 (_ { r;::..k '1'1.-- { о 

(1. 2 ) 

{:D~ , J)jj J -.3 8J oU<><= ,oUpk j ·= . 
Th ese c onstra int s are known to conta }n t he equations of motion/3,4/, 

~о the theor y is on- she l l and no way t o go off-s hell has been found 
s o far , There exis t t wo geome tric interpr etations of (1,2). One of 
them was 8iJvoc8ted Ьу .Ro s l y/ 5/ 1vhile 8nother (more c losely rel8ted 
t o t he вtanda rd twist or appr oa ch) Ьу Witten=/4/, Volov ich /б /, etc. 
Us ing s ome i s os pinor / 5/ or s pinor / 4 ' б/ parameters they have:.· for

med certain subspaces of the tangent space вpanned on .l}j 
1 

;Z)O(/.. and 
considered (1.2) as the condition for these subвpaces to Ье flat 
(as in the abeence of УМ fields). Our a pproach implie s just the in- • 
t erpre; tation Ьу Ro ~J lY 151. At t he вате t ime it putв th.e ma in ,.acce nt 
on an unders t and ing of (1, 2 ) а в a nalytic -repr_e seцtat-ion-pre servins .. ._1 

cons traints (recall that the. N=1 copвtra intв preвerve the chiral or 
N=1 analytic representationв / 7 •8/, the N=2 оnев - the hypermultip
let/7/ or ra t her the N=2 analytic repreвentations / 11). 

Our approach to N=3 SУМ ie Ьавеd on t he harmonized N=3 SS with 
10-d iJenвional even part *) 

4 s и (3) . 
м ® {).(.1.) ®и (i) 

I t hав an analyt i c eubs pace whi ch рlаув а crucia l r o l e вimilar to 
t he role of N=1 analytic (ch i ral) a nd N=2 analyti c ~SS'в in t~e cor
reepond ing gauge the orie в/8 • 1 1. Ne inte r pr et ( 1. 2 ) ав c onвtraints 
f or t he preeerva tion of N=3 an8lytic i t y and eolve 8 part of t hem. 
The вolution i в of the " pure geuge" type fami l i ar from the Na1 and, 

\ 

*) There ale o exiвt other harmonic Na 3 SS 'в, e. g.,with а purely 
harmonic part SU(3)/U(2). Мanin /8/ hав liвted роевiЬlе SS'e of thiв 
kind for all N and hав given eome deep mathematical rea в oning why one 
вhould consider euch SS 1 в. 
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Ьу now, the N=2 савев, It allow s uв to def ine another gauge group 
with analytic parameterв Л ( А -groЧJJ )• In the Л -representation 
the harmonic covariant derivativee act i ng on the вре с е SU(3)/U(1~(1) 

acquire connection which are an8lytic SF'e • . They are the true poten
tiale of the theory, and all the other geometric ob jects can Ье ехр
rеввеd in their termв. The equationв of motion, initially contained 
in ( 1.2), now become conвtraints on the new harmoriic conne ct ionв 
(i,e. 1 in tbe purely internal, harmonic direct i ons). The crucial next 
step iв to find an actinn from which the above equationв can Ье deri
ved. The action ie given Ьу an· integral over the analytic SS and i s 
unexpectedly eimple involving only Ьi- and tri-linear termв in the 
potentiale. RemarkaЬly, the Lagra nge density iв not а tensor, it iв 
invariant under geuge tranвformations only up to total harmonic de 
rivativeв. Thuв, we arrive at the off-ehell N=3 SYU theory . It is 
deвcribed Ьу three -analytic harmonic SF'в which contain infinite веtв 
of ordinary (М1 auxilisrif and gauge degrees of freedom. 

In \JBCt. 2 we define properly the N=3 harmonic SS and itв ana
lytic еuЬврасе. In sect. 3 we rewrite the conвtraints in 8 form in 

1 

which they C8n Ье solved and introduce the harmonic potentials. 
Sect. 4 contains the action 8nd an overview of the components. Some 
concluding remarkв concerning , in p8rticular, off-shell N= З Einвtein 

вupergravity, are given in sect. 5. 

2. H8rmonic N~З Supersp8ce 

The ma in idea/1 1 of the harmonizat i on .of' SS iв to implement the 
_group of 8utomorphi sDБ G of N-extended SUSY on the homogeneouв в расе 
G/H ( Н iв воmе вubgroup of G ). Then the Graввma nn c ooгdinat~ s a nd 
the SF 1 в be come Н -c ovariant objec t в. The lower symmetry exhiЬited · 
allows uв to f i nd smaller (вo-called analytic ) вuЬs расе в of the har
monic SS where the N= 3 SUSY iв realized. Track of the full symmetry 
G is kept Ьу letting the SF 1 в depend hвrmon ically on the c oordinateв 

· or G/H. 
In the саве N=3 the appr opriate вubgroup orG=-SU.CЗ)turnв out 

t o Ье U(1~U(1). The c orresponding h8rmo ni c vari8 Ьle в (the Ьавiс h8r
monicв) aввoci8ted with the 6 -d imenвional вр8 с е SU(3)/~(1X8U(1) are 
defined i n the f ollow ing w8y , They are 3х 3 unit8ry uni modular matri-
с ев U 

ИИ= UU=J. dfC t и= :1. (2.1) 

on which the SU( 3) and U (1)~(1) group8 8c t 88 followв: 

3 
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c:. ~ Ue.)(p(L.QLHt+ ~az.H2.). <
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Here 3 Е: SUt3); ct1
1 
Q 2 вrе parвmeterв with вn вrbi trвry dependence 

on U вnd 

Ht-=- ' (
1 

-i oJ ( i ..( ) Н2.-=- ·--z (2.)) 

1 

вrе gener~torв of the two U(1) subgroupe. Notice thвt one свn fix 
the U(1) gвugeв in (2,2) Ьу eliminating 2 of the 8 componentв of И 
and making the parameterв Q.iP:znonlinear functione of ~ and theвe 
particular И; thie will correspond to а nonlinear realization of 
SU(J) with U(1)~(1) вв а вtability вubgroup. 

According to (2.2) and (2,)) the elementв of the matrix 
7.)-::. (/ u_<~,t) /1 *) have an SU(J) index ' i:=i,2.,3 and the following 
aвeignement wi th reвpect to U( 1) charges Q . and R : 

(

u(i,iJ 7 ,(i,iJ uo,tJ ) 
:i lЛ.2. 3 

·и -=. и tl,i.) и ~1,1.) u~f , i.) 

и (С,-2) и (С 1·2) и (О,-2) , 
i 2 3 

(2.4) 

И-=-(й(-1,-!)i.. u.(1,-i)L u_(O,Z)i). 

The unitarity and un imodularity conditions (2,1) lead to а number 
of relations between the harmonic variaЬleв which are liвted in the 
Appendix . There exist б (ав many as the dimenвion of · cr~н ) covariant 
harmonic derivative s consiвtent with (2.1): 

( i 3) (i) i) d + D , =- ut. 'd u<o,-1) u(_o ,2)/... d --dU c-1,-!)i. 
, _ 

L 

0 (-1,3) _ 
7 
,c~i,i) d __ _ 

- ui. о u9 
L (2.5) 

U co,2)i.. 'd 
'Э uи,-t)[ 

Т'\ cz ,о) -u u,t) 'd 
1 /...._) :=: i. 'CJ U (~ f,t. 

L. 

- и (i, - 1}1.. d 
d u_{-J;i)i_ 

*} Thiв notat ion for the U( 1) chargeв wав вuggeвted Ьу в. Zupnik. 
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8nd their complex conjugateв. Тhе'у form the algebra of SU(J) (to
gether with the two U(1) generatore; вее the Appendix). 

Тhе N=J SS (1.1) iв harmonized Ьу adding newly introduced va
riaЬleв 'U_/ 8В independent coordinateв of the harmonic N=J SS: 

{ х. o(Ol } е r' §Oi i. ) u} . (2.6) 

In thie "centr8l Ь8вiв" (СВ) N=J SUSY 8cte 88 вhowa in (А,1). The 
moвt remвrk8Ьle f8ct on SS (2,6) ie that 8fter making the ch8nge of 
variaЬlee to the вo-called "analytic Ь8вiв" (АВ) 

::,:.':0< = :x_t>(i(. + 2 i. (Эсо,2)оt $Co,-.z)O<. _ efi,-i)ol e(:f,i)O< J 
(Y(Q,f)o(= иca.,e).:f)r;t.i. (§Cli,t)~= U~Q,f)ё~O<:. (2.7) 

} ' 

one c8n pick out 8n 8nalytic eubep8ce 

( z М-=- (xo<il (}(1,-1.)~ (j(o,z)o< ё(1,t)d( в(-!,i)O<:Ju_}~2.8) 
1..<1А А' ' ' ' ) . 

It iв closed under the N•J SUSY traneformatione . 

ох o(Q(::: .2 L [е (i,-i)o( и ~-i,i)- z f) (о,2_)о( u (о,-.г) J [ d( L 
А , L. t 

_ z ;_[ e<-.t,i)d..u_(f.,-i)i. -;?fj(i,!):<_ и_O,-i)iJ~r. 

s eca,t)o{-= u(a,f)(.t_"! 8@(a,t);c.-= u~Q,f)c_-~i' 
L } L 

~J)t(Q,f) о -(Q{)' (2,9) 
U(...<.L = , с.и,~..=о. 

Remark8Ьly, th8t the АВ and the analytic вuЬврасе (2.8) 8re re8l 
with reвpect to the following comЬined conjug8tion, There iв 8 вpe
cial involution ( 7/t-) which affectв only the U(1) chargee of the И•в. 
ComЬined w 1 th the ordin8ry complex conjugat ion ( _!:) it gi vee 
.., ,(!,i) (:!:)..,, (0,2)L. c-,(i,: :f.) с:!.) е- (-1,-!J .,(;( с~) <><<>< 
СА~ ~ и 1..7ol ~ - О< ХА ~ .ХА 

• 1 ' 

и ~0,-2) ~ u(t,-lJi, . r/0,2) /.:) (i,iJ 
t. · , ..<. ~ и,;с (2.10) 

И ~-t.-t) ~ .J. U u ,-'1)i. 
(.. 

Thiв 8llowв to define re8l objectв in th~ analytic SS. 

' In АВ (2. 7) the вpinor deriv8tivee L)~·l)and D;•2Jьecome eimp-
ly 

( bc-~.,i)) d (ь(o,:zJ\ 'd .<2.11) 

О< АВ = О {)(-l ;i)~ ) О< )А/3-::: - 0 f9 (oj2)tk. 

5 
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Тhiв meanв that the ana lytic SP ' s defined Ьу the constraints 

D c~,i) ф = D .co,2J Ф== о ~ Ф=- фс и) (2. 12 ) 
о( - 0t ~А , 

a r e general uncons t rained objects living in the analytic SS (2 . 8 ). 
The component expansion of analytic SP ' s iв rather cumbersome and 
the SP language is much more conciвe. Here we shall show just t he 
firвt few components of an analyt ic SP which will Ье used in sect. 3. 
It has overвll chвrges (-1,3), and во hвв евсh term in its E9-de

composition 

V (-i ,3)f:x_ ~ (f,-1) 6)(0,2) e~i,t.) е.(-1,1.) u_) = у(-i ,з)(Хл >И)+ 
\::: А ) D.:>( ) 01- } ol ) ~ ) 

+ EJ· (i ,-i)o( Ч!5-2 / r)cx<7..1-) + eco,2) cl lf 5..-f, 1..) (:х,.,) u) + . 
i3 (i,i) w~(-2 2) Gx 'И.)+ ij.C-l,i) IJ!Q( (о,2) (Х,-. ;и.)+-- . (2.13 ) 

+ (;101 r ' л, Ot . -
One has to make hвrmonic decompoвition of each component harmonic 

field , e . g . 1 • • v (- i,3)(.xA )11.) с:: иtt,i)u_ (0,2 ) j V/(Хл) + u ft,-1)L. uCo,2Jiu(o,zj~~+ 

+ И t-l,o u~·i,1.Ju (i,tJ F u;'k) с хА) -+ 
J k . L (i. е) 

-t 'ZJ..~-i,iJvjt,f)uco,г.JJ u._(-1,-iJ к Acjk.) с.хл) + (2 . 14) 

+ и U,i) u(o,2)j uco.-2)u_{o,2)fB c<.AJ 
L k CjfJ(XA) + 

The generвl rule is that the U( 1) charges вrе c onвerved t hroughout 
the expвnвion and t he ordinвry fie ldв вrе irre pв of SU( 3) with zero 
U(1 ) chargeв . (Thiв rule origina te в from the nonlineв r rea l ization 
verвion of "t he tranвformat ion law (2.2 )). 

Note that the harmonic derivativeв (2.5) acquire вpace-time de 

rivetive te rma in АВ, e.g. , 

(D(:f,З)\ -::. (О(i,З)\ --4· e(0,2)o(ёU ,1.)d( ;эА. etc..(2.15) 
/Ав /cg ~.. (,(~ ' 

Pinally, the integration rule for the harmonic variaЬleв iв 

вimply 

)J-u j(q,f\u)-= 6а,о ~t ,o j(q,f)(o). 
(2. 16) 

6 
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. 
It allowв to integrate Ьу partв w.r.t. the harmonic derivatives. 

з. Kineшatical and Dypamical N•2 SУМ Conвtraintв. 
Вaraoa1D Coaaeot1ea8 

Our aim in thiв вection iв to conвider the N•3 SУМ conвtra intв 

in harmonic SS and rewrite them in an equivalent form in which thei~ 
meant ng will Ьесоше clear. Тhen we вhall вolve part of them (the 
kinematical оnев) thuв introducing the harmonic connectionв. Тhе 
remaining conвtraintв will Ье equationв of motion for theвe quant it ieв. 

In harmonic SS we вhall keep the original gauge group of the 
constraintв (1.2) with И -independent paraыetere((z} Тhе reaвon 
iв that all the on-вhell gauge-covariant tenвorв are ~ -independent 
SР'в and tbe 'l: -group is moвt na t ural l'or them. Then the 1: -cova
riant harmonic derivativeв ~(4 ,9(вее (2.5)) need no connectionв, 

(11 cq ,е))~-= D c({ ,.tJ. (3.1 > 

."..~_ ~ <::д.(Q/) 
Conвequent ly, the commutation relationв among ()(J" <>{/_· . and oi...J , 

~(Q f) <><. ) ;,('L 
ав well ав among ol/ ' themвelveв rema i n the ваmе ав in the rigid 
саве. 

Тhе next step iв to convert all SU( 3 ) indiceв into U(1~U(1) 
('<f () 

оnев with the help of the hвrmonicв 1<L ' . The вpinor covariant 
derivativeё become 

G ~ ca.,fJ) -= Z/.(o,fJfJj t) :: -,....(a,IJ · А (q,t)r ) 
оИое 1: L Lc ot 1: иоl + L "' z, и 

с ~ (a.,t)' = -'}J{a,rн. G·~ .) "" 7\('t:t,IJ + . А- (tt,t),z. и 1 <з.2) 
dJ OL Jrr v< o(.).,rL 't и о< t Ot l' ' J 

A;a,i)(z,u)= A~(z)Ui.(a, t)) AJil ,l{z,u)-= Acki(г)U{'1,1'}i 
"'::>..(a.,l) ~(Q f) r::;:.. (o,tJ) 

So, now tbe tangent врасе is вpenned on O(..Jo( , o<Jo(:'' , o(J 

_and 1tв geoшetry iв вpecified Ьу а number of conвtraintв following 
fram (1.2), (З.1) and (3.2). However, we shall show that it iв 
sufficient to consider only а вuЬврасе. вpanned on ~~·Ч ol)-. (о,2), 
:t)C!i ,3) , ;!)(2 , о) eubjected to t he conвtraintв (;( 

{:t)~,i)J JJ;i,t)}={2{;·2~ $}o'~Jj={c2J:C1 11\ :iЭ)о)2)}= 0, <з.з> 

[:l)CH,3) J:ъ;~,i)J = [.2}(Н,з)1 ~;о,2)]= 0 1 
[ZJ(2,D) 1l7ol(1,1.)J = [~(2 ,0)) ~10} 2)]-= О, 

( 3.4) 
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[ l)(r:i,З\ JJ ("fi,З)J =- [2J(.:1,3\ 1J(z,o)J-=: 0 , 

[;tJC-i,з) 
1 
,Э c2 ,o)J -= J::P~). (3.5) 

Indeed, еqв. (3.5) are automatically вatiefied ав а conвequence 

of (3.1) (еее (А.4}), 'l'hen eqe. (3,4) mean that 

D(t:L, 3) A5i,i) =- Ь(г,о) A~·t)=- D(.t:l ,з)А:'Z}= 2)(.!,о)А~'2)=0.(3. 6 ) 

А (11) /J(0,2) 
Here we аввumе for the moment that о(' 

1 
f1cf,( are general harmo-

nic functionв, e,g,, 

A~'i)(z 'И)-=- (t~(zyu[i,i) -t А"( .:J (z) fj(1,-t)i uro,2JJ -t 
, , J · J ' (3.7) 

-+ 11.~1 Cz::) zr~(i,i )u}i,1) ц. fi,-1)/l + в; j u.~t,i)й (f,-iJJ и If,t) +- •• . 

Ueing (А.3) it iв еаву to вhow that only the firвt term in (3.7) 
вatiвfieв (3.6), во the epinor connectionв depend on i1 only li
nearly, ав in (3.2). Finally, inвerting thiв into (3.3) one findв, 
e.g., ~ 

'7J(~,i)7,~-i,i) J''}:i_ ;);-~}=о 
И L IA.J L <.( ) J _ 

which leadв to (1.2). 
The new equivalent form (3.3)-(3.5) of the Na3 SУМ conвtraintв 

deвerveв two commente. Firвt, еqв. (3,3) are juвt the integraЬility 
conditionв for. the exiвtence of analytic SF'в (2.12) in the саве of 
local вymmetry. Thiв iв t ·he .firвt indication_. for the importance of 
the notion of · analyticity _ in the Na3 SУМ theory (recall itв eimilar 
role in the савев N=1,2). Second, note . that eqs. (3.3)-(3.5) can Ье 
viewed ае the conditionв for flatneвв of the tangent вuЬврасе. Si
milar· interpretationв of the N=3 (ав well ав N=1 ,2) SУМ conвtraintв 

'v 14-6/ have been given before in under the namee of "lightlike line" 
or "CR-etructure" integraЬility *). Our crucial new вtер iв to rea
lize that the parametere ueed to define the eubepace ( uca,t}in our 
саее) вhould Ье coneidered ав new coordinateв of t he Ьаве manifold 
(harmonic SS). Thiв will enaЬle uв to вolve part of the conetraints 
and interpret the reвt ав equatione of motion. 

In the ~ -repreвentation which we а~ now conвidering the 
constraints (3.3) have tbe following "pure geuge" type eolution: 

· *) It iв wortb to emphaвize tbat tbe interpretation of (3.3)-
(3.5) as the representation preserving conditione seeme to uв more 
fruitful ав it immediately indicates the fundamental role о! analytic 
N•3 SS in tbe geometry о! N•3 SУМ, 

8 
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,, 

f+ \~ 

~:- .... ,'t:r.~"' • 
'1:. 

( 9~_ct,-1)) = -t· 'lf Dc1.,i) L v-, fl)~o,z;) =e-i.1f'[j~o,z)et'l>-. ( 3•8 > 
:t...JoL rr е Ol е. ' l! ~ Jz ~ . 

Here tbe prepotential L/-=-7/(_z;ц-)iв а barmonic real i(in the веnее 
(2.10)) ;Р: _lf_ 

?) =- l) ~ А~О,2.) = AS_~,i) ~ AO(i. = А~ (3.9) 

It вhould . be вtreeвed that ~ ie eubject to conetraints following 
from (3,6), Вefore diecuвeing thie we ehall examine the tranвforma

tion properties of 1/ : 

е~_~'= eLite~И'e-t.~ <з.1о> 
-<tt:' 

Here the !actor е. producee the deeired transformation lawв for 
(l) )~ in (3.8), and (\_ ie the analytic parameter of а new, pregauge 
group leaving (3.8) invariant, 

Ь5_1,1) Л ·= 'D)о,г.) .Л= о. <3.11) 

' l7' 
With the help of el one can convert any '{ -covariant object into 

а i\. -covariant one, 

ер '=е<-1:ф ~ ip=et.v-Ф) Cf/1= eLA. \0. 

In particular (see (3,8)), 

(
9::>,c-i,!)\ = t.1YG~._c1,1)) е-с:~-= Dc1.,1..) . 

rX.Ja(. J;.. е оио<. rr -(;,( ' 

(3.12) 

(3.1)) 

(Ь.(О,2))>-::: el L/ cьJ0,2))'re-C:l>-= D~O,«J. 
~ - . ~v 

So, one eees that in the new) -repreeentation the derivativeв ~_f ', 
- (С> 2.) ел 
~~ ' have no connectione and therefore the conetrainte (3.3) are 
automatically satiв!ied. However, now the harmonic derivativeв ас-

quire connections 
(J)Ct::l.,З))~.-=- D(t:1.,з)-t- L vct--1,3) 

(JJC2,0))A = D(2,D) +l vи,о) 
(3.14) 

which have the !orm (вее (3.1) and (3.12)) 

V (.t1.,з) ==-- L е<. v- (Dсн,з) e-i v-) 
, v (2) о) =:. _ ~е_ L l)- ( f) (2 ,_о) е "" i. V" ) (3.15) 
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8nd transform 88 follows from <3.10): 

vca,e; ~-i:.e.~ л cьca, t)-r i. \1 c~ .t))e-~ ).. (3.16) 

Ав 8 coneequence ~f (3.9) \I(Q,cf) b8ve t be ra8l1ty propert i es 

* ~ ~ 
V ( i,3) =-- v (i ,3) vc-:t,з)-= vc..z ,o) v(z,eJ :::. yc-i,3J (3.17) 

) ) 

Now we t urn to tbe remaining conetr81nts (3.4) 8nd (3.5). Eqe, ' 
(3,4) imply th8t v(a,t)JDUst Ье 8n81Yt1c 

Di:t,:t)ycQ,n= D)o,z) vca,t)= о . (3.18) 

8nd eqs. (3. 5) yield 

D0,3) V С:·i,з)_ ьс- t ,з) V Сt, з)+ l [vu .з\ vc-f,зJJ=~o 
(3.198) 

D (t ,з) vcz,o) _ lJ(2,o) V (f.,з)-+ . [vC:t,зJ vcz,o~ = о -
~ ) (3.19Ь) 

L)(-i,з)v(l ,o) _ J)(z. ,o) v(-1 ,3)-+L [V(-i,з)J v(z,o!)-Vr~ьo. 19c> 

So f8r we h8ve considered tbe prepotent18l l> 8В given 8nd derived 
the connectione vca.,t)from "lJ" • Now we eb8ll reveree the 8rgument, 
Suppoee we 8re given the connectione vca,t) S8t1sfy1ng (3.17 ), (3. 18), 
One c8n prove Ьу inepection of tbe b8rmonic expaneione tb8t eqe. 
(3.19) 8re tbe integraЫlity conditione for repreeent ing V(Q.,t) in 
the pure gвuge form (3.15 ) , So , the 8n8lytic /l -group connect i ons 
V (Q,f) 8re the true potent -18le of tbe theory. One c8n go. b8ck to 

the 1: -repreeent8t1one Ьу reintroducing t he bridgв еi1-'ве 8 eol ution 
of eq. (3.15) provided eqe, (3.19) hold, 

It iв 1mport8nt to re811ze t h8t eqe. (3.1 9) 8Ге in fact the 
equ8t ionв of mot i on for the theory, eince t bey 8re the only remai
ning conвtrainte 8fter eolving (3.3), (3,4) Ьу (3.13) and ( J ,18). 
Тhiв iв 8 new fe8ture of the N•3 tbeory. In N•2 sYМf 1 1 tbere ie 

· D-t-'" v-t-+ onl y one h8rmon1c derivative 8nd connection , and the pure 
gauge form ( 3.15) iв allf8ye роввiЫе witbout 8ny integre Ыli t y 
conditione (i.e.,equati one of mot i on) like (3.19). 

Let uв вummarize tbe 8bove d1acuвв1on . Тhе N•3 SУМ conatra1nte • 
can Ье div1ded into k1nemat 1c8l (wbicb c_8n Ье вolved) 8nd dyn8mical 
(whicb remain 8& equatione of mot i on). Тhе picture dependa on t be 
frema cboeen. In the 1::: -freme we have: 

1) no barmon1c connect i one ((3.1)). Тhia вolvee 8Utomat1cally 
the kinemat ic8l conatraint (3.5) wh1cb quaranteea tbe exiвten.ce of 

- i ndependent SP•e; 
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А (-1,1) A-(o,z) (Q () 
11) the вpinor connectionв .,1.. , (,t 8re linear in И 1 

{(3.2)) . Thiв воlvев the kinematic8l conвtraint (3.4); 
11i) /f.~i,i.) 

1 
ft~' 2) are pure gвuge ( (3 . 8)) with а reвtricted 

prepotential 1r . The correвponding conвtraint (3.3) preвerveв the 
notion of covariant analyticity and iв dynamical. 

In the ~ -frame, on the contrary, we have: 
A (1..1J "А(о,2). 

i') no· spinor connectionв ~ ·· fid( ({3.13)). Here analyti-
city Ьесоmев manifeвt and eq . (3 . 3) iв now kinematical; 

ii') the barmonic connectionв are analytic (eq. (3.18)). Again 
eq. (3.4) iв kinematical; 

iii') the harmonic connectionв are pure gauge (eq.(3.15)) . The 
correвponding integraЫlity conditionв (3.19) equivalent 
to the conвtraintв {3.5) contain now the dynamicв. The 
noti~n of tl -independent SF'в Ьесоmев covariant. 

Of courвe, on-вhell both pictureв are equivalent Ьесаuве there 
ехiвtв the bridge ei.l)' between the tz:'_ and А -frames . Off-вhell 
thiв iв not true sв will Ье expla i ned in the next вection . 

4. !he N=З SУМ Action, An Overview of Component s 

Going off-вhell would mean trying to relax the dynamical conв
traintв iii) {'7:;'-frame) or iii 1 ) { ~ -frame) and finding an action 
from whicb they will follow . In tbe Z -frame thiв вееmв hardly ров
вiЬlе whereaв in the A-frame it iв very еаву . Let uв аввumе t ha t 
we are given tьree analyt ic ьarmonic connectionв vc.:tf ,З), VC:Z, 6J 
вatiвfying {3.17). In the ana lytic SS {2 . 8) t hey l i ve ав unconвtrai
ned SF'в. Тhen the commutatorв (everything in ~ -frame) 

[J)(i,3) JJ(;i,З)j-=- F (0}6 ) 

1 

[JJ (i,з) JJ (z,o)J = G-(з,з) (4.1) 

[JJC=i,s)> J)(2.,o)J = J)(i 13)+ н(1- 1 3) 
) 

define three non-vaniehing tenвora F)G Н. Тhе equationв of motion 
7 • 

{3 . 19) (F= G= 1-f: О) вbould Ье obtained Ьу variation of an ac-
tion. ТЬе l8tter iв given ав an integral over the analytic SS {2.8):•) 

•J Note that eq. {J.19c) (or Н (i,З~О in (4.1)) ia а conven
tional conвtraint-. Using it to eliminate V(t,3)one iв left witb two 
conjugated (вее { 3.17)) c onnectionв vc~,o) ' v (-f ,3)and tbe action 
{4.2) getв itв "вecond order" form. 

11 
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S-= )J."~~:..z)-Ч:lu т '"t. { vcг.,t1)(Dc1.,3Jvc-f,зJ_ Dc-t,з)vc:t,з)) _ 

- vc-t,З)(D(i,3)v(z,o)_ D(z,o)v(:t,~~+ v(i,'3J(d-1·~v(<,otd~.oJv(-J,~-

- С v (1.,3)у + 2 ~ vс1,з) l vc-:t,3), v (2,0:1} (4.2) 

Surpriвingly, the Lagrsn~ denвity in ·(4.2) iв not built out of the 
tenвorв (4.1) nor вnу other covвriвnt objectв. Under infiniteвimвl 

;х -gвuge trsnвformвtionв (З.16) the denвity in (4.2) chвngeв Ьу в hвr
monic derivвtiveв вnd one findв вfter integrвting Ьу рвrtв 

~S~ )J~~-z,-nof.u T"t{Л[JJC:?,o)F(o,c) -;ьc-t,з)GC3,~)-t 

+ ::tJCi,3) f-/(-.{,З)]j. 

The expre~вion in the brscketв vвniвheв вв в consequence of Biвn

chi identity following from (4.1). Let uв emphввize once more that 
the Lвgrвnge density in (4.2) iв Ьwariвnt up to total hвrmonic deri
vвtiveв. Strsightforwвrd variвtion of S (4.2) lевdв to the equa
tionв of motion (З.19). Finally, uвing (З.17) it iв евву to check 
thвt S iв real with reopect to the (.:h) conjugation (2.10). 

We вtrевв that off-вhell only the Л -frвme geometry ехiвtв. 
The ~-frвme вnd the originвl form (1.2) of the conвtraintв are re
covered only on-вhell where the exiвtence of the Л -'lbridge eLVis 
guвranteed Ьу the equations of motion (З.19). In fact, now one may 
forget вt all a bout t he ~ -repreвentвtion and deal entirely with 
the ;А -repreвentat ion вnd вnalyt ic N .. 3 SS. It iв intrigui.ng that the 
equвtionв of motion in thiв вcheme turn out to Ье the integbraЬility 
conditionв оп the purely internвl even вuЬврасе SU(З)/U(1xgu(1) of 
anвlytic ss. Тhiв migbt вuggeвt в nontriviвl extenвion of the concept 
of campletely integrahle вувtеmв. Another comrnent concernв the вppa
rent вimilвrity between the вction (4.2) and the вo-cвlled Chern
-Simon termв in N .. o УМ in d =3 / 1 О/. The lвtter have в topological 
nature вnd вerve to introduce mвввев 1.n вn invвria.nt wву. Such termв 
are вlво encountered in cl-=5

1 
N"'1 УМ theory interвcting wi th N=1 вuper

grвvi ty 1101. А common feвture of the ее termв is the вЬвеnве of quan
tum correctionв / 111. It iв likely that вn analogouв property of the 
act~on (4.2) may Ье reвponвihle for the N .. З SУМ (or N•4) finiteneвв. 

Вefore ending thiв вection we вhall give воmе idea of the com
ponent content of the theory. Nhile the harmonic SF formaliвm iв 
very вimple and conciвe, the component langtl!lge iв rather awkward. 
The phyвical fieldв occur in tbe harmonic connection v(-:t,з~ 

12 

v(.-i,З)r,::x: eC1.;i) Эсо,2) e.Ci,i) (§.C-i,i) И)= 
~ А1 OJ. 1 U(. ) (il. ) 0/. , 

••. + ~ <9/'2) в;·i,i) А о(~( ХА)+ ёJ·i,1.)ёC-t,t).;t uz-f,f). ф~(Хл)-

- е~·i)ёС:Ч·)~ utt,i) Ф'схА) + + 

+ ёJi,1)@c:t,1)~eco,2.)o<йc'.f;-tJt.X..<icxA! + 

-+ €9~-i,i) @(:i,i)dc. &)i,i) ср!>(:.с~) + - -

(4.З) 

i 

The pure gauge and auxiliary fieldв are omitted in (4.3). The otber 
example dealв with the. few firвt d ~inвionleвв fields in (2.14), 

(2.~~). The fieldв V'J', 'vf.<.jP.)t Bc<'itj and the imag~'lary part of 
А(.~ k~ ar~ efauge degreeв of freed om. The fieldв pC<J >and the rea 1 

ра~ of А~Н.) are auxiliary. Note that the phyвical fieldв in (4.З) 
coincide with thoвe of N=4 SУМ. At the ваmе time the аЬвеnсе of au
xiliary fieldв in lower SU(З) repreвentations in (2.14) dоев not 
allow to form SU(4) multipletв. Hence, the off-вhell formulation of 
N=З SУМ obtained iв not an off-shell formulation of N=4 SYM. 

5 ~ Concluding Remarkв 

So, the "N=З barrier" hae been breached. The unconвtrainoo N=З 
SУМ theory exiвts in manifeвtly вuperвymmetric a nd Lorent z invвriant 
form. Moreover, in воmе rевресtв it iв вimpler thвn the N=1 and N=2 
theorieв. Thiв hав become роввiЬlе in the context of harmonic SS with 
10-dimenвi~nal even partM"~®<su(З)/U(1)@U(1)). Recall that the 6-
dimenвional ервсеМ~ ® (SU(2)/U(1)) proved relevant to the N=2 theory. 
However,. N=2 SУМ hав аlво а formulation in M"i only, in termв of а fi
nite number of fieldв. From the 4-dimenвional point of view N=З SYM 
iв а highly non-orthodoxial t heory, whereaв in 10-dimenвional harmo
ni c врасе it hав а вimple and natural formulation. Thiв might Ье 
another вrgument in favour of the ·concept of higher dimenвionв. Cur
rently thiв iв а widely diвcusвed вubject in the context of Кaluza
-Klein theorieв/121. We вhould note that in the КК approach one 
вtartв with а general higher dimenвiopal manifold and later on com
pactifieв the extra dimenвionв with the help of tbe equationв of 
motion. Ав а reвult an infini~e tower of heavy maввive excitation 
аriвев. In the harmonic approach, from the very beginning the extra 
dimenвionв lie in а compact manifold and one getв an infinite tower 
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of вuxiliery degrces of freedom. А cruciel difference is вlso in 
the fвct thet the extrв dimensions in our scheme вrе not introduced 
"Ьу hвnd", the harmonic and analytic SS•s naturally appear ав cer
tain homogeneous ересев of original extended SUSY in four dimen
sions. 

Тhе нехt coппnent concerns N=4 SYM. Ав explained at the end of 
sect . 4, we anticipate essentiв \ differences between the NaJ and 
N=4 cases off-shell, although they are the same on-shell. An addi
tional ar~ent is the existence of new type of constraint in the 
севе N=4 З/ 

фtJ-=- E.<-ik.f Фkе ) ФtJ-= { ЬО(~ ;ьjJ} · 
It is not clear how it fits in the picture, deвcribed above. 

It вhould Ье pointed out that the knowledge of the N=J SУМ 
off-shell theory he!ps to find out the field content of N=J off
-shell Einвtein supergravity. Indeed, following /1J/ one сап show 
that coupling N=J conformal supergravity/ 14/ to three off-shell 

' N=J Maxwell multiplets produces off-вhell N• J Einstein supergrevity. 
То this end one has to decompose all SU(J) repreeentatione into 
SO(J) ones. Three Н=З Maxwell multiplets contain the following 
physical fields 

jli'Y\ 1 А~(~) 1 q>~J- С.О>чj:>ео ci+~+.:i )< 

J.,' ~% Чf'ot.~ ( ~) 7 х ij ( ~ + s + j_ ) . 
/ 

H~re L)d are indicee of the adjoint repreвentation of SO(J). The 
vectora become · phyeicel fields of Einstein вupergravity (the only 
onee not already contвined in the 'oVeyl multiplet); the всвlвrа (i): 

3, ~ and the вpinorв 2 can Ье uвed to compenвate the oVeyl; U( 1), 
SU(J) end conformal SUSY gащ:;е trв nsformations . The reшaining phy
sical fieldв have the right dimenвions to Ье Legrange multiplierв 
for the higher dimeneion вuxiliary fieldв of the ifeyl multiplet. 
The auxiliary fieldв of the Мaxwell multipletв eerve ев auxiliary 
fields for Einвtein вupergravit y . 

Our laвt remвrk iв that the new formulвtion of N .. J SYM mey pro
vide в better fremework for en eaвier and more convincing proof of 
the famoue N .. 4 (or N=J) finiteness. Recently new doubte have been 
caet on the legitimacy of the renormвlization procedure in вuper
вymmetric gauge theoriee/151. Direct quantum computat ionв in terme 
of N=J hвrmonic SF 1 в may not require any regularization to вhow the 
abeence of divergenciee. 
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Appimdix 

N=J SUSY traneformations i n central basie 

СЬХ.~.,z-=- 2l. (ео( L t_oi L.- [ <>l t. &е< С) 

SeolL.-=Eo(t. ,Б&l-=-[i_ ; SU-=- О· 
(А.1) 

Some propertiee of SU(/)/U(1)@U(1) harmonicв 

U~a,e)-= u_(-a.,-t)i. (~,С)-= (1,1),0,-i.))lo,-2) 
L 1 

U.~a.,e) И. c.c,d)t. = Ьа. -с. &о -d 
L 1 () 1 

u(,i,i)uc.-t,-1)j+ uc-i,~Juct,-i)j+ ufo,-2Juto,2JJ: ot 
L t-

(А.2) 

~ ~j k и<-~ ,:1) ujt,iJ l/(·-2)-=- 1 

[t.J"~ uC-:i,-1)L U(1,-i)J u_c.ь,2)k-=- 1 , ~~Jk=- ~Ljk 

ТаЬlе. Hermonic differentiation ruleв 

L/~·1) t-f,i) и to,-2} uc·t,~t- и ct,-t)L. и co,2.)i.j 
L ui. 

D (! \s) о о ·- upt·t и. (0,7..)1. о о 1 J (A.J) 

ь (-i 13) С) о и. t1,1 о -и co,2)i. о 

ь (2,0) 
о и (t, i) 

(.. · о 
_ цСt,-1) . о () 

~-- -

Algebra ef flat harDonio deriтatiтeat 

[ D (1,з) D(-1,3)] -;. С Drt,J) D {~,oJ ~о 
) ) ) 

[ D(-t,З)) D(!,OJ -=. D({)3)' 
(А.~) 
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