
D.I.Kazakov 

ANALYTICAL METHODS 

сообщении 
объединенного 

ИНСТИТУТа 

RАерНЫХ 

иссJiедованим 

~ дУбна 

Е2-84-410 

FOR MULTILOOP CALCULATIONS 

(Two lectuгes on the method of uniqueness) 

1984 



-:o::тz:;~s 

I-ctroduction 

'i.ecture I Бавiс Notionв of the blethod of Uniqueneвв I 

1.1. ~otation 
1.2. Integration of chainв and вimple lоорв 

1.3. ~niqueneвв relation 
1. 4. Integration Ьу partв 
1. 5. Cne-вtep from uniquenesв 
1 . б . Тransformation of indiceв 
1. 7 . ZXampleв of two- and three-loop calculationв 

: е с ~ u r е I I Calculation of Complicated Diagramв 

2. 1. Тhree-, four-, and five-loop integrals 
2. 2 . I'aЬles far multiloop calculвtionв 
2.3 . Examples of tаЫе application 
2.4. ?unctional equations 

~ . ~ . 

2. 6. 
2. 7 . 

Solut i on of functional equationв 
:a ·re-loop calculationв i n the ~lt theory 

Jiscussion 

?.efe rer:c es 

О Объединенный инс титут яnерны:х исслеnоваинй Дубна , 19 84 

I 
2 
3 
4 
5 
7 
9 

IO 

IO 
II 
I3 
I4 
I5 
I7 
22 

23 

Introduction 

In the preвent lectures we give а description of the method f or 
anвlyticвl calculation of multiloop Feynmвn diв grams . It is cвlled 
the "method of uniqueness" and iв aimed at exact calculation of mав в 

lевв Feynman integrals depending on а вingle dimenвional variaЫe 
(momentum or coordinate).Integrals of the type,on the one hand,can be 
evaluated exactly and on the other hand many proЬlems like determi
nation of anomalouв dimenвionв of the operatorв and of renormaliza-

+-tion group functionв, calculation of total сrовв вection of е е-

annihilation and of вtructure functionв of deep-inelastic scattering 
can Ье reduced to the calculation of tbe very integralв. 

RemarkaЪle property of the deвcribed method is that it involvea 
neither integretion of elementary or вpecial functionв, nor expan
sion in and summation of infinite вeries of any kind. Rather it iв 
Ьавеd on в number of вimple and ~bviouв formulвs and iв reduced to 
the manipulвtion with the diegremв. Вelow we give the exampleв of 
itв efficiency. 

Lecture I. Вавiс Notionв of the Method of Unigueneвв 

1. 1. Notation 

All tbe calculationв will Ье performed in the coordinate врасе 
of dimension D • Тhе dependence of the integral on externel argu
ment iв determined on pure dimenвional groundв and iв power-like. 
The aim of the calculation ie the coefficient function F(D). For 
.D=-4-2E it ie the Laurent eerieв in ~ , and of intereвt, ав а rule, 
are the coefficientв of negative powerв of ~ • 

The integration iв held over all internal verticeв of в diagram. 
The lineв of the graphs are вввосiаtеd with вimple powere like 
i.j(x-'j)

2
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wbere Г ie Euler Г -function. For 8rbitr8ry index v eq. (1.1} 

re8de: 
( d~ е L·fx. 

.) [p'L]'-' = 
)f2. .]) -2v Г( D;-v) 

JГ 2 Q(v) • Q.(V).:-Z-(1.2} 
]) -У ' Г(V) · l:r2.J '12. 

Here "4 .D;2 .1>;2+ !, .. . In х -е расе zero index me8ne the 8bsence 
) 

of the line. 
We will 81во need the concept of the index of 8 vertex, of 8 

tri8ngle 8nd of 8 di8gram - the sum of indices of constituent linee. 
The line, vertex, and triangle will Ье C8lled "unique" if their in
dicee 8re equ8l to О, D, ~nd D;2 , reepectively. 

1.2. Integration of chвine 8nd вimple lоорв 

Simple loope in ::r: -ер8се contrary to the р -ерасе do not c on
t8in а пу integr8tion being 8n ordinary product of propagatore. The 
following gr8phical identity is V8lid: 

oL, 
~ = d..,+ d.1. (1.3) 

Ав for the ch8ine, they ehould Ье 1ntegr8ted. То do thie we 
note that they 8re ordin8ry productв in р-ер8се. Performing tr8ne
form8tion to р-ер8се for every line 8nd multiplying them there, we 
go back to ::с -врасе. N8mely: 

~ ь о ~ :ь 1> J) 
2. = d е. - di! dp d'i Q.(cl,\ Q(d._\ 

~ ' У - ~ fL>o- • J' J"' U •-У\' ll,- L р' J '!'z-•, L q • J ''z- "' . 
.ol1 

:= 

:JI' -J> 

2 2.<i, +2olz. 

е ~r (:х:-с) н·~ (~-,.У) 

:Pfz 

~ cLI>p 

[ 

1·rcx-,::~) acot,)a.lo~'-'> 
е 

р2. J J)-~,-c:iL 
2

z.d.,+2.dl.-)) 

7r a(d.,)acd .. )a..C .D-d.,-d. .. '> 
о!, +clz.- '1>/z. Dh. 

L( ~ -у) 7. J о!.,+ o/L- 1>;2.. ?с. 
- JГ Q(ct,)Q(d.l..) . 
у 

. а(ъ-~,-оt .. ) 

where we have uвed eq. (1.2). Hence, we h8Ve the following gr8phic8l 
equ8lity: 

2 

= 

ot, ol. '2.. = 1f"(.d.-. d. 1 ) c:l.,+d,_- 1>t2. 
} l..} с:х ~ ( 1. 4) 

3 

15" (.d., а... d. \. = JГJ>/z. f\. Q (О.~) 
) :1 ~,) • 

ol 1 =D-d, - dz. . 
~= 1 

Any di8gr8m consieting of 8 eequence of ch8ine 8nd e i mple l oo ps 
c8n Ье c8lcul8ted due to eqe. (1.3}, (1.4}. For ex8mple , 

d.~ о/.~ 0.1 '\"с!.'- ci."J, 

~ = ~ = 1.r(ot,+d,.,c!."J. , :t>-d,- d.c<i 1 ) ·V"(d.,,ol,_. 

o{s d.ч c(.s- Сl.ч 

"''~а, +а,- ьl:z. 

Ъ-~ч-~S') ~ = U"(d., +d.,_,~'!., 'D-~,-<1.,-d.!) lJ(dч ,d> , :Ь-d~ -<ir) · 

о{., +о!$' _'!Jf>.. 
<>!,+ d't.. + q'!. + d't +oiS'-]) 

1.3. Unigueneee relation 

Coneider 8 triple vertex with arЬitr8ry i ndi cee. It correeponde 
to the integr8l 

~ 
, 

о! з. 
Xz. Х.) 

r di> 
.) rr:r-:r.:Jd•r r-r--:r \Ч"2. rt-r- .... _ , 2.1d3 (1.5) 

Calcul8tion ie etr8ightforward if eome index cl.< =О, i.e.,when one 
of the linee ie unique. However it ie not the only с 8ее. The i ntegr8l 
ie ex8ctly C8lcul8ted as well if tbe vertex i s unique. In th i s case 

the follo~wing identity holds: ~~ 

Zol.i.=D & " 
1 \ (1 6 } 

d.>., 3 U"(d.,,al .. ,ol3)' ,.,.,.., 't . 
l>tz- d., 

which is called the uniqueneee relation. In the r.h.e. of (1. 6 } 
there ie а simple product of propag8tore, c onne cting t he pointe Х 1 , 

Xz. and Х3 with the indice s being the Fourier-tr8 neform of initial 
one s . Тhе triang le obt8ined ie aleo uriique. So, t he unique Nee s rel8-
tion c onnects 8 unique vertex with 8 unique tr i8 ng l e . I t is aleo 
called the "et8r-tri8ngle" relation. 

Uniquene вs rel8 t i on can Ье obtained in t he followi ng w8y : Shift
ing the integr8ti on V8ri8Ьle in (1.5) х..".~ х; + х~,. , we perform 

1 11 1 2. t he i nverei on х,.... ~ х,. ; (:х:'') • Now, t he integral becomee 

~ 
d r;:x:. [x'2./cl. 1 +o(~..:+«3 

L l.] D [ х.,-:х:>. 1cl'-l .х:,-х.!> 1.tJ fr· 'Ljol'- l(""' ::r ' 2.]d3 :х:: ;>С. + --- 1.. :.с. -1- --- L LI?=- , -:X:,) .... - ~,) 
(х.-:х: .. ) (з:.-х~) 
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If ,Ici.~ =J> tbe integral is вimplified and according to eq. (1.4) 
iв equal to 

i 

lГ(cl.,,cl .. ,co\:!.) LCx.c-x ... )t.j.I>Iz.-dз.[e:r,-X)o)tj'I>fz.-d .. их~-х}'~п Dfz-cll 

In the саве when tbe diagram containв а unique vertex or unique 
triangle it can Ъе immediately reduced. Consider, for example, tbe 
di agram with the unique vertex: 

~ 
-~ 

d.,+<it. +<ir:J) Dh-ol) 

lr(c{,,a! .. ,d.r) м 
'S>h.- d, 

"'~ d.;~ 
• lГ ( d "' _j ' ot.., о(3. 

=~о}· 
L-.q~ ~J~' 

\ J 'L .. D\ S' ) • 

For а unique triangle we have 

mco\ ol ~ J.. _, -~ ~d," D.z....Ц~ 
0\t.+ !.ТCIS:-2. 

1.Г(оl d ol ' !)/~-"· 
1.) 3, >) 

со\ d.!o cl't ~z-cl.z. 
'1 

The remained diagramв вrе eaвily integrated due to еqв. (1.3), (1.4). 

1.4. Integration Ъу partв 

For е vertex which iв not unique of great uве is the following 

equality obtained Ьу integration Ьу parts 

{с~., 

~= 
.l ~ ( \(kt. ~cl.~ \ 

])-20.1-d..Lcl.~ l d.2. ~~ - , • cl.'!o ) 
cil-H 

( 

о { d.,- i 

+d.:!. ~+t ) ~ 
( 1. 7) 

Тhis equality iв valid for arЬitrary indiceв and еnаЬlев uв to change 
them Ьу unity. Eq. (1.7) Ъу itself dоев not provide us with the cel
culation of the integral. However, the resulting diagrams may contein 

unique elementв, thet is what we need. Тhiв happenв when the diagram 
contains the elements with the indiceв deviating Ьу unity from uni
queneвs. We call it one-вtep deviat·ion from uniqueneвs. 

4 

1.5. One-step from unigueneвв 

ТЬе line, vertex, and triangle are called one-вt.ep deviating 
from uniqueneвв if their indiceв are .equal to 1, D-i. , and D;2 +i, 
reвpectively. For а vertex one-вtep deviating from uniqueneвs eq . 
(1.7) can Ъе rewritten ее 

l<>~, !.<~.:=lH. cloz. 

~ - <>~~-1 ~ +'\ 
ol,- -t о ~ -с:А.._н ~ 

ol:. 
( 1. в) 

+ 

For the triangle one-вtep devieting from uniqueneвs an analogouв 
equelity holdв 

~~ 
сl.з. 

Zd.:=~+i ...!з. ~ J. ~dL-1 ---· - __ >_. 
ol. .. -1. ol -1 

~з.+-t ~ d +1 
} 

(1.9) 

1.Г(<i,-1,d1-1., ./~) ~~-~> 
-+ • .".. Dtc~• + 1 

( d 4- t ) ( с:А. 1.- i. ) ~"' 

Eqs. (1.7-1.9) enaЬle uв to celculete the diagramв if their elementв 
one-step deviate from uniqueneвв. Ав an example, с onsider the diag
ram with three lineв one-вtep devfating from uniquenesв 

~ 
~ 

Application of eq. (1.7) to the lower vertex giveв 

ill= 
..( \-' 

~ \ 1 •• ~J - "'\Q--~ 

+~(Q ~)1 
Resulting diagrams are reduced to а sequence of chainв 
lоорв and are easily calculated. Тhе result i s 

and вimple 

~= 
N:( 

-~-- lГ(! i D-2) \ <>ltr ( oi.H ~ "Ь - d-1!>-i)-
r~ ~ ~ ~ , \- "' г 
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-d.,l)(d..+~,('>+2-.l>t2 , ~-.1.-(>-3) + ('>11"(<i,.('>+~,D-ct-~-!.)

('> 11(«+2-)>/.z, ~+4' ~-о!.-{'>-~)} . 
(1.10) 

Conвider now а diagram wi th two triangleв and one vertex one
-вtep deviating from uniqueneeв: 

ф 
..t.. d. "!> 

d...3 t-<J!j + <J 5 = s,_ ==- :Ь-i ~ 

« 1 ~ al!j + cl !;" = + 1 :::. J:>/2. +! ; 

.,/. 2.. + d..:!. + cl S" = t 1. = :Ь1_ +! . 

Applying eq. (1.8) to the lower vertex we bave 

-~-
~-

<>t .,/.3 .. 

"}_7--К 
ols-~1~ 

. ~ .. +1 J.~ 

ol~ ffid1 cl1.. 
-- cls-i. 

J. J. .}+{ 
'1 

~-+ el.~~ 4 tr(ds-,ci.3·H,al.,н) ~ 

I:>1г- cls 

Тhе firet diagram iв now eaвily evaluated due to uniqueneeв of right 
triangle, the вecond one due to uniqueneeв of left triangle, and 
the third one iв reduced to the cha inв and вimple lоорв. 

Тhе example of application of eq. (1.9) соmев from the diagram 
with two verticeв and one triangle one-вtep deviating from uniqueneeв: 

<Е> 
о. 1 + о/1. + ols- = .s 1 = :ь- i. 

о!~ + ol'~ + ol~ = S2. = .J>- i. 

aJ., J. :!> alz... + о/~ + cl r = { 2. == ~ + i. . 

Uвing eq. (1.9) for the right triangle, we get 

ф .,~ .< t& =: - -- ~!>Н - --- sн 
ci.2. -1. ol~-1 cl.., 0(~-i. <=>~., о("!> .t 't d.~ 

t- !J(olz...--l,ol:~,--t,ol.s-) 

( ~ .. -1 ) (о! ~ - 1.) 
~~ 
~ .1'1 %-ciz...-t1 

6 

+ 

Тhе reeulting diagrams are again eaвily evaluated due to arisen uni
queneeвeв. 

Thue, in the preвence of one uniqueneвв the diagram iв immedia
tely reduced. In the preвence of eimultaneouвly three one-etep de
viatione from uniqueneee the diagram iв reduced after integration 
Ьу parte. 

1.6. Traneformation of indiceв 

In а real calculation, when uвing dime neional regulвrizвtion , 

вpвce-time dimenвion iв D=-'I-2E. Тhе indiceв of ordinвry line, trip
le vertex and triвngle вrе then .f-f and 3-3Е , that differв Ьу an 
order of Е. from the valueв correвponding to one-step deviation from 
uniqueneвв, i.e., .i. , 3-2 Е. , .3- f. , reвpectively. Ав we have alrea
dy eeen, one can change the index Ьу unity uвing integration Ьу рвrt в . 

The change of the index Ьу an order of Е can Ье achieved with the 
help of tranвformationв forming а group including the following ele
mentв: 

а) Insertion of а point into а line. Inвerting а point into воmе 
line of а diagram and uвing the uniqueneвв relвtion, we come to а 
diagram with changed valueв of indiceв. For example, 

4-1-t 1-t_ )J3,?;: ~ -m2. ~-~ 
4-i = 

1Г(1,2,i-2L) i 1+L 

'Ne fit the index of в new line (equal to 2) i n ouch а way ев to c r eate 
the unique vertex. Now, we have 

~ 1 
V"(•-t)•-~. 2.) ~ 
lГ(-i, '2.,-4-2'1~ ~ 

Тhе reвulting diagram now hав three lineв one-step deviating from 
un iqueneвв and iв eaвily evaluated. 

Ь ) Conformal tranвformation of inverвion. Fixing external argu
mentв we perform the inverвion :х:,...~ :r,.fx.l. of all inte gration variah
leв and of external coordinate. Тhе propagatorв remain unchвnged 

Lcx.-y ~1Jd. .....,r( :х:. _ .1.. 'z.J'* _ L :х... 'J'- J - l x... ~ 1 .. 1J. 
x_'l- 'i.~Y,_+~ = 

d, 
- [(х-у) 7..J 
- L:r:'-j .. [y,_]d. 

and the meaвure ie tranвformed ав 
to а diagram witb changed indiceв. 

7 

D 
1> d. х 

d х ~ [x.z.Jl> 
For example, 

• Finally, we come 



~ 
ol"'- о/1. 

ol., ! 
о о(~ 

о!., 'J 

})~ 
=~ 

.l)_ s ":~. 
~ 

~ 

~ 
~~ = 

~ Ht. 

~~ ~=--lj-21... 

Th e equality 1s alwaye assumed 1n а eense of coefficient functions. 

fo rm of coordi nat e diagram, one can treat the obta1ned momentum diag
ram as а coord i nat e one with changed 1nd 1ces . Thfs trick alwaye works 
f or pla nar dia grams becauee in thie case the propagators i n p-space 
are the 1nverse squeres of the d1fference of two momente. The obtained 
diegram i s called а dual one (1n а eense of Fourier-transform). Aris
ing multiplier is equal to the product of mult1pliers assoc iat ed with 
the Four1er-transform of the line s div1ded Ьу 1nveree transformetion 
of the diagram 1tself. For example, 

~ 

~= 
~~ 

n а(~,) rn....,t1.. .D/,,-~~ 

%-"'· 
(=~ 

о/4 
Cl(L<(· -J>) 

l>J I> -"'4 /z.-cl, 'll. 

This tranвformation ie extremely ueeful for the diagram w1th ordina
ry line в . I nd eed 

~= 
-~~ 

~ ! i 
Г (~'> Г(-1-:Н) ~ 

Гs-(1-t)Г{НН:> ~ 
1.e.,we create the needed one-вtep dev1at1one from un1queneвe at 
once. Тh1в expreв eion 1е val1d 1n all ordere 1n ~ • 

For arЬitrary planar d1agram the dual one 1в conвtructed accord-
1ng to the following rulei 

Put а po1nt 1nв1de every loop of the d1agram, and two po1nte 
out e1de 1t. Connect all the pointe Ьу the 11nев во that every 11ne 
of the init1al diagram Ье croвeed only once. New linee produce the 
dual diagram with the indicee dual to that of the croвeed old linee. 

;Ne demonstrate th1s rule Ьу exampleв: 

© ~ 

,.+, 
~ 

"'-1 
у 

8 

11tiffi 
=> 9 

-<о> G 1 

~ 
\ 1 ' '--,,.-- $ 'Pfi ' 

==/ 

Тhе traneformation of indicee lieted above e naЬlee ue to change thei r 
valuee creating the needed uniqueneseee or one-etep devietione from 
un1queneee. After that the d1agrams are evaluated due to eqe. (1.3), 

(1.4), (1.6-1.9). 

1.7. Examples of t wo- and three-loop c o.1~ulations 

Thue, the procedure of calculat1on Ьу the method of uniqueneee 
1е the following: 

1) То Ье eure whether there are any uniqueneeeee. If во, the 
d1agram 1в 1mmed1ately eimpl1f1ed. 

11) If not, to Ье вure whether there are any one-вtep dev1a
t1onв from un1queneee. I! they are, the d1agram 1в eimpl1f1ed after 
integrat1on Ьу partв. 

111) If there ie ne1ther un1queneвe nor one-вtep dev1at1one 
from un1queneвe, one вhould try to create them art1f1c1ally ue1ng 
the t r eneformat1on of 1nd1cee. 

1v) If one hae not eucceeded to do thiв,then extremely ueeful 
1в the implementat1on of the taЬlee. We w111 deecribe th1e in the 
next lecture. 

То g1ve eome examplee of concrete calculat1onв , we cone1der 
the <p~theory. То f1nd the f& -funct1on 1n three- and four-loop 
approx1mat~. on, one hae to calculate, 1n part1cular, the follow1ng 
vertex d1agrame: 

щ ~ 
We are 1ntereeted 1n e1ngular (1n ~ ) contr1but1one. Symbol1cally 

Sing Щ 

S1ng ~ 

S1ng-@ = 
Sing -<&- = 

~ 

3f: P1nite -ф-

4\_ F1n1te -<:S:l>-
Hence, we are intereвted in f1n1te partв (in ~ ) of two- and threa
loop 1ntegrale. Тh1в meanв that we can take the indiceв of the 11nев 
to Ье i+ ~-~. chooeing olL 1n order to create the needed one-etep 

9 



devietione from uniqueness. Cleвrly, for our purpoeee in в given севе 
it ie ueefull to h8VB вll the indicee equel to 1. Тhen, we heve 

4 1 

-ф- = ( е.ч. (1 . 10 ) , о~."' \" == 1 ) = 6 1l :!>) + О ( ~) _; 
~ ~ 

~ 1 ~ 

~ = (eq. (1.7) for the left upper vertex) = 
1 • 

=-.i 
2.'i. lФ.-~+ф -ф~, 

f .. 

~ = 
-f+t 1 

:: - _i ~tг(-1 1 2 ~-2.1.)~ 
2t ' '--С.../ 

1 1 

-f 1 

1f ( -f + 2 {.' 2 '-f-lj t ~ ф 
1 -1 

= (е,. (1.iO)) == 2o1Cs) + 0(t') . 

We heve ueed here the well-known exp8neion of Г -functinn: 

00 

Г(i~х)-= е:х:р \-ГJ:.+-L t:_>"~tt\):x:"~ 
k•~ 1 

00 ~ 
where 0 is the Euler conetent end ~ (k) :: L ~" 
Riemann <; -function. k•• 

is the 

(1.11) 

So, 

кR' ~ -= -~ ь"?О) 
~ 3'i. 1 J 

KR
1 ~ = ..!. 20~(5") 
~ 4t l . 

L е с t и r е II 

CALCULATION OF COMPLICATED DIAGRAМS 

2.1. Three-, four-, end five-loop integrele 

Consider now more compliceted integrele then in the firet lectu-
re. For exemple, the eeme V-like diegrem with ordinery lines 

~
1.1-tf. 

~ 
t 

.... 
~ .t t 

10 

., 

Thie diegrem erieee from the ebove considered four-loop diegrem when 
we ere intereeted not only in the singul8r pert of it but in the fi
nite pert 88 well. Тhе following five-loop diegrвms can Ье 8lso 
reduced to 1t: 

@ @ 
In both сввее one hвв to know the ~-like diegr8m with 0(~)pre c i

eion. Hence, one c8nnot chooee the indicee of tbe lines but has to 
perform the tr8nsformat1on. 

In 8 given севе it iв uвeful firet to go to the duel diegrem 

~
(. 4-t. 

= 
.... t .. -t 

1-
г (t) Г(Н-~t.) 

г,.( •-t '>г (н-?. i) е "1 

1 

Now, applying eq. (1.7) to the central vertex, we get 

'rт:\ ~-_!_ zLф-~ ~ = ~ 2i 1 1 ~ f 1 1 

\ 1 1 1+1.. 1 ~ t v-c1.,2,-1-2l; L -(]3г _ -ф-
~ "\ 1 1 

= 

The eecond diagram ie eвeily cвlcu18ted due to eq. (1,10). Ав for 
the firвt one, it iв в proЫem. Тhiв is Ьесаuве it hes no unique
nesвeв or one-step devietionв from uniquenese and it iв impoвsiЫe 

to create them Ьу index trenвformвtions. Тhuв, the deecribed methodв 
do not give uв exact cвlculetion of Y-like diegrвm. However, we вrе 
not intereвted in ехвсt C81CU18tion, rather in the expreeвion with 

O(f..) eccurecy, i,e.,one h8s to know the two-loop di8grem up to Е 3 
• 

(The reduction of every loop iв equivalent to two orders in Е ), То 

c8lculate the obtained di8grem up to 0(t 3 )we use the method of the 
tаЫев. 

2.2. ТаЫев for multiloop cвlculetions 

То illuвtrвte the idea of tвЫе implementetion t o mult i loop 
c8lculetionв, consider the diвgrem 

1 1 



..j 1 

~= '~х.-

t="t. (1 +а t) 

L :x:•-j н н. +IH. 

(2.1) 

This diagram is easily calculated exactly (i.e.,in all orders in Е) 

for Q.= 0 ,-1,-2,-J. Тhеве correвpond to the веt of. three one-вtep 

devia tions from uniqueneвs. Conвider the Teylor expanвion of~{~+aE~ 
It is not a n expansion over _!: be cause Е. iв contained in the me a sure 

of int e gra ti on вs well. However, the coefficientв will Ье polyno

шialв in ~ of the power lевв or equal to that of f. • We have 

t=t.(i.+iJ.'i.)= С 0 + (C 1 Q+Cz.)~ +(C)Qt.+C'IQ+Cs-)'C.2.+ 
(2 .2) 

( 
~ l. \ ) + с.,а + c+Q. + с~а. + C 9 J~ + ou~t) 

'Nith the value of F;_ {it-l!'i.) for four valuaв of а. , we find out four 

terшs of ~ -expanвion , i.e., the coefficientв С0-7 с9 • Тhе reвult iв 

Ft(i+O.~)= -~ -~'i. ~ ьl(1) + 91(Ч)[ +[21(a.+t)(atz.)-ь o{«+J)}} t5)Z.2. 
:J, 

+[ 45"(сн1 )( а.+2) _ ч Q (a+:J,) }1 { ')Z..- [l7>(ц+"\ '){Q.+2)- &Q. (а+-~)]· ( 2 • J ) 

- )2.("),) ~ ~ + о ( 'i.'') ) . 
Thus, wit hoнt kno1ving how to calculate the function fi {-1. t- Clf.) for 

~=1., v1e can find itв value up to ~ 3 uвiпg eq. (2.)) as а taЬle. 
In an analogous way о~е can obtain more general taЬle for the diag

ram 

( 2.4) 

1..,.,.~ 
з tt. 

up to Е for arЬitrary Q 1 -;- 4;s- • ','/е will write it •:Jown be low. 

\Vit h the help of this taЬle one can а lво construct the taЬle 

for more complic ated three-loop diagramв with 0(f.) accuracy. Тhеу 

are 

r С ~(2.) t.)j 
e:x:pt-3 ~tt-z:t 

} 201(5) + ::; 
i~JI 

/.'i. 
j.tц~ 

+ й s-o1 r'> +(2 о+ ьc~+Qs-+CI,+QJ)'yczc1)]+o({)~< 2 • 5 ) 

.i-2.t 
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1 

1 

and 

~(2) 2.)] 
e:x:pl-:!.C~t+ т~ \ 20~ cs) + 

= 1- 2 ~ l 11-<ii-t 

~ .. ~ 
+~ L s-o ~ ((')- ( 4 +- ь (а!.+l?ч +- as- +a"t-) )1 (~\ ]+Оl{~~с~. б > 

This accuracy is quite enough for cвlculationв up to 4-5 lоорв in 

вcalar theorieв. Note , thet the ехроnепt в i n front of the Ьrвсев in 

(2.5), (2. 6 ) do not g ive eny contribution in whet followв end cen 

Ье omitted. 

2.). Exempleв of tab le epplicetion 

Ав an examplв of epplicat i on of the obtained tвЫеs we conвider 

the foll ow ing diagrem w 
We ere intereвted in the eontribution t o tr1e renorma l ization c:oп s 

tant, i,e.,in pole terms proportinnal to -t;Et.and '~lt• Due to the in 

depend e nc e of 1< R' for t he niegram in .М.~ scheme of external 11 nee , 

it is e quivalsnt to the calcula tion of polar tsrms of t he f ollo•Ning 

dia gram 

~ 
Hence, to find polar terms one hев to know the У -like di a gram with 

O(~)eccurecy. Thiв iв exactly what the teЬle (2. 5) does. After that • we hвve а se quence of cheinв and simple lоорв , thet giveв 

Г(4'i) Г{1) Г(1- 5"l.) Г(':>'i) 
(С 0 + С 1 f_ ) _Г_:(_2::_- S"_t:_)_Г,_(::_(--L-~-r--(-1-+-Ч-=-t ~-Г-{-2--6-f-> 

whe r e С0 ancl С, are given Ьу e q. (2. 5) в nd вrе e qua l to 

Со+ с~ 'i = _{- L 2.0~ U>) + 'l ( 5"0~{ ,) -li~C!.))J 
-1-2 [ 

Substra c ti ng the d ivergent вubgra ph , \VC final l y fi ntl for the J<R
1 

f: R' @ = -- ~-~> -t-
z.z. 

31 t s) т- f 1 f ь ) - {: 11з) 
- -

z. 
( 2. 7 ) 

1 ;~ 



2.4. Functional eguatione 

Up to now all the calculationв have been perfonned due to the 
fact that after воmе tranefonnations including integration Ьу partв, 
uniqueneвв relation, tranвformation of indices, the diagramв in the 
r.h.в. have been reduced to the вequence of chainв and eimple loope. 
However, вometimeв it cannot Ье done, eepecially when the number of 
lоорв is large enough ( /,:.- 5 ). Otherwise, the obtained equality can 
Ье treated ев а functional equation for the coefficient function. 
Solving thiв equation, we can find the function of intereet. 

Ne demonstrate thiв poввiЬility Ьу a n example of already dis
cuseed two-loop diagram with an arЬitrary central line 

Perform with the 
~

1 

:!!: 
1 

diagram the following 

fi.Ci..~o..). 

tranefonnation 

-<=ЕУ.-
4 1 . . ~'1 

~-~ 

'\ H~+q t'•н~rt•'o"' о~ <§!. ''-' -vtr~н ~"" 
'1 " р<><и ~ (и 1-~1. 

1 1 -Q. e"-l:•r""l t<ие 
1 1

.t-t ~0. 

\.V\V~r\L~\t'\ <=fu-
1 f . 

.{ 1 

Тhuв, we obtain the firet equation for Fi ( i +О.): 
~(i+o.) = ~ (1.-.31.- а..). ( 2 . 8 ) 

То get a nother equation we apply integration Ьу partв (1.7) to the 
upper vertex. Тhie giveв 

ffi-
4 ~ 212. ~ 

-:. __ 4 \~-~l_ 
1 1 ~+~ (~ [;{ ~ 

(2.9) 

Ueing the eame eq. ( 1. 7) but with another ieola ~.ed line, we obta in 

-ffi-= 
i i 

(~+Q 

~ ~1 YR-1 1 
-~ 
~ 

- а. Н'\ l 
1 ~ J . 

ComЬining еqв. (2.9) and (2.10), we come to the equation 

~ 1 w-= А 

А-21.-'\@
4 1 ~ ъ2 1 ~ а. +- t_ '1 1- Q +- t Ht.\ - j_ ~ 1 

1 4 a.+-t '\ 
~ 2 

14 

(2.10) 

(2.11) 

or analytically 

~(H·ll)=~ 
ll+f. 

E(t~.) т Z(2~t-!+'3t)Г{-r..-t.)Г(o.-t-2t)Г~t-O 
1. (dt-t.) Г(C\t1)Г(Z-:H-G.) Г?-{1.) (2.12) 

where we have used еqв. (1.З) and (1.4). Eqs. (2.8) and (2.12) are 
the desired functiona 1 equationв for Ft ( :t +а) • 

2.5. SolutiQn of functional eguations 

То simplify the inhomogeneous part of eq. (2.12), we make the 
substitution 

r .,_(t-f.} r(- Q-E) Г( сн·2! } G 1 (t+-t:i) 
fi(i+a)= 2 (2.13) 

Г'L(-() Г {и-с,) Г( 1-Ct-!>E) 

where the function cl {i+t.i)obeys the equations 

G'l. (Н- ~): G (1.-а-зr) 
t J 

(2.14) 

G (!Н<)= - о. (j. (q) + 4 [__i._ + _j_ \ 
'i а-:t+-:н <i. Q-:t+->t o.t-t а-н2r) · 

То find the solution, consider the analytical propertieв of Cf.. • It 
iв known, e.g., on the Ьавiв of ~-repreвentation, that the func
tion fi ( .ft-a) iв в meromorphic function, regular at а=(} with 
вimple poles at а.= rh.- 2[ and а.=-.:1: lt-E. , where h.= -1,2, ••• The ваше 

conclusion follows from the inhomogeneouв tenn in eq. (2.12). Тhе 

function G~obtains additional poles due to the Г -functions in 
denominator of eq. (2.1З). That ie why we look for the вolution of 
eqs. (2.14) in the fonn of infinite serieв of роlев 

oQ о<1 

Gt(!+Q) = r -f .. c~:,Hf. + tt-~-l'L)t-'L + .. r-!;;.. ./ ) +--
t\-tl-~t (2.15) 

... ", k.:0-1 

where we have automatically вatiefied eq. (2.8). Subetituting now 
eq. (2.15) into eq. (2.14) and equalizing reeidueв at the роlев, we 
get the equations for f., and ~ : 

-f ... = -1 .. +1 
1<..-t-E. 

Jt.+f-Zi_ 

Their вolution ie 

• Г(>нf-2t)C1{i.).> 
-f..._-= (:-) Гf"'-1-<i.> 

+ .... .: - -1-.. ~., .. :1-3~ 

.... г(>rt-1 ·3r.) 
ф., : (- ) r / ,_ , С L ( i. ) (2.1 6) 
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Т11е inhomogeneous part of eq. (2.14) fixes ( 1 

с f ('i_ '> ==-
Г(f :> 
Г{2-2.t) 

То find Cl we compare the obtained solution with the known one for 
particular value of ~ • Ав hae already been mentioned , the function 

Fi_ {-ff·&l) is known exactly for tt•O. Comparison of eqs. (2.13), 

(2,15) and ( 2. 16 ) with Fi_(:J.) giveв 

Cz.{t:>-== 

Ав а reвult we hвve 

П'i.) Г(!-О Г(frl) 

Г(Z-21) Г( f-l Е )Гf-Ul Е:> 

~ ~ . 

F. 
Г(.f-l)Г(-tн)Г(с.t2!)Гf~) ~ - "Г(и+1-2r ) 

t. (i.+Ч\= 2 l-) . Г -.(1\Г{HCi)Г(-1-Q-~I)Г(Z-l'i~ ~ Г(11+-t} 

( . + 
1 

h-Q -2~ 
) - . 

Г(-1-l.~ Г{-tН) 

Г(1-Z1)Г(НН") 

~ 

Z 
., Г(иt-1-3t) 

с.-) 

. Г("') 

"=· ... 

( 
_i.- +-
1\.-f-"' 

,f 

) ) . и- c:t- :!.t 

(2.17) 

For the ultimate conclusion about the validity of вolution (2.1 7) , 

опе hae to Ье convinced that i t iв impoeвiЬle to add an .arЬi trвry вolu

tion of homogeneous equation. Indeed, вuch а вolution vanishes at in-

teger pointe, iв an anвlytic function and exponentially bounded at 
imsginary ахiв. Hence, due to the Karlвon theorem it is identically 
zero. 

Тhе laвt вum in (2.17) iв equal to -Г(f-t-t:~)Г{f-0.-3E). Тhuв, 

fl ('f-1-t:c) can Ье also rewritten ав 
l ~ Г( 

, Г(N'>ГffJ J Г{-tн)Г{<tt·lt) L ., ~tH-1i) 
rt {иа) = 2 

2 
l-) ---

Г(1)Г(2-2l) Г(н·<~)Г!t-д-3';.') Г(11t-t> 
.... (2.18) 

( 
_4_ + _-t __ ) т Г(t-l) Г(11-1 ) Г(-q - Z L) Пr:н·ll 1 / 

)1-/-C\t'i н-д.-2.L Г(1-2~)Г(нlf) ) . 

P'or ~::.О eq. (2.17) giveв 

~ ( i+CI) 

00 
., 4 А 

= ~ L_ с- ) [ с" + "' ) :1. - ( "_ ... } t] = ...... (2.19) 

2 [ 1 1 1 = ~ r- f1+-C\) - r- r~-~)J 
со .. "' 

== - 2> L (- 1 ( n ;_~' ) t. .. =. 
where (\> (~ +Х'> = ! L'/'(H~ '>-1f{f_+~)] . 
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So, solvin~ the functional equations ~1е find the coefficient 
function поt yielded Ьу other calculation methodв. For ~=О , we 
вucceded in вetting the closed expression. Analogous equations can 
Ь е аlво obtained for more complicated diagramв. The вolution is pre
вented in the. form of one-fold series like (2.17). Тhеве solutions 
happen to Ье very uвefull, e nlarging the сlавв of exac tly calculaЬle 
diagrвms, \Ve demonвtrate this hy an example of calculation of the 
moвt complicated diagram in the five-loop approximation of the Ч?~
the ory. 

~ 
2,6, Five-loop calculationв in the <р theory 

The moвt complicated . for calculation iв the followinв vertex 
diagram: 

~· 
То evaluate i t one has to find an N-like diagram 

<!SJ>-
up to O{t), Hence , we can choose the indices of the lines in а вui

taЬle way , Choosing them in the following we apply eq, (1,7) to the 
lower triple vertex: 

1 __ , i~ ~ 

~- {S2>.; + 
t t 

2 Е. 2 
1 f -t-2. i. .l 1 ., 

i 

~ <Oi ~· - 2~ l21J"(i,2,4-2<t.)· --
1 1 t -t L 

2 

1 ~ 
~ L 1.-2 t 

~ - l>( 2,1+~>-1-~0~ 

., -~-1.t, 

- 1f' ( 2' f ) i-2 t) ~ 
~ f -~- 't 
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Ne l1ave uвed here еqв. (1.З), (1.4), вnd (1.6). Now for the cвlcu

lвtion of N -like diagrвm up to 0(!) we hвve to cвlculвte three У

like diagrвmв up to 0(t1
) or вeveral two-loop diвgrвms up to 0(t~). 

Unfortunately, not вll of them свn Ье explicitly cвlculated Ьу the 

method of uniqueneвв. Ав for the tаЬlев (2.5), (2.6) they contain 

ехрвnвiоnв up toO~) вnd 0(z. 3 ), reвpectively. So, we need to expand 

the tаЬlев Ьу one order in Е • For thiв purpoвe, we uве the obtвined 

solution of functional equationв (2.17). 
Return to the two-loop diagram (2.1). The expansion of ftCi+Qt) 

ove r Е up to f.lt c ontвinв three вtructures (we tвke into вccount 
the вymmetry propertieв (2. 8 )): (cf. eq. (2.З)) 

ft(i+Q~)= _i_ \ {,?(>)+··· t ~1t[C, 0 (lH1)(c.+-2) + 
1-2t ~ z. 

+ с,1 а(с>.+ 3) + с,'2.а(сн.1)(<'1+2. )(<;+-~ \] + orz.~) ~ 

(2.21) 

The known expressionв for F{ (ut:t<r.) for tl=O, -! give us the coeffi

cients С, 0 вnd с .. • Ав for the ('1 z. , it iв not detennined from the 

particulвr vвlues of а • However, as i s евsу to see, it is equal to 

с - _!__ cL '1;::;, (.l+li) 1 
12 

- 4! cL а " Q =о · 
То find it, we expa nd the func tion Fof~+-4) (2.1 9 ) into а вeries 

in а. 2 
• We have 

~ z~ · f 
Fo(i+ct)~ 2>LlA (h+-t)(i- 2z.,+-2.J~(2">+-~), (2.22) 

"=" t hat leariв to 
I'И 

Сп= р; ""<lC7-) . 

The number obtвined enвЬles uв to complete expanвion (2.21) вnd вlso 
to conвtruct the expansion up toO(t't) for an вrЬitrвry two-loop diвg
rвm (2.4) вnd up to 0(t 2

) for an arЬitrary У -like diagrem, i.e.,to 

continue the tвЬles obtainad eвrlier Ьу one order of Е • They are 

L 1 1Cz) ')] е::х:р -2l~L +г: € 

~- 2 ~ 
~ Д 0 ~(3) -t-= 

l 3 z :!. 
+ А<~ 1: ( lj) Е + А z 1_ ( 5) Е + А~ z { ь ) Е - А'~ cz О) f.. -+ 

+ A5 'l_(1}E
1

- A6 1{3)z{4)E.'f + Q(_'i-:;)5 
) 

( 2 .23) 
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А0 = Ь, 

А 1 = 9, 

А2 = 42+ 30(a.,+a~+t?3 +Q") +it~Cls-+iO(a/·+a/+a:s'+a•/) 

-t ~~а;+ .f5'a~ra,+tlz.+ll3 +ct.,) т- -i.O(a,tiz.+a3 a<t+a.,~+ 

+ tlz.a?.) + 5(a.,a~+az.4")) 

А~= ~ ( А2 - 6), 
z .,_ .. '2.) 

А'~= LJ ь + i12 { а1 + q, + aj +a'f) + 4 fi а, + -14 (а1 + az. +а!. +4
v 

+ f5a; + 33 а>( a-t+Ciz. +Ч; +a<t) +50 [a1 ct2 +tl3 Cl'f) t-3-f ft~t43 

+ йz.. Qlf) + 1lt (ata'f rOz.t/5 ) + 6 4r ( a,Z +а/ +Cl/ т CJ"z) + ь 05z· 
(a1 +-az-ra~+a~t) + 2lfa>(a1 Qz.+-aJ>a<r) + 12а,(аtа~га~.а'~) 

+ 12 ( 4-taz.Cl:~, + С/1 а, av +а, а!> a'f + aza>a<t)-+ 12 (o./'·a.:z.+a:a1 
L z..\ J''t. 2. 'L '1.) 

+- Ci
3 

ait + Ci't а3 ) + 6 t-Cl 1 а?.+ С/3 Q 1 + Ciz 'Q4 +-Оч Cfz. , 

As::: 2. ~4' + 1; 02 (а, .,. а,+- а3 +-а.,) + 22
; 

3 as- + 2б0 ( a;l. +Clz.z.+Q3~0.,t.) 
+ 312.~ 7. 

8 as- + 5t6as-(a.,+az+-et;+a") t-3Я6(a,az.+a3 a'i+a./~+145) 

+ П5 {а а +44 \ т-<t.4(a!.+a!.+a'\.+aJ.)+ 56 1-а 3 
+16)· 

т i J z. lt) f l. ~ '1 4 ~ 

( 
z. L L z. 2. 2. z.. l ) liЧI · а1 az. т-аz. а, + 4 3 a'f -ra'f С/3 + а1 Q'f+ q't 41+ qz. a.J, +tl3 az. + Ii . 

· r ll z. а а La а... а 1. ' 9'-1~ ( 2. .. '1. z :z. 
\. ч1 з. + 3 1 + :z. q't t 'f Q,J + - q, Q1 +Qz t-a3 +Q'f) +252as· 

~ . 

·(c:t1+Qz.+Ci,+Q"" + 6 93 а (а а -rtla -rQa t-t1Cl)+9Ч5f:r. 
.:> ) 2 S' 1 2. J .у 1 'f l- j "f s 

·(а. а!>+ az. а") + 21 о { а,а.г а3 + tl1 tlz ct4 t- а.,((~ ar + az. а!>а.,) + 

+14{а/+йz."+а/+а/) + 1:9а; +-lf2as-{ti/+tl/+~.,+4,~) 
-t 1~9 3 ( ) 525 1.. z. '- L z) 3S1 z. -;;- as- a.+Ctz. +а~+- q't -г - а5 ( а1 +йz. + tl3 +4r + - Чs · 

-т 8 " 

·( a~ oz. +- а3 a'f +- q., a't +а~. а3 ) + f~S" а; { Q1 а3 +t?zttJ + ~4' а, · 
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. ( z. z. t 1. oz. z. l. а 1"' ) й1 az. + az. С/1 f Ч!. tt~ + 4., ц3 + а1 tl'f 1- ~ tl1 -t 02 а!.+ з чz. + 

+ 18 9 ( z. l. 1. л t ) 3~t ( 
i(QS"" a1 Q>+Q$Ci1 +Clz.Ci'f+ч'fQz. -t-ljйs a(aZ..c;J.+A~ti"., 

+ а-1 Q'> а., +- Ql а} av) + 2 2:, { afaz. + а;а1 + а/ tlч т-а./' а.~ --r 

r-C/ 1 >a'-~+ а4?.а1 + а/а~ +й}Clz..) + 11f (а/·а!.+ a!:,34.,+a}a'l 

+-а "!.л ) ( t 1. ~ '- . z. z а '2 z \ -tS9 
4 "'z. + 4 2 а1 4z. + а3 а4 +- о" а'~ + z. ti!. ) + :& · 

( Z.n '2. '2. t.) z. t. 
. а1 Ч.J. + Q2. Q't + 1(2 ( fJ.

1
7...QZ.Ql, t {) 1 QzlA'f f-Q_, Q_!,~+ 

1. t. z. l.. q' 2 ,.. 
+ а.z.а 1 ач + Clz.. а1а> +аг. a!>a.'f +-а$ 4 10'1+ 3 tlzt?l(+43 й.(чt 

1. z . "Z. '!> -15 +- а4 а z. li 3 + aJ. а 1 а~ + lfч Q ~ а z ) . t - а q С/ а .... "f ..,1.~'t, 

Аь = 3 ( А4 - 1) ; 

L+Цz.E -
[ ( 

z(2) .z \ J 
е:х:р -3 tE + 2 Е ) 

-~~ t l-2E 
~ Q,_~ ! + llч 

L 2.01_(5) + 2. [ 502_ (6) +(2o+6(a.,+йs+a,+lll~:;(3)J 

+ Е_2 [ ~ ( =f} · t ( 3 ~0 + 24 ( Q1 + Q>) + 32Qz. + Г/-{Q'f+Or;-) 
z. 1. 2 ( 1. ') т-з~ (а"+ q 1 ) + б ( а1 + 4;) + 2, а, + 4 a'f + as-

+-2, Ca.6't+ Q1
7

) + 8(a"+-a-s)a, + zra1a'f+t:f3 Cl!") 

+ ь ( G1 tls- + 03 a't) + 1 о ( ct_, а, +-~ q;) + б {а., а1--~-

+ a~q,) + 1.t а 1 а.~ + ft ( tl'f +Цs) q2. + 12 ( а6 +Ч; ) й.2.-t 

+ 20.4 0.s- + 4 {a'fa 6 +- as-q1-) + G(a'fC\~+-4s-l:\,) 

20 

+ 1 о Q (, Q 1 + * ( Cl't + Q s- +- С\' + Q 1) + 

+ k ( ач + C\s- +- а, + q =~-) z ) + 

+ 7 С?>) z { Ч) · 3 { 2 О + 6 ( С\4 + а'" +- а, + Q ~)) J -t-
+ о с>-') } . (2.24) 

Eq. (2.24) еnаЬlев uв to complete the calculation of the J\Г-lik~ 

diagram (2.20). Тhе reвult iв 

-<lSl>- = 4~f ~ ( 1-) . 
(2. 25) 

Expansionв (2.23), (2.24) oьtained once can Ье used further like tab

les for the celculвtion of multiloop integrвls. Tl:e tвsk is only to 
reduce the integral of interest to the tвЬlе one. This свn Ье вchie

ved with the help of а number of tricks of the method of uniqueneвs 

ев we hвve demonstrated above. 
Тhе method of uniqueness hвppened to Ье вn extremely usefull 

md powerful technique and еnвЬlев us to complete the five-loop свl- ' 

culвtions of the (!> -function in the cp'l theory. It Ьесвmе possiЬle 
to cвlculate the diagrams that are not yielded Ьу other methous. For 

the j-> -function the following exprassion has been obtained: 

1 - -tbтi2. '1\ 
3 . l?L .... ~-- -, h~) 

~~~с h '> = ~ ~~- q. ~- + с:~ + ьгс:~})h~ lt. 

( ~: ~э +- 3 13l ( 1) - <.31 t ч) + 6 о ~С.>)) h ~ 
(2.26 ) 

t- ( =ff>126-f + :J-965"1 (3.) _ -l1Н?_(Ч) + ZoJ.I9"?C>) 
'f6o& 32. 16 'f 

- 1:11(') + ~~1'>) + -11~1?(1-))h' -t-00..'1). 
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2.7. Diвcusвion 

In the pгesent le c tuгeв we d eвcгibed the Ьавiс notionв of the 
meth od of uniqueneвв, demonвtгated i t a гelative вimplicity and ef
ficiency. The method еnаЫев us to get the гeвult fог multiloop 
Feynman int egгвls without complicated integгat ion and/oг вummation . 

Thiв i в true not only fог sсвlаг theoгie s but аlво fог ve ctoг and 
spinoг onee with the nominatoгe in the pгopagatoгs. Here, we usually 
гeduc e t he inte gгal to the в свlвг one uвing the coггeвponding рго
jе сtогв. The obtained в саlвг inte gгal iв cвlculated Ьу the me th od 
of uniqueneв в . 

Тh еге вге, howeveг, diгe c t geneгali zations of the formulaв to 
t he сав е of nominatoгв. Thuв, fог instance, unique neвв гelation (1. б ) 

a nd integгation Ьу рагt, eq. (1.7), have the following geneгalizationв: 
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(2 .28 ) 

wheгe t he аггоw on the line means the c oггe s pond ing fouг-ve c toг . 

МауЬе the se f ormulas will Ье usefu l f о г the calcula t i onв i n gauge 
theoгie в . 

I n s pite of wi de poaaiЬi lit ie в the me thod of un iquene вв h в в 

natuгal limitat i ons . Wh en the numbeг of lоорв iв la гge i t iв not 
alwayв possiЫe to с геа t е t he nee de d uniquenesвeв in al l dia gremв . 

Vегу uвeful hе ге вге t he t вЬlе в, but the ргоЬlеm агiвев t o гe duc e 
the integгalв to t he tаЫе оnе в . All th at cont a inв a n eleme nt of 
вk i ll and needв а в е ра гаt е conв ide гation of еvегу dia gгam . One вhould 
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note, howeveг, that multiloop calculatinnв alwaye гepresent eome 
puzzle. The method of uniquenees helps uв to eolve many of them. 
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Казакон Д .И. Е2-84-410 
Аналитические методы вычисления диаграмм 

высоких порядков /две лекции по методу уникальностей/ 

В лекциях содержится последовательное изложение одного из 
методов аналитического вычисления многопетлевых интегралов, 

встречающихся в квантовой теории поля. Этот метод носит назва

ние "метода уникальностей" и направлен на точное аналитическое 
вычисление безмассовых интегралов, зависящих от одного размер

ного параметра. Применение метода иллюстируется большим коли

чеством примеров. 

Работа выполнена в Лаборатории теоретической физики ОИЯИ. 
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Kazakov D.I . 
Analytical Methods for Multiloop Calculations 
(Тwо lectures on the method of uniqueness) 

Е2-84-410 

In the present lectures we give а step-by-step description 
of the method for analytical calculation of multiloop integrals 
one is met with in QFT. It is called the method of "uniqueness" 
and is aimed at the exact analytical calculation of massless 
integrals depending on а single dimensional parameter. Applica
tion of the method is illustrated Ьу numerous examples. 

The investigation has been performed at the Laboratory of 
Theoretical Physics, JINR. 
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