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1. Introduction 

We are going to continue the вtudy of the quвntum-mechanical 

tunnelling through а singular potential barrier started in the first 
pвrt of thiв paper (Ref.1, hereafter referred to ав [1]). We have 
considered there в non-relativiвtic particle on the line moving under 
influence of а potential V which was ввsumed to have а (repulвive) 

point singulвrity at х= О (for в more de teiled formulation of the 
proЬlem- see Section 2 of [I] ). We hвve obteined two conditionв, 
nвmely 

вnd 

с 

j V(x) dx = оо 
-с 

с 

х V(x) dx = оо J 2 2 

-с 

( 1 • 1 ) 

( 1. 2) 

for воmе с> О , under which the tunnelling iв forЫdden provided the 
formвl Hamiltonian н 1 = н0 + V is essentially вelf-adjoint (cf.Corol
lвry 3.2 and Theorem 3.3 of (1]). Both these conditionв вrе fulfil
led pвrticularly if the barrier iв semiclвввically impenetrвЬle. More
over, the tunneling iв forЬidden вlво in the севе when н 1 ia not 
е.в.в. вnd one сhоовев HF , the Friedrichв extenвion of н 1 , ев the 
Нamiltonian of the proЬlem. 

2. The example of V{x) = g;x-2 

вelf-adjoint e;xtenвionв 

conвtruction of the 

Here we вrе going to illuвtrate thet we mву not generelly re
place the Friedrichв extenвion in the above aввertion (i.e., in Corol
lary 3.2 of [I)) Ьу вnother one. То thiв end, we вhall treвt in de
tail the particulвr barrier 
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-2 
V(x) = gx g > O 

( 2. 1) 

This poten tial fulf ils obviously the assumptionв (а ) -(с) f r om the 
Section 2 of [ 1] , а в well в в (е) and ( dp ) f or р ~ ~ , thus all the 

r espective conclusionв s pply. 
Let us вsk when н 1 = Н0 + V is е .в . в. 1n view of the relat i ons 

(3 . 2)-{3 . 4) of [1], the equation specifyi ng the deficiency subspaces , 
( Н~ -Ц )'f = О for ~ = ±1 , i s simply related t o the Bessel equa tlon if 

we веt 

.J = ( g .. ~) 1/2 (2.2) 

ite вolutione on t he half linee Rs are l inear comЬinations of 
1/2 (k) ±~111 /4 (:ix) Н~ ( е х ) , k = 1, 2 • It is евву that none of them is 

square int egraЫe if .J '!: 1 , i .e. , i f g~ -f , and therefor e н 1 iв 
e. s. a. in this св а е. . 3 1 

On t he other hand , if g Е: (О , 4) , or -J Е: <2 , 1) , t he defioiency 

subspaces ~ ± are two-d i mens iona l and spanned Ьу the vect orв 

" ~ 1) : 
~~l)( x ) = 8(х) х 1 /2 H~1)(f. x ) (2.}8 ) 

р< 2 ) • 10~2) (:х) = f~ 1) ( -:х) = - 8< -:х> (-:х ) 1/2 t4" н~2 ) <е. х ) (2,3Ь) .. . 
and 

'Р: 1) : 'f:''<x) = f~l)· (x) = в<:х> х 1 /2 н~ 2 '<iх> (2.3о} 

'f:2 ) : ~:2 ' ( х ) = f~2 ) (х) = - 8( -х) ( -х ) l /
2 е 4" н~ 1) <i x) . (2.34} 

Here and further on, we abbreviate t ~ е~1/4 • The self-ad~oint 
sxtenв ions of н 1 are t hen constructed i n t he stands rd way/

2
•
37. 

They are pars metrized Ьу t he isometrieв it+-+ ~ - , i.e . , Ьу 2 х 2 
matrices U whoвe elements fulf11 the unitarity condition 

ii1 ju1k + ii2ju2k = cfjk j ,k = 1,2 ( 2 .4} 

For а given U , we denote 

1/J(k ) :: 1/J(k)- u ILJ(1)- u 1/)(2) 
ru r+ 1kr- 2kr-

k" 1 ,2 (2.5) 

Aocording to the second von Neumann formu1a, the domain of the exten

sion Hu of н 1 consist в of the vectors "f = 'f + ( 1-U) У'+ , 

2 

- (1) (2) 
where 10+- с 1 У'+ + c2 'f+ , i,e., 

( 1 ) ( 2) 
"f = "+ctfu + c2V1 u (2 . ба) 

with '{J€ D(H1) snd 

Ru"f =H1f+ i ( 1+U) ~+ 
с 1 ,с 2 Е ~. The operator Hu scta on t hem ss 
in view of (3.2Ь) and the inclusions HucH~c: 

• с H1111n , one has 

Hu"f = - •( + V'f (2.бЬ) 

Let us 1ook more c1ose1y how the funct1ons of 
sround х =О • We tske 1f€D(Hu) and lf'ED( Hu) with 

D(Ru) behsve 

I!Upp 'f С. ( - n, n] , 
then 

(
- t n) 

(ff,Hu'Y'> = 11m J + j f(x) (-1"(х) + gx-2-y;<x)) dx 
~-.о.. -n ? 

Sinoe both ~·, f' are absolute1y continuous i n any compaot suЬinter
val of R \.{О~ , one can integrate Ьу psrts obts1ning in this ws y 

<~,Hu1f> = <Hui'•1Y' .. 11m L. oc<~<«t>v-'<ч> -p'<«t>'P<~t>> 
, .. 0+ ~== 

Furthermore, to any !р€ D(Hu) one can always f1nd а sequence 
f'Pn} С D(Ru) of functions supported Ьу [-n,nJ such that f'n_. 'f , 
Hufn-+ Huif , e.g., Ъу imposing (suff1cient1y smooth) cut-offl! on tp , 
Then the 1авt equality holds for srЫtrary 'f•1f'€ D(HU) , and therefore 
tne l!econd term on 1ts rhв muвt Ье zero for eech вuch pa1r of vectorв. 

Тh1в requ1rement csn Ь е reformu1ated ав the following cont1nu1ty con
dit1on 

11m j(1,~ix) = 11m j(~,~jx) 
х+О+ х~о-

(2.7а) 

for 'f•'f €D (Hu), where j(cp,fjx)=~(x ) y/(x) -~'(х)у.<х), Ву а po1sr1-
zat1on-1dentity-type argument, it 1в further equivalent to 

11m j~(x) : 11m j~(x) 
Х•О+ х+О-

(2.7Ь) 

-1 - . • 
for each "f€ D(Hu) , where Jy,(x) = (21) j( ,.,\l' iX) = Im v-<x>y, (х) • 
Hence one can вау that the domain of every particular extenв1on Hu 
contains the vectorв for which the probaЬility current 1s continuouв 
at х =О • 

А вtronger asвertion 1в val1d for the vectorв of D(H1) : one can 
take lf from the domain of Н 1 =Н~* and 'У' Е D(Hj) , and repeat the 
above argument for (~fJ,H~~) ; it yieldв again the condit1ons (4.7а) , 
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In the preвent case, however, one may alwayв wri te 'lf = 1'1 + 1f 2 , where 
both '1'

1 
,у- 2 belong to D(H1) and are supported Ьу (-со, О) and 

(О, со) , reвpectively. Conвequently, one hав 

lim j(fi,y,;x) =О (2.8) 
x+O:t 

for 1() Е D(H1) and 1fE D(H~) • Notice that the laвt relation is eas11y 
verified d1rectly if 'f Е D(H 1 ) and "f€. ~:t , because then llf'( х)/ $ 

~ K~Jxl 3/2 (cf.the proof of Theorem 3.3 i n [I]) and the functions 
( 2. 3) behave near х = О as follows 

fl1)(x) = A[Px1/2-Y_Bt3\lx1/2+Y +O(x5/2-11J] х >о ' (2.9а) 

etc.(the remain1ng formulae are obta1ned Ьу complex conjugation and/or 

replacement х ~ -х ), where 

А = - 1: 2"r<..>J 
зr 

2" 1 

r<1-l)) вi n\1.)" 

-11 r< 1-IIJ 
В=4 r<1+~o~J (2.9Ь) 

On the other hand, (2.8) need not Ье true 1f neither f nor t 
1в contained 1n D(H1) • In view of (2 .ба ), we are particularly inte

reвted in the севе when f•~ are of the form (2.5). The 11m1tв can 
Ье calculated with the help of (2.9) and (2.4) ; they equal 

lim j (<р ( 1 ) rp ( 1 ) . ) _ 21 l 2 v.}( 
х~± U • u ,х - .}( u21 1 вес :2 (2.10а) 

11m j(~(2) ~( 2)• х) = - 21 1 12 v.}( 
х .. о± U • u • Jt u12 еес2 (2.10Ь) 

1 . j ( ( 1 ) ( 2) . 21 - YJr 
~m 'Pu ·~u ,х) = --- u u вес --x+O:t .11 11 12 2 

(2. 1 0с ) 

We еее that, in general, the probaЬility current for '/'ED(HU) need 
not van1eh at х =О unleвe U 1е diagonal. It 1ndicateв that the 
tunnelling might occur 1n вuch саеее. In the next eect1on, we eh8ll 
confirm th1в conjecture Ьу ev8lu8t1ng the tr8nsmieeion coefficient. 
Not1ce th8t the matrix U =UF referring to the Friedriche extenвion 
!в d18gon8l : we h8ve вhown in the proof of Theorem 3.1 of [I] th8 t 
D<H

1
)c Q(h)C Q

1 
, 8nd threfore one h8B to requ1re lim ~~k) (х) =О , 

It yields eaeily х .. о± 

UF = - &2\II (2.11) 

Remвrk 2.1 : In the above conвider8tione, cloвedneeв of н 1 !в not 
required. Before proceed1ng further, we would like to ment1on 8n 
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elegant proof of thie property which, however, workв for g > 1 only. 
It !в b8eed on the c8non1c8l commut8tion rela t 1ons. We wr1te 
н 1 : (P2 +~Q-2 )+(g--f)Q-2 8nd apply it on а vector У- of а вu1taЬle 
doma1n, в ау, c0(R '\ {О}) • It g1 vев 

JIH1'f 112 = II<P2 + 1 Q-2)'f/12 + (g2- 196) 1/Q-2,.112 + (g- j) ( У'• (P2Q-2+Q-2P2)'f). 

Ue1ng the relation [P,Q- 1]y = !Q-2~ , one c8n rewrite the l8Bt term 
ае followa 

(~,(P2Q-2+Q-2P2)1f) ~ 11< 3 FQ-
1
- Q- 1PJ1fll 2 -~ II Q- 2

-y, JJ
2 

Om1tting the non-neвative termв, we get the inequality 

нн,"'/'112 ~ (g-1 )21JQ-21f112 '1f E: C~(R '\{О}) ( 2. 12) 

The remaining p8rt of the 8rgument 1е в1mple (cf.the 8n8logoue proЬlem 
treated in Ref.4, Propoe1t1on 1) , S1nce g>.L4 , Н 1 1е е.в.8. and .., mn 
the relatione (3.2) of (I] ehow th8t C0 (R '\{О}) 1в 8 core for н 1 
То а vector lp€ D(ii 1) , we take 8 вequence {1fn1 С C~(R' tof) 

2 'ifn-+1f, then {H11fn} 1в ~auchy and the ваm~ 1е true for_
2
{Q- Ynf 

due to ( 2. 1 2), and for fp 11, J too вince Р 'IL = Н 1р - gQ '11' • 
2 _2rn rn ~ n _2 n 

However, both Р 8nd Q are cloвed во у,· Е D(P Jn D(Q ) = D(H 1) 

3. The tr8nsm1eвion coeffic1ent 

Now we Bh8ll diвcuвs ecattering on the barr1er (2.1) reвtr1cting 
oureelveв to the non- tr1 v1al сев е, О< g < t , only. We uве the t1me
independent вett1ng, becauee 1t 1в в i mpler, and 8t the ваше time, 1t 
8llows to 1lluвtr8te the m81n po1nt, n8mely that the dyn8m1ce 1в de
term1ned Ьу the self-adjo1nt exteneion Hu choвen to play the role 
of H8m1lton1an. Hence we 8re go1ng to work w1th the funct1one wh1ch 
оЬеу all the 8ppropr1ate requ1rementв loc8lly but eventually do not 
exhiЬit the over8ll BQU8re 1ntegr8Ьil1ty. In order to get the r1gorouв 
H1lbert-spвce (tiae-dependent) вc8tter1ng theory, one ehould cone1der 
the mot1on of wavep8cketв compoвed of the plane-wave solut1ons con
structed below ; but we are not going to pursue this task. 

G1 ven Е> О , we sre looking for solut1ons of the stat1onary 
Schred1nger equat1on 

-'У'-(Х) + gX-2f(X) Ц(х) (3. 1) 
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aesuming they are of the forш analogous to (2.6а), 

( 1) ( 2) 
1f' = 1ft + 0 \~U + 0 2ru (3.2) 

where ft belongв locally to D(H1) • The equation (3 . 1) can Ье tben 

rewritten as 

-'tj'(x) + (gx-2 - Е)1' 1 (х ) = 'J.(x) 

where ~ expreaвes through the funct1ona (2.3) ав 

f\(x) = 8(x)[c~1)f~l)(x)+c~ 1 )~~\)(x)] +f}(-x)[c~2 )f~2 )(x)+ 

+ c~2)f'~2) (х)] 

with 

c(k) = ck(E-1) 
+ 

(k) 
с_ = -(clukl + c2'\:2)(E+i) k .. 1,2 

(3 . 3а) 

(3,3Ь) 

(3.3с) 

The function ~ iв ею 1n R'{Ol во the ваmе iв true for 1ft • It 
" -2 1 { 1 can Ье вееn а8 follcw8 : 1ft = ( gx -Е) У'1 - J. € С (R ' О ) , becau8e 

~~ belong8 locally to D(H1)C D* (cf.(3.2a) of [!)), then one ha8 to 
deriтate вuссе8вiтеlу the la8t relвtion. 

Jiret we вhall 8olve the equation (3. 3а) for х >О • We вtart wi th 
the related hoшogeneou8 equation whoвe 8olution is еав11у found to Ье 

1fo • ~1f01 +~'f'02 ' where 

V'o~r<x) = х1/2н(k)(.н) k= 1,2 (3.4а) 

where ~ z Е1 /2 • The Wro~. of theвe functionв can Ье determ1ned 
froш their asyшptot1c behav1our, e1ther for х ~"" or for х ~О+ , 

( ) --( -, [ --J/2 1/2-~ -4\1 ~/2 1/2+'11 5 ,."_,,] 'Y'ol х = 1fo2 х = А Е х - Вс Е х +О(х 1' У) ; (3, 5) 

one hав W(1fot•'f'o2 >= 4/~1. Next we 8Uррове the general 8olut1on to 
(3.3а) to Ье of the form 

1ft (х) = ~, (x)1fot (х) +«2(x)'f02(x) (3.4Ъ) 

The correвpond1ng 8уеtвш of f1rвt-order equat1on8 for the funct1onl 
~ 18 еав11у вolved g1v1ng 
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х х 

~1 J .?Т1 J Y't (х) = Т Уо1 <х) .X<Y>1fo2(y) dy -Т 'У'о2<х> X<Y>'Y'ot (у)~+ 
о о (3.6) 

+ «t1fot (х) •«2f02(x) 

where the conвtantв «1,« 2 8re arЬitrary up to now. In order to f1x 
theш, let 118 look at the behaviour of 1ft near the or1g1n. It can Ье 
found froш the forшulae (2.9),(3.3) and (3.5). А short calculation 
вhow8 that the lead1ng-order terшs (behav1ng 88 х5/2-3~ ) 1n the 
f1ret two exprea81ons of (3.6) cancel шutually, and the asyшptot1cs 
1в daterшined Ьу the last two express1ons, 8pec1f1c8lly 

v-,<x) = (Oll-~2) AE-v/2/xll/2-v- AB(G~:Ii4"' -0(2t:4"> Ev/2/x/1/2+v 
(3. 7) 

+ О( lx/5/2-'11) 

Before proceed1ng further, let ue look for the solution to (3.3а) for 
х <О • It c8n Ье found eaвily : ')1 1 (х) = у1 (-х) , where j 1 fulfilв 
the ваше e~uat1on ав 11 w1th repl8ceшent of J(x) Ьу ;<-х) • 
S1nce ~i2 (x)=fi''<-x), the funct1on ~1 differв from 11 juвt 
Ьу the coeff1c1entв : in the f1rst two tеrшв of (3.6) с~2 ) 8tand 1n 
the pl8ce of ci1) , and « 1 ,~2 mey аввuше other v8lueв. W1th th1в 
difference, the aвymptot1cв of 'J-1 for х-+ О- 1в again g1ven Ьу 
(3. 7). 

Le!p!l!!l '·' : Let а function "f!E L~0 c(R) fulfil the follow1ng OIDU:U.c:.n~: 
(а) "fl•Y'' are 8b8olutely continuouв in R '(О} , 

" 2 (Ь) there is 8 po8it1ve ~ вuch that f Е: L10c(R\ [-}·t)) 
(с) it holdв ~(х) = [s 1x1 -\1 +a2x112+ 11jfJ(x) + [а3 (-х) 1 2-ll + 

+ а4 (-х) l/ •"~~Je<-x) + J<x) , where j belongв locally to D(H1) 
(equivslently : J' iв 8b8olutely continuous in R and the 

" -2 2 
functionв J , х J belong to L (-1•1) ), 

Then ei ther s 1 = • • • = s 4 = О or "fl doe8 not belong locally to D(H1) 

.li.Q.Q! : We wri te the funct1on С 1! "fl- J а8 rp -14 , where 'f 18 8 
вu1table linear coшЬin8tion of the functionв (2.3) and ~ 1в regulsr 
at the origin. U8ing (2.9) and the fact that вin(~~/2) 1в non-zero 

1 for v Е <2 , 1 ) , we 8ее that rp 1в determined uniquely Ьу the numЬerв 
sj and that tu(x) =O~Ix/ 5/.!-1}) near the or1gin. Then t.J belonge 
locslly to DCH1 )С D<H 1) and the 8а11в is true for j -((J = ')'!- rp 1n 
view of the a88umpt1on (с). Suppo8e that 1р belongв locally to D(H1), 
then the ваше вh~tйd hold true for 'f . Moreover, rp 18 вquare-1nte
graЬle во f' Е D(H1) . However, 'f lie8 in t he вuЬ8расе k'+ $Н ;{; 

1 -
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of D(H~) that is 
is роввiЫе only if 

н 1 -orthogonal to D(H1) (Ref.4, Section Х.1). It 
tp =О , or equivвlently, а 1 = • • • = а4 =О • 8 

The function 1ft is вupposed to Ъе locally of D(H1 >. во the 
above lemma implies eaвily that the last two terms on the rhв of (3.6) 
muвt vanish, and similarly for ~~ • Now we expresв the obtained вolu
tion more explici tly вubstituting for Х from ( 3. 3Ъ). We denote 

()О 

J (1) 
Jks(x) = 'f: (y))/Ok(y) dy 

х 

Jks = Jk:I:(O) 

х~О (3.8е) 

(3. 9) 

The aeymptotic behвviour of Jkz(.) 
that of the cylindrical functions in 
tent К (depending on Е ) such thet 

for х -со cen Ъе found uвing 
(2.3),(3.4е) : there iв е соnв-

IJkz(x)l' К ехр(- 2- 1/ 2 х)' х~О 

The function 1ft for х > О cen Ъе now rewri tten ев 

'У',<х) =:k4i [cl1)(J2+-J2+(x)) +c~1)(J2--J2_(x))J 1ot(x)

- :t4i [cl1)(J1+-J1+(x)) +c~1)(J1_-J,_(x))J '%2(х) 

end due to (3.4е),(3.8Ь) , its aвymptotic beheviour for х~оо 

the following 

'lf,(x) = ~(:.л)1/2f(c~1)J2++c~1)J2_) exp[i(~x-11: -~>]-
- (c~1)J 1 ++c~1)J 1 _> ехр[-нн-\1: -~>J} +О(х- 1 ) , 

where egein .А= Е 1 12 • Similarly, one hes the expreввion 

1t(x) =:Jf[c~2)(J2+-J2+(-x))+c~2)(J2--J2_(-x))]1fot<-x)-

-!f [ с~2) (J 1+- J 1+ (-х)) + с~2) (J 1- -J 1- (-х) >] У'о2(-х) 

for х < О , which behevee for х ~ - оо ев 

1/2( . 
"f't(x) = i(~) t<cl2)J2++c:2)J2_) exp[-i(.1x+Yj+f>]-

- (ci2 )J l+ +c~2 )J 1_) exp[i(~x + ~ +~)] J + 0(( хГ 1 ) 

8 

(3.8Ь) 

(3.10а) 

ie 

(3.11а) 

( 3. 1 ОЪ) 

(3.11Ь) 

f 

1 

In order to meke use of the relationв (3.11), we should know the 
coefficients Jkz explicitly. It can Ье es sily achieved (cf.Ref.5, 
6.521.3 and 8 . 407.1) ; one has 

J1+ 
= 1 ~ ё11 Е'))/2 -t11 E-'))/ 2 

~ sin \U' E-i ' 
(3.12а) 

2 r»E-'J/2 -l3\IEY/2 
J,_ = i 

вin 'I)Jt ( E+i) ' (3.12Ь) 

J2 = J + 1- ' J2 = J - 1+ 
( 3. 12с) 

Now the crucial point is thst the functions ~~k) in (3.2) decay 
exponentially et infinity. Thuв the aвymptotic behsviour of 1f coin
cideв with that of 1t, and it is fully determined Ьу the choice of 
the coefficients c~k) • One has to know the correspondences 
(cl 1 >,c~ 1 ))~(c 1 ,c 2 )~(cl2 ),c~ 2 )) • Two cases should Ье distin
guiвhed : 
(i) the matrix U iв diagonal. Then the peirs ci 1) and с~2 ) are 
independent : the relationв (3.3с) give 

(k) - E+i (k) 
с - - ukk E=I с+ k = 1,2 (3.13) 

Conвider the situation when one of theвe peirв iв zero, вау, cl2 '= О 
Then the formulee (3.11а),(3.12с) and (3.13) yield the asymptotics 

1 .t ( 1) E+i YJ1 Jr 1/2 { 
'У'(х) = 2(2.J с+ (J2+-u11E:'IJ2_)eJ1P[l<.лx-2-4)]+ 

+ !!t! (J E+i ) [ \1~ ~ J] -1 u11E-1 2+-u11 E-iJ2- ехр-1(..\х-т--.> J+O(x ) 

(3.14а) 

for х-.со • On the other hand 
tione (3.2),(2.5) together with 
In that севе, however, 

с(2) 
.t =О 

u21 =О 

implieв с 2 = О во the rels
give )'l(x) = у.-1 (х) for х< О. 

~{х) =О х<О (3.14Ь) 

holdв due to (3.10Ъ). Hence we have total reflection in thie севе 
the phaee вhift of the reflected wave can Ъе easily derived from 
(3.14а). 

(ii) the aatr1x U 1в non-diagonal. Now the appropriate determinantв 
are non-zero во the correвpondence <cl 1 >,c~ 1 ))~(cl2 ),c~2 )) is Ьi
jective. We choose the initial conditionв in вuch а way that we have 
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the t r ansmit t ed wave on the posit i ve semisxis only, i.e., 

c ( 1)J +c( 1)J =О 
+ 1+ - 1- (3.15а) 

Then the refl ection and t ransmi ssion coef f icients are defined Ьу the 
expreseions 

1 

( 2) ( 
R = R (E' U) с+ J2 +с 2)J 12 

"' = ( +- 2 2) -с+ J1 + c(2)J 
+ - 1-

(3.15Ь) 

and 

1 

( 1 ) Т"' Т (E ' U)- с+ J2 +c(1 )J 12 
" 1 - (2) + - 2-с+ J1 +c(2)J 

+ - 1-

(3.15с) 

respectively. Us i ng (3.12с) together with the unitarity condition 
( 2.4)~ one can check thet the e(~ality /c~2 )J 2++c:2 >J 2_/ 2 + 
• /о~ 1 J 2++c~ 1 )J 2_/ 2 = lc~ 2 )J 1 ++ c_ 2 >J 1 _ / 2 holds if (3.1 5а) is valid, 
i,e ., 

R + Т • 1 (3.16) 

Let ~в now express the 
The вув tеm of eq~tions for 
вolved. l~ther с~ 1 ) and 

transmission coefficient mor e explioitly. 
ci2> tha t fol lows f r om (3 . 3с) is eaвily 

с<1) are relat ed Ьу (3.15а) , во we oьaun 

(2) 1 1-1 (1 ) 
с+ =-~12 E+ 1 (1+~11 J!>c_ 

о ( 2 ) "' [ - ~ А + ~ ( 1 + ~ & >] с ( 1 ) 
- 21Г ~ 12 11Г -

where 

J 1 -6"Е" А E+i 1- 611 - Е 
r = - E=I Т,: .. Е. 1 - ё211 Е" (3. 17а) 

s~ьвtit~ting now t o (3 .15с) and denot i ng 

~ 1- е6" Е" 
f = J 1+ "' - 1 -ё2'~> Е 11 (3 .17Ь) 

we arrive after а ~ calc~lation at the expression 

т - f ,. -~ ~1 2 
1 

( А --1) 12 
- 1 + р Tr U + ~2 det U 

(3 .17 с) 

After eome more e i mple manip~latione, we can rewrite it in the f ollo
wing final form 

ICI 

T
11

(EjU ) 1 б 1 ~12 1 2 o1n2
11Jt s1n

2
' / аЕ11 + Ь " сЕ- 11 \-2 (3.18а ) 

wher e 

а "' a 11 (U) i 411[1 + t 211 тru + t.411 det u] (3.18Ь) 

Ъ • b'II (U) = - 2 f 211 (1+t411 coai>:Tr U +t8vdet U] (3 .1 8с) 

о = o 11 (U) 1 +t611тru + e12"detU ( 3. 18d ) 

Let uв collect some simpl e properties of Т : 

Tbtorea 5,2: Let Е>О and ))=(g+i>1/ 2 t:: (~,1). The transmission 
ooeffioient т 11 (EjU) referring to the eelf-adjoint exteneion Hu of 
н 1 with the potential (2.1) is then given Ьу the formulae (3 . 18) , 
where the ooefficients (3.18b-d) cannot Ье simultaneousl y zero. It 
аввuаев values froa (0,1] and depends continuo~вly on \I,E,U . In 
partioular, for а diagonal matrix U we have total reflecti on, 
!y(ljU) z О . For а non-diagonal U, the following alternative is 
valid : 
.I.UA!! u iв unitarily equivalent to the mвtrix 

2 2й 
т = 4 lu,21 0 0 8 2 

11 energy-independent, 

-Е. .. о - 4 (.,211 ) 
О l2\1 and 

( 3. 19) 

RZ a t аовt one of the ooeff1oients (3.18b-d ) can Ъе zero. In that 
оаве, Т has the following aeymptotic behavtour 

T 'I)( :В j U) • 16 lu 1212 вin2~~tв1n2 ~ f(:В) (3 .20а) 

wbere 

f (E) lоГ2в211 -2 1oГ4Re 1i o в3 11 + О( Е4'~~) с+о (3 . 20Ь) 

t< в> = I Ы - 2 - 2 l ъi -4Re iь J 11 + о св2" > с=О (3.20о) 

boldв for :В-+ О+ 1 and sim1lar l y 

f (E) = laГ2в-211 -2 l a i -4Re iЪ :в- 3 '11 + О( :в- 411 ) ato (3. 20d) 

f(:В ) = IЪI-2 -2I bi-4Relio 1-v + О(Е-2\1 ) а=О (3 . 20е) 

t or 1 -+оо 

Jor fixed 1 and U 1 the tranвaiввion coeffioient tends not nеоеава-

11 



rily to о 88 3 
g -4- 8nd to 88 g -о+. In fact, we have 

11m T~(EjU) = 1 
~·1 /2+ 

(3.21а) 

-1 / 2 ( i iff the m8trix U is of the form 2 81~ 
-1~) 8

1 
wi th 4J Е JR 

otherwi8e there are at most three value8 of Е 

hold. On the other hand, 
for which (3.21а) can 

11m T))(EjU) = О 
~-+ 1-

holds almost everywhere : there are at most two values of 
the limit i8 non-zero for а non-diagonal U , namely 

Е = СОЕ«. 

1-sinoc 

where е 1"' iвaneigenvslueof U suchthat «.Е(-~ 1 ~). 

(3 . 22а) 

Е where 

(3.22Ь) 

R!:.QQf : The inequali ty О< Т< 1 follows from (3. 15), ( 3. 16) • Each of 
the coefficientв (3.18b-d) may Ье zero (example8 of вuch matriceв U 
can Ье eaвily found), but they cannot vanish вimultaneously . Suppoвe , 

e.g., that а=Ь=О. The rel8tion8 (3.18Ь,с) then yield 

-411 -2-.> -8\1 -4-J 1/.k det U = -t. -l. TrU =-Е -l. сов2 TrU (3.23а) 

and the la8t inequality further implieв 

Tr U = -2l2\l (3.23Ь) 

The relation8 (3. 23) are fulfilled iff U • -ё 211 r , then а= Ь =О , 
while с = ( 1 - е 411 ) 2 ie non-zero. Similsrly, Ь = с =О is possi Ьlе for 

-611 -4v -4v 2 U=-e I only, in which свае а=Е (1-t ) :fo. Both theвe U sre 
mul tipleв of the uni t matrix во the tranвmiвsion coeff'icient is zero 
for them. For а non-diagonal matrix U therefore, ei ther в= с= О 

or at leaвt two of the coefficiente are non-zero. In the firвt саее, 
the relatione (3.18b,d) determine uniquely the valuea 

-4у "'~ Tr U = - 2 Е сов 2 det U = t:2"' 

which can Ье achieved juet for the matricee U that are unitarily 
equivalent to the sbove written one. The relвtion (3.19) then followв 
re8dily from (3.18) and (3.23). Check of the relвtione (3.20) iв ele
mentary. 

12 

In order to prove continuity of T~(EjU) , one has to verify that 
the denominator in (3.18а) does not vanish in the allowed region of 

Q. 2 -2У у parameters. In view of (3.17), it equals (1 +,-!rrU+p det U)(1-t:. Е) 

and since the last factor ie non-zero, we must so lve the correspon
ding quadratic equation for ~ • Its roots are eaв ily eeen to Ье 
fk = -exp(-i«k) , k = 1, 2 , where ехр( i"н:) are eigenvaluee of U 
Hence we have to solve the equation 

-611 -J 
6-J 1 - t Е ia, t = е 

1 - t 211 E11 р = а = а:-,, ct:2 (3.24а) 

Obviously lf.l = 1 , and i t yields the condi tion sinыtвin ~ = О which 
cannot Ье fulfilled for )1 € (~, 1) • 

Let U8 равв to the limite in v . The equation (3.24а) hae no 
solutions for ~ = ~ as well, so we have 

2 1 - 1/2 lim T
11

(EjU) = 8fu12! (-i+ETrU + det U)E + 
у-+1/2+ 

+ u 3( 1 + 2-1/ 21 Тr U - det U) - i (i- Е: Tr U + det U) E- 112 j-2 
(3 .21Ь) 

with the rhs properly defined. It yields particularly (3 . 21а) if 
а= с= О and 1 u121 = 2- 1/ 2 what ie роевiЬlе juвt for the matriceв 
written above. If theвe requirementв are not fulfilled, then (3.21в) 
can hold only for the valueв of Е where the denominator in the rhe 
of (3 .2 1 Ь) reachea itв minimum . Thiв condition leads to а fourth-order 
equation for Е- 1 12 • It hae at moe t four real roote , among them one 
neceввsrily negat ive, if both а,с are non-zero, and at moet one in 
the remaining савев . 

On the other hand, the equation (3.24а) hae two solutions Ek , 
k = 1, 2 , if 11 = 1 ; they are eventually equal to each other (if 
ос1 = ос2 ) or to оо ( if ock=~). I t is easy to find that they are 

~ Jt given Ьу (3.22Ь), where only the саве .Хе:(-2'2) is intereвting 
giving в poeitive eolution. With the exception of Е =Ek , the rela
tion (3.22а) holde. If Е equalв to Ek~o, one obtains 

lim T,~(EkjU) = 16Jr2 fu12 !2 /d(Ek;U)/-2 
" .. ,_ 

where 

(3.22с) 

d(EjU ) =- dd [a"(U)E"+bv(U) +cy(U)E-v] ; (3.22 
~ ~= 1 

the laвt expreввion cannot Ье zero at Е= Ek вince Т iв bounded 

Ьу 1 • 8 

1 :i 



Hence we have confirmed the conjecture formQlated i n t he pr ece
di ng eection: t he tunnel l ing actually occQra for the Ъarri er (2.1 ) 
with g€ (O,t> , unlesв the matrix U specifying the Hamil t onian is 
diagonal . The transmisвion coeff icient iв "almost continuous " when the 
coupling conвtant g reaches the cri t ical vslue g=t above which 
н 1 ie вelf-adjoint (cf. Remark 2. 1) and the tQnnelling ie forЫdden 

due t o Theorem 3. 3 of [IJ. More explicit l y, t he relati on (3 . 22а) 

holds with а pos eiЬl e exception of the "r eeonant" energies ( 3 .22Ъ) 

f or which the t unne l l i ng vanishes d i в continuous ly at g=t • On the 
other hand, t he Ъarrier does not genersl l y Ъесоmе fully transparent 
ев g _. О+ , except for the вpecial clss s of the ma tr i ceв U вpeci

fied above. This i s not вtrange, however . Even f or а very вmall g , 
the Ъarrier вtill hae the s i ngulari t y at х = О , which makeв the 
motion over it different from t h e free-particle севе . 
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Диттрих Я., Экснер П. EZ-84-353 
Туннелированне сквозь сингулярный потенциальный барьер. 

Пример: V(x) = gx-2 

Продолжается обсуждение квантового туннелирования нереля

тивистской частицы на прямой сквозь сингулярный потенциальный 

барьер V. В первой части этой работы мы показали , что если опе

ратор Н 1 = -d 2/ dx 2 + V(x) не является, по существу, самосопряжен
нь~, то туннелирование, в общем, не исключено и зависит от са

мосопряженного расширения оnератора Н 1 , выбранного в качестве 
гамильтониана проблемы. Чтобы nроиллюстрировать это явление, 

мы вычисляем коэффициент nрохождения для всех самосоnряженных 

расширений оnератора Н 1 соответствующего V(x) = gx-2 nри 
о < g < 3/ 4. 

Работа вьmолнена в Лаборатории теоретической физики ОИЯИ. 

Сооб•еиие Объединенного института идериых исспедованиА. Дубна 1984 

Dittrich J., Exner Р. 
Tunnelling Тhrough а Singular Potential Barrier. 
An Example: V(x) = gx-2 

EZ-84-353 

The study of quantum tunnelling of а non-re1etivistic par
ticle on the line through а singular potential barrier V is 
continued. In the first part of the paper, we have shown that 
if the operator Н1 =-do/dx2+ V(x) is not essentially self
adjoint on its natural domain, occurence of the tunnelling is 
not excluded, in general, and depends on the self-adjoint ex
tension of Н1 we choose as Hamiltonian of the proЬlem. In order 
to illustrate this phenomenon, we evaluate here the transmis
sion coefficient for all self-adjoint extensions of the opera
tor Н1 referring to V(x) .. gx - 2 wi th О < g < З/4. 

Тhе investi gat i on has been pe rformed a t the Laboratory 
of Theoretical Physics, JINR. 

Coшmunication of the Joint lnstitute for Nuclear Research. Dubna 1984 


