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1. Introduction 

The quantllШ tunnelling iв в phenomenon with а vast rвnge of 
occurence in diverвe brancheв of physics. One of the pвrticulвrly 
intereвting сввев concernв the proЬlem of conвervвtion of topological 
chвrgeв in vвriouв field-theoretical modelв. It iв believed on the 
Ьввiв of heuriвtic вrgumentв/ 1 / thвt the trвnвitionв between вtаtев 
of different topologicвl chвrgeв вrе tunnellingв through вn infinite
ly high energy bвrrier ; rigorouв proofв of thiв aввertion were gi
ven/ 27 for the 2+1 dimenвionвl 0(3) ~-model, 2+1 dimenвionвl 
electrodynamicв and 3+1 dimenвionвl Yвng-Mills-Higgs theory. Such в 
tunnelling is forЬidden вemiclвssicвlly since the Euclideвn action 
вlong вnу psth croвв ing the barrier iв infinite. The queвtion naturвl
ly вriвев, whether the trвnвitionв вrе forЬidden exвctly too. 

Motivвted Ьу thiв proЬlem, we вddreв s ourвelveв in thiв paper 
with в conвiderвЬly simpler queвtion : we вrе going to вtudy tunnel
ling through вn infinitely high potentiвl bвrrier V in one-dimenвi
onal quвntum mechanicв, particulвrly in the вitustionв when the tran
вition iв вemiclвввicвlly forЬidden. There iв no tunnelling, of courвe, 
when the infinitely high potentiвl wвll ha s в non-zero thicknesв. On 
t he other hand, the вnвwer 1в not в priori с lын if V(x) iв finite 
вlmoвt everywhere with exception of one or more point вingulвritieв. 
For вimplicity, we reвtrict our att ention to the potentislв thst hsve 
juвt one point вingulвri ty plsced вt х· =О • The mвin reвul t of the 
рвреr вrе two conditionв, nвmely 

с 

j V(x) dx = 00 ( 1 • 1 ) 

-с 

and 
с 

J x2V(x} 2 dx = оо ( 1. 2) 

-с 
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for some с~ О , which are sufficient for аЪвеnсе of the tunnelling 
provided the dynamics iв determined Ъу the potential V alone, or 
more explicitly, provided the formal Ham1lton1an 

d2 
н 1 = -2 + V(x) 

dx 
( 1. 3) 

iв eввentially вelf-adjoint on itв natural domain (а more detailed 
вpecification will Ъе given in Section 2 Ъelow). 

In the oppoвite саве, one muвt сhоове а вuitaЬle self-adjoint 
extenвion of н 1 which iв to play role of the Hamiltonian. Needleвв 
to say, thiв choice вhould Ъе Ъавеd on additional phyвical conвidera
tionв ; roughly speaking, one must epecify what happenв when the par
ticle reacheв the centre of repulвion. А particulвr intereвt concernв 
the саве when н1 , the extension in the senee of qusdratic forme, 1в 

chosen for the Hamiltonian. In that свае, the tunnelling is forЬidden 
under the condition (1.1). lt should Ъе noted, that Ъoth the condltl
onв (1.1) and (1.2) are fulfilled if V ls а эemiclassically lmpene~ 
traЬle Ъarrier, i.e., 

j (V(x) - Е)1/2 dx = оо 
R 

Е~О ( 1. 4) 

For other self-adjoint extensionв, however, condit1onв of thiв 
type mlght not enэure аЪвеnсе of the tunnelling. In order to lllust
rate thiв fact, we вhall discuвв in the second part of this paper the 
example of the barrier 

-2 V(x) = gx g~O ( 1. 5) 

If g < ~ , the correвponding operator н 1 iв not eвэentially вelf
adjolnt and hав а family of вelf-adjoint extenвionв parametrized Ьу 
2 х 2 unl tary matriceв ; thj' can Ье conвtructed easily Ьу the вtan
dard von Neumann method/3 •4 • 'fe вhall evaluate there the tranвmiвsion 
coefficlent for each of the extenвlonв ; it арреаrв that the tunnel
ling lв forЬidden iff the correspondlng matrlx lв diagonal. 

There are many рареrв ln which the motlon 1n the field of а вln
gular potential is treated (on variouв levelв of mathematlcal rigour) 
вее, e.g., Refв.5-10 and further referenceв given thereln. Мовt of 
thea, however, concernв potentlalв ln н3 with а вingulerlty at the 
or1g1n. The one-dlsenslonal tunnelllng diвcuввed here hae not been, 
up to our knowledge, conвidered earlier, though there are naturally 
воше slmilвrltles to other works, eвpec1ally ln the example treated 
ln the second part of the paper. It вhould Ъе etreвsed aleo, that 
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the assumption aЪout just one singularity in the potential V is not 
vital for our main results. The methods used to prove аЪвеnсе of the 
tunnelling under the conditions (1.1),(1.2) employ вuЪstantially the 
local Ъehaviour of V(.) only around the singularity, and therefore 
they are expected to work for the potentials V having а (finite or 
infinite) set of point singularities with no accumulation points. 

2. Formulation of the proЬlem 

Аз mentioned аЪоvе, we shall concentrate on the свае of а non
negative Ъarrier with one point singularity. Hence we adopt the fol
lowing asэumptlone : 

(а) V is LeЪeegue measuraЬle and V(x)~ О holds а.е. in ~ , 
(Ъ) V(.) is Ъounded а.е. in R'-(-,,~J for each ~~О. 

Hamiltonian of the proЬlem iв, of course,-a suitaЬle self-вdjoint 
extension of the symmetric operator 

н 1 = н0 + v ( 2.1) 

with the domain D(H 1)=D(H0 )1!D(V ) , where Ho1f= -у.:· with D(H
0

)= 
= AC

2
[R] (cf.Ref.3, Section Х.1) and (V'Y')(x)=V(x)1f'(X). Recвll thвt 

AC[MJ denoteв the веt of all functions ff. L2 (M) that вrе вЪвolutely 
continuous in (each compвct suЬintervвl of) М with f'€ L2 (M) , snd 
АС2[м ] = {fcAC[M]: f ' E:AC[M]}. We вrе psrti cularly intereвted in 
the в e lf-вdjoint ext ens ion вв s ociated with the quвdratic f orm 

ь : h <'f> = 11 .у: 11 2 .. llv1 / 21fl/2 (2.2) 

defined on Q(h) = AC[R] n D(V 1/ 2 ) . Sincc V iв a lmoвt locally integ
rвЬl e and non-negat i ve , the form h iв cloвed and вemiЪounded (Ref.12, 
Th eoremв 14. 1. 1 - 3). Conвeq uently, there iв а unique вelf-u djo1nt 

operator н 1 aв в oci a ted with h , the Friedrichв extenвion of н 1 . 
In spi te of the eventual вingulвri ty at х =О , the вcattering 

proЬlem for HF iв we l l-po в ed i f only V dесвув rapidly enough at 
infinity (for а general information aЪout the ri g orouв в cattering the
ory see Rcf.3, Chapter XI, or Ref.11). ТоЪе вpe c ific, we ав вumе that 

r -1-д ( с ) there are poвitiv e К, Ъ, с вu ch that V(x)~ Klx l for 
almost all lxl>b 

In вu ch а севе, the hypotheвes of Theorem 14.2.1 in Ref.12 are 
easily s een to Ье fulfilled, во the following assertion ls vвlid 
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Proposition 2.1 : Under the aвsumptions (а)-(с), the wav e operatorв 
W±(HF,H0 ) exiвt and a re complete. 

Next one has to ma ke an aвsumption concerning the вingularity 
of V • Semiclaввical impenetraЬility of the barrier demandв 

j[v<x) -Е]~ dx ="" 
R 

(2;3) 

wi th р = ~ for а gi ven energy Е of the particle. For а grea ter 
generality, we вhall consider thiв cond i t1on with other values of р 

too. Alternately, one may requ1re 
с 

J V(x)P dx = со (2.4) 
-с 

for воmе с> О , as the following asвertion shows : 

Propoв1tion 2.2: Аввumе (а)-(с) and fix рЕ (0,1) • Then the follo-
w1ng cond1tions are equivalent : 

(1) ( 2.3) holds for some Е> О , 

(ii) (2. 3 ) holds fo r all Е> О , 

(111) ( 2 .4) holds for some с> о ' 
(1v) (2.4) holds f or all С>0 

Proof : (i) => (ii) • The lhв of ( 2. 3 ) iв non-increaв1ng w1th reвpect 
to Е • Suppoвe 1 t 1s fi ni te for some Е0 > О • We pick а ровi ti ve 
Е~ minf_E0 , кь- 1 -J'} and denote Jb = (-Ь,Ь] , then 

J [V(x)- ЕН dx S j [Kixl- 1- 5 - Е]~ dx + j [V(x)- Е)~ dx ~ 
R R\Jb Jb 

(К/Е) 1/ ( 1 +cf) 

~ 2 j [ку- 1 -д-Е)Р dx + 2Ь(Е0-Е)р + J [V(x)- Е0]~ dx , 
Ь R 

Ьесаuве [f(x)+g(x)]~ ~ f+(x)p +g+(x)p holds for arЬitrary funct1ons 
f,g and р~ 1 , and the laвt integral 1в certa i nly not leввened when 
Jb iв replaced Ьу R • Hov.·ever, the firвt two terms on the rhв are 
finite во we arrived at а contradict i on with ( i) • 
(ii) => (iii) • То а given с , we can сhоове Е such that V(x) <Е 
holdв for a lmoвt all IXI >c • Then the lhв of (2 .4) iв bounded below 
Ьу the lhв of (2,3) which iв оо due to the aввumption. 
(iii) ==> (iv). In view of (Ь), the integral of уР iв finite over 
each compact interval that dоев not contain zero. 
(iv) =;> (1). Now we pick с to а given Е во that V(x) <Е holds 
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+ 
for almost all lxl >с • We denote as J- the sets 
and Jc(\V(- 1)([0,E)) , respectively. Th~n 

J Г\V(-1)([Е <1:1)) 
с ' 

j (V(x) -Е)~ dx = j [V(x) -Е]Р dx <!: f [V(x)P-EP] dx ~ 
R J+ J+ 

с с 

с 

~ j V(x)P dx - J V(x)P dx - 2сЕР ~ j V(x)P dx -4сЕР = оо 
Jc J~ -с • 

Thus the aвsumpt1on шву Ье formulated as follows : 

(dp) for а given рЕ (0,1) , any of the condit1ons (1)-(iv) holdв. 

Besides (dp) , we are going to consider one more cond1tion of th1s 
type, namely 

(е) the 1ntegral 
с 2 2 J х V(x) dx 1s divergent for some (hence аlво 

-с 
for any) poвitive с • 

Proposition 2,3 : (d ) 
then (dp) 1apl1es (е). 
(е) are 1ndependent for 

implies (d ) 
q 

On the other 
2 3 < р~ 1 • 

if О < р "'q 4t 1 • If р < ~ , 
hand, the condit1ons (dp) and 

.f1:.QQ! - (-1) То а poв1tive с, we denote Jc = Jc(\V ([0,1]). Then 
с с с 

j V(x)q dx ~ J V(x)P dx + j [V(x)q- V(x)P] dx ~ j V(x)p dx - 2с 
-с -с J- -с 

с 

во the lhв iв inf1n1te 1f (d ) holdв. Next we 
р 

use the Н!Hder inequality: 

с ( с )~р)/2 J V(x)P dx ~ J lxl- 2p/(г-p) dx 

-с -с 
( 

с )р/2 
_{ x

2
V(x)

2 
dx 

If р < ~ , the f1rвt 1ntegral on the rhв 1в f1ni te во the вecond 
aввertion followв. Finally, one can conвider the follow1ng exampleв. 

-01'. -1 l For а power-11ke potent1al, V(x) = lxl wi th р ~ tX < 
2 

, the con-
d1t1on (d ) iв fulftlled, while (е) 1s not. Оп the other hand, the 

р 

potent1al 

[ 

n3 

V(x) = 
0 

( 1 1 1 ) хе:-,-+3 
n n n 

otherwiвe 

n = 1 ,2,3, ••• 

g1veв Jv<xJP dx "L, n3P- 5 and jx2V(x) 2 dx = L (n- 1 +O(n-5)) , 
n n 

во (е) 1в val1d, while (dp) is fulfilled for no р € (0, 1 J • 8 
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3. The mвin reвultв 

Our goвl is to вhow thвt under the вt8ted вingul8rity conditionв, 

в в tвtе locвlized initiвlly on one of the h8lflineв R: вt8ув confi

ned there if itв evolution iв governed Ьу the operвtor HF 8ssoci8ted 

with ( 2 . 2 ). Specificвlly, we вrе going to prove 

Theorem 3 .1 

projectionв 

Аввumе (а)-(с) and (d 1), then HF commuteв with the 
2 E;t on L (R;t) 

In view of Propoвition 2.3, it giveв the following reвult : 

porollary 3.2 : Let HF Ье Hamiltoni8n of the proЬlem. If the condi

tionв (а)-(с) вnd (dp) for воmе р € (0, 1] 8re valid, then exp(-iHFt) 

iв reduced Ьу Е: for вll t е: IR , во there iв no tunnelling. In par

ticulвr, 1 t iв true for р "'~ in which свае the tunnelling iв вemi
claввic8lly forЬidden. 

Proof of Theorem 3.1 : We denote 

в vector 1f е: Q ( h) , the function 

Q 1 = { 1f' € АС [IR] : 1f (О) = О } . For 
1/ 2 V ' muвt Ье squ8re-integr8Ьle 

in view of (Ь), it iв вufficient to inve в tigвte itв beh8viour in воmе 

neighbourhood of the origin only. Suppoвe уСО) #О. Since у. iв 

(вbвolutely) continuouв, there iв 8 poвitive с вuch th8t l'(x)l ~ 
1 

~ 211((0)1 for l xl < c • Then 

с с 

jv<x)I 1J! Cx)l
2

ctx ~ "i IY,<O>I
2 j V(x) dx 

-с -с 

во we hвve 8 contradiction with (d 1 ). Conвequently, Q(h)c Q1 • 

Next we вhall uве thiв f8ct to prove the required commutativity . 
. • 2 1/ 2 2 We define the reвtricted formв h: • h:l:(~) = II 'Y' //±-+ IJ V ~~~± , whe r e 

li y./1 ± : = J l'tf' (x)1 2 dx , with the domainв Q(h±) = { 1f€ L2
(1R:t) : 

R+ 

'tf., v112'Y'e:-L2
(1R:t) , 11m 1f(x) =О] ; they sre obviouвly non-neg8tive. 

х-.о± 

Let uв check thвt h+ iв cloвed. We t8ke an вrЬitrвry вequence 
2 

{1/lnJ с Q(h+) вuch that h+(V'n-!t'm) + ll~n-Y-mll+--+ О ав n,m~""'. 
Ву Jn , we denote the extenвion of 'Y'n to R such th8t ~n(x) = О 

for х <О • It iв еаеу to вее that .Y:n iв continuoue 8nd belonge to 

Q(h) :or 'Y'n€. Q(h-+) 2 and ы-у;n) =h.< t n>. Furthermore, II'Vnll = 11 1fn11+, 

во h(~n-~m) + 1111;,-~mll --+О 86 n,m +оо . Since the form h iв clo

eed, there ie ~е: Q(h) which iв the 11mit of thiв C8uchy вequence, 

h(~-~) +lli-'t' 11
2

--+ О ае n ~ оо • The function 1j iв continuouв and 
- n --у-(0)=0 во 1f: = !f~R+ fulfile 11m "f(X)=O. Obviouвly, 1i•€. Q(h) 

Х+О+ r + 

6 

1 

t 

iв the вought limi t of the eequence f Y'n j . Thue the form h+ 

is cloeed, and Ьу an analogoue argument, h ie cloвed. 

Then there are unique вelf-adjoi~t operвtore Н± on 

вввосiвtеd with the forms h: • We conвtruct the operвtor 

L2 (R) =L2 (R_) 1t L2 (R+) as the orthogonвl вum, Н =Н_ 61 Н+ 

L2(1R:) 

Н on 

Thie 

operвtor iв вelf-adjoint and reduced Ьу the projectionв Е: Ьу its 

definition. Furthermore, we define the quвdrвtic form h вв h = 

= ь_еь .. , t.e., li<<p_•f .. >=ь_<fi_>-+ь .. <r .. > т11tь Q(h)= 

= { 'f = rp _ 6J f+ : ~:!:Е Q(h;t)! • According to the d efini tion, h iв non

negвtive вnd cloвed, вnd Н i s the self-вdjoint operвtor ввsociated 
with it. 

Finally, we shall compare the formв h вnd h . Let firвt 
!f€ Q(h) ; we can write 'f = ~- + ~ .. , where ~:1: = E±jt>, or 'f = ~- Ф 'f+ 

with t± = of± ~ IR1 • In the в8mе W8Y в в вЬоvе, one шву use Q(h )с Q1 
to check that 9'±€\J(h:t) , i.e., '{J€ Q(h). On the other hand, consi

der в vector tp = lf- t!! f+ е: Q(h) • Extending the functionв 'f± , we свn 
wri te 'f = YJ_ + f+ . The two functionв are abвolutely continuouв and 

11m ij±(x) = О во f iв absolutely continuouв in (any finite вuЬinter-
x-.O:t • 2 · 2 1/ 2 
V8l of) R • Further if:t€. L (IR:t) implies 'f е: L (IR) and V 'ft. ~ 

2 1/~ 2 E:L (R± ) implieв V rpe:L (R) , во .'fe: Q(h) holdв, too. Thuв we hвve 

Q(h) = Q(h) a nd the forms coincide, 

Ы!f) = ) -(11 :_-+ 11(11 ~ + llv 
1

/
2

11'11 = + IIV 1 12f/l~ ь_<\l'_>-+ ь .. <tр.> = ь<'f> 

for ~ € Q(h) . However, the вelf-adjoint op erвtor aв s ociat e d with 

iв unique, und therefore HF=H. 8 

Using вn operator вrgument, th e followin g weвker вeeertion 

св n Ье pr ov e d 

Theorem 3.3 : Und e r (в ) -( с } !Jnd (е), th e op e rutor н 1 commutee 

wi t h E:t . Then the r e i в no tunnelling if н 1 iв eв s entially вelf

вdj o int. 

h 

Proof: We d enote D1 ={ye:Ac2 [R]: 1f( O)=V''<O)=OJ. In order to 

det e rmine D(H 1 ) , one muвt вpecify the behaviour of У~ around х=О 
2 

For ~ € А С [ IR) , one mву uв е the firвt-order Taylor expanвion wi th 

integral r emвinder, lf (x) =ус о )-+ у. ' < о ) х -+r2 <x) , where 
1 

r
2

( x) 2J .. х (1-t)'Y'(tx)dt (3.1а) 

о 

Ee t ima ting the integral Ьу Schwartz inequ!Jlity, we get 
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х 1 1/2 
lr2(x)J f 3-1/21! IV'"(y)/2dy lx/3/2 

ln вnalogy with the preceding proof, (е) implieв 1((0) =О 
{<О) f О . In that case, (3. lb) giveв 1-у-<х)/ ~ ~ l'tf'(O)x/ 
вufficiently вmвll х , вnd therefore 

с с 

J V(x)
2

/-y<x)/
2

dx ~ ~l ·y/(0)1 2 J x2V(x) 2dx 

-с -с 

(3. lb) 

Suppoвe 

for all 

for воmе с>О. Conвequently, }''(0)=0 holdв too вnd D(H
1
)cD

1
• 

Now the commutativity of Е± with н 1 verifieв eaвily. Since 
а vector 1f Е: D(H 1 ) can Ье represented Ьу а continuonвly differenti
aЫe function thвt fulfilв 1f(O) = У''(О) =О , we have E:t'lf'E D(H

0
) • 

At the sвme time, V'fE. L
2

(R) implieв VE:t1fEL2(R) , во E:t'V' f D(H
1

) • 
Check of the equali ty н 1 E:tV' = E:tH 1 ~ for вuch 1f iв вtrвightforward 
thuв E:tH 1 с н 1 Е:t • Finally, it iв not difficult to вее that if н 1 
commuteв with в bounded operator, the ваmе iв true for itв closure 
и, . • 

Let us collect now воmе simple propertieв of the operвtor н 1 
and i tв extensionв. We denote Hmin = н 1 t C~(R' {Of) . An argument 
analogouв to that preвented in Ref.3, Appendix to Section X.l, showв 
thвt 

D(H• ) с D* 
min ' 

where D• = { 1fEL2(R) : lf•'f · absolutely continuouв in IR '\.{О}, 
"f'"E. Li0 c(R' {Oj) , -vJ' +V"'fE L2 (R) J , and 

н* min -'f" + VY' 

We have the following chain of inclusionв, 

* • -Hmin ~ н, :::> HF :::> н, ~ н, :::> Hmin 

( 3. 2а) 

(3.2Ь) 

(3.3) 

if н 1 is not е.в.а., then other вelf-вdjoint extensions may вtand 
in the place of HF • 

Тhеве relations are important Ьесаuве they allow to find the 
deficiency suЬврасев of the ·Operator н 1 Ьу вolving the ordinary 
d~fferential equation 

--у;~(х) + V(x)1f(x) = :t i1f(x) ( 3 . 4) 

8 

in particular, to verify the eввential вelf-adjointneвs of н 1 in 
the севе that the laвt equation hав no вolution within D~ • In the 
вecond part of the present paper, we shall treat in thiв way the po
tential barrier (1.5). The corresponding operвtor н 1 врреаrв to Ье 
е.в.в. iff g~t , otherwiвe itв deficiency indiceв are (2,2) • 
Since the equation (3.4) can Ье вolved explicitly in thiв саве, we 
вhall Ье вЫе to conвtruct all вelf-adjoint extenвionв, and аlво to 
calculate the transmiввion coefficient to each of them. 
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Диттрих Я. , Экснер П. Е2-84-352 
Туннелированне сквозь сингулярный nотенциальньп"I барьер. 

Главные результаты 

Рассматривается кванто.вое туниелирование нерелятивистской 

частицы на nрямой сквозь сингулярный nотенциальньп"1 барьер V. 
В случае, когда гамильтониан Н 1 =- d 2fdx 2+ V(x) является, no су
ществу,самосоnрЯJiенным на своей естественной области оnределе

ния, туннелирование заnрещено для класса nотеi!Циалов, включаю

щего nолуклассически неnроницаемые барьеры. Если Н 1 не само
соnряжен , no существу, тогда туннелирование, в. оfiщем, доnустимо 

и зависит от самосоnряженного расширения, выбранного в качестве 

гамильтониана данной nроблемы. Среди них расширение no Фридрих
су дает заnрет туннелирования для другого класса nотенциалов, 

который оnять включает nолуклассически неnроницаемые. Во второй 

части работы мы рассмотрим nодробно nример V(x) = gx·li!. 

Работа вьmолнена в Лаборатории теоретической физики ОИЯИ. 

Сооб•~ние Объединенного института ядерных исследований. Дубна 1984 

Dittrich J., Exner Р. 
Tunnelling Тhrough а Singular Potential Barrier. 
Тhе Hain Results 

Е2-84-352 

Quantum tunnelling of а non-relativistic particle on the 
line through а singular potential barrier V is studied. If the 
Hamiltonian Н 1 --d 2/ dx 2 + V(x) is essentially self-adjoint on 
its natural domain, the tunnelling is forЬidden for а class of 
potentials that includes the semiclassically impenetraЬle barri
ers. If Н1 is not essentially self-adjoint, occurence of the 
tunnelling is not excluded, in general, and depends on the self
adjoint extension we choose as Hamiltonian of the proЬlem. 
lлmong them, the Friedrichs extension of Н 1 yields no tunnelling 
for another class of potentials, which again includes the semi
classically impenetraЬle ones. In the second ~art of the paper, 
~е shall treat in detail the example V(x) = gx . 

Тhе investi3ation has been performed at the Laboratory 
p·f Тheoretical Physics, JINR. 
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