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I . INTRODUCTION 

In this paper the inclusive production of real soft photons 
in hadron-hadron collisions is considered. In accordance with 
Low~s theoremll/ the first two terms in the expansion of the 
differential cross section of the soft photon eaission in po
wers of the photon energy k0 are expressed exactly in terms 
of the amplitude of the corresponding nonradiative process. 
Here, we shall consider the first term in this expansion. The 
inclusi¥e photon spectrum in .this approximation has the form: 
ko(du/dk)~a/ki. We shall show that in the gen•ral case the 
coefficient a is determined completely by the inclusive single-
and two-particle densities of all charged particles created in 
hadron-hadron collisions. Further on we shall consider in more 
detail the process 

P+P .. y+X, (I) 

where X stands for whatever else is produced, but not observed 
in pp collisions. ' 

We have performed numerical calculations for the cross sec
tion of process (I) at incident proton beam energy 70 GeV and 
photon scattering angle 8.4~ These values for the incident pro
ton energy and photon scattering angle have been chosen in ac
cordance with the possibilities of the experimental apparatus 
"Positronium" at IHEP/2/, 

The leading bremsstrahlung term of the considered process 
has been discussed earlier in a number of papers/3-7/ attemp
ting to understand the copious production of small mass e+e
pairs and the abnormally large y/w0 ratio, both measured in 
hadron-hadron collisions at high energies. A complete and'de
tailed exposition of the contempora~ 'tate of the experimen
tal situation can be found in review 7 (wherein the list of 
references of the original papers up no 1978 is given in full) 
and in refs. 7a,9/. However, in papers 3-6/ only fixed photon 
scattering angles ( 8• • 90° and 9" • 0°, 8• - being the photon 
scattering angle in the c.m.s.) have been investigated. Rest
rictions on the values of the transverse momentum of the emit
ting hadrons have been imposed there too. 

Below in this paper we suggest a general expression for 
the cross section of inclusive soft photon emission (in the 
leading 1/k: approximation) for arbitrary scattering angles. 
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No constraints on the values of the hadron transverse momentum 
have been laied upon. 

In the 'considered approximation the cross section of soft 
photoproduction is expressed through integrals over the single
and two-charged densities. These densities should obey certain 
sum rules following from cl't.arge conservation. The correspondinJ 
sum rule of the single-particle distributions is well known/IO . 
In the present paper analogous ·sum rules of the two-particle 
distributions have been derived. 

Analytical expressions for the inclusive distributions dis
cussed here have ' been obtained by fit to the experimental data 
and exist in different kinematical regionr. /11-13/.However, as 
we have convinced they do not satisfy the charged 'sum rules. 
It has been shown that in calculating the soft bremsstrahlung 
spectrum of the considered process, one must use only such 
charged particle distributions which exactly fulfil the char
ged sum rules. The charged sum rules, which ensure gauge inva
riance of inclusive soft photoproduction in the considered ap
proximation, impose rigorous constraints on the particle dis
tributions used in the calculations. Any deviations of the par
ticle distributions from them lead to meaningless results. 

So, we need to modify the existing parametrizations for 
the particle distributions in order to ensure fulfilment of 
the charged sum rules. In the present paper we point out a pos
s~bility how to do this making use of the existing parametri
zations for the inclusive particle spectra. The distributions 
thus obtained have been used to carry out model calculatio.ns by 
a computer of the photon bremsstrahlung spectrum of process (I) 
at proton beam energy 70 GeV. 

2. CROSS SECTION OF INCLUSIVE SOFT PHOTORPODUCTION 
IN HADRON-HADRON COLLISIONS . 

Here, we shall obtain the general expression for the first 
term in the k« expansion of soft bremsstrahlung of the inclu
sive process: 

a+b-+y+X, (2) 

where a and b stand for any hadrons. In the considered approxi
mation only the diagrams drawn in the figure, in which the pho
ton is emitted from all outer charged ~adrons~should~be taken 
into account. 

Let us consider the exclusive production of N arbitrary 
hadrons and a photon in pp collision. The matrix element 
T(ab-+Ny) 'of this process in the discussed here 1/k: appro
ximation is expressed entirelJ in terms of the corresponding 

~
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The polar diagrams of process a + b ... y + X. 

nonradiative matrix element T(ab-. N) in the form*: 

A Pau ' Pbu T(ab-. Ny)=£ (-e -----""'- -e----=;;... + 
1-L a P a. k b Pb . k 

N (3) 
p. ,\ 

+ ~ e. _!M;._) T (a b -+ N) = £ • M • 
' -1 I p • k fl fl 
·- i 

Here p a , p b and ea , eb are · the momenta and charges of the 
initial particles, pi and ei are the momentum and charge of 
the i -th final hadron, k and £ "- are the momentum and polari
zation of the photon. Evidently, as a consequence of charge 
conservation, the matrix element (3) sati~fies the condition 
of gauge invariance: 

kf.LMI-L = 0. (4) 
\ 

Using eq.(3) for the corresponding inclusive photon cross 
section of process (2), we obtain the folfowing expression: 

du a I 2 -m; 2 -m.2 (p · PL) ko~ = -- e + e.b:__]l_ + 2e e __ :..a._...__+ 
dk (277)2 a(k· pa)2 (k· P.)2 a b(k·Pa) (k· pb) 

... 2 
,.. J dpe [ 2 -m 2 .c . ( PaPe PbPe)) (1)(-+ ) +"" --ee---L-- -- ea--- +.eb--- X Pc Pe + 
e Peo (k· pe)2 (k· Pd k·Pa k· Pj, (5) 

dp dpd p p., (2) -+ -+ 
+ 2 ~ J ~ . -- e e d--1:~- p (p Pd) + 

c d P Pd e (k·P' (k·pd) ed e' 
~d eo o 'r! 

+ ~ J dpe _.. dqe e2 ---~!1q'L ___ p (2) (p , q) I x u • 
e Peo qco c(k·pe) (k· <,I.e) ee c c tot 

*rn the leading 1/k: approximati~ considered here the 
spin of the hadrons can be neglected 14• 151 . 
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Here rna and mb are the masses of the initial particles, a = 
= e2 / 477. The summation in eq. (5) is over all varieties c and 
d of charged particles created in ab collisions, me is the 
mass of the particle of type c, the integration is over the 
whole phase space. The densities p~l) (pe) and p (~ (pc, p d) 
in eq. (5), are related to t!he invariant distributeion functions 
(see the definitions for example ref. /16/) F (l) (p ) and 
F<2> (p p ) of the single- and two-particle i~clusfve reactions: ed e' d 

a + b ... c + X, (6) 

a+b-+C+d+X (7) 

by 
(l) ... 

(I) -+ Fe (Pe) (2) -+ -+ 
p (p ) = -------- • p (p • pd) = 

e c a tot c d e 

(2) . 
Fed(Pe• pd) -------

a tot 

where atot is the total cross section of the 'process a+ b ... X. 
As is seen from eq. (5), in order to compute the inclusive 

real photon spectrum in the considered here leading 1/k~ ap
proximation, a complete display of the dependence on the momenta 
of single- and two-particle inclusive spectra of all charged 
particles of the corresponding nonradiative process is needed. 

3. THE CHARGED SUM RULES 

Th . 1 d . 1 d . . (l) (~ ) d ( 2) ,: .. e s1ng e- an two-part1c e ens1t1es Pe w an Pedwe.Pd) 
must obey sum rules following from charge conservation. For the 
considered here process of inclusive emission of soft photons 
these sum rules should be compulsorily taken into account even 
if a small deviation from them would mean violation of gauge 
invariance and would lead to ·unphysical results. 

For the single-particle density distributions the charged 
sum rule is given by /10/ 

-+ 
e a + e b = l: e ene • 

n 
(8) 

... 
Here nc . -+ 

(l) -+ dpe 
; =Jp (pc) -p-

e c eo 
(9) 

is the average multiplicity of the particle of type c measured 
in process (6). 

In evaluating the cross section of process (I) we shall need 
also the sum rules based on charge conservation which should 
be satisfied by ttie two-particle density distributions. From 
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the charge conservation law ue obtain 

(i) (i) (i) 
( e 8 + e b) n d = l e enc n d , 

e 
( 10) 

where n~>(n~1 ) is the number of particles of type c(d~ in the 
i-th final state. Multiplying eq.(IO) by the value u<i /at t 
(u<il is the cross section of the i -th final state) and ';;um
ming over i the required sum rules are derived: 

(e 8 + eb)nd = leenend. 
e 

(II) 

The two-particle inclusive densities are related to the quan
tity n;Dd, in eq. (II) by the following normalizing condition: 

-+ 
dpe 

J Peo 
dpd (2)-+ .... 
Pdo Ped(pc' Pd) = (ncnd- nc8cd) · 

In calcut ating the cross section of process (I) we shall 
take into account the sum rules (8) and (II). 

4. CALCULATION OF THE CROSS SECTION 
OF PROCESS p + p .... y + X 

(12) 

In this section we shall present the results of the calcula
tions by a computer of the cross section of the inclusive pho
topr oduc tion i n proton- pr o t on collisions . Our numerica l r esult s 
are relevant to the experimental apparatus "Positronium" in 
IHEP / 21. The ~rgy of the incident proton beam was set equal 
to 70 G~V (y s = 11.92 GeV), the angle of photon emissi!Jn was 
set 8.4 • 

Since up to now no complete theory of inclusive proces ses 
exists, in our calculations for the inclusive distribution func
tions we have employed model analytical expressions. In the sum
mation over the particle types c and d in eq. (5), we retained 
only charged pions and protons. The average multiplicities of 
the ~emaining charge particles in PP collisions are much less 
than those of the pions and protons. For examp1Tf7ft v s = 3 GeV 
the average multiplicities in PP collisions are < n71 +>= 3.25; 

] 

<n 71- > = 2.84; < np > = 1.46; <nk+ > = 0.29; <nk- > = 0.18; <np > = 
= 0.07. As our numerical calculations showed the analytic ex- 1 
pressions for the inclusive spectra of the charged particles . 
existing in the literature do not satisfy sum rules (8) 
and (II). As we have pointed out earlier any deviation from the • 
charged ~urn rules leads to violation of gauge invariance and 
unphysical results. So, we had to modify the existing inclusive 
distributions in order to provide an exact fulfilment of relati
ons (8) and (II).This has been achieved by investigating normali-
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zation coefficients in the expressions for the inclusive single
and two-particle distributions. 

For the single-particle distributions for 11 +, 11- and pro
tons we used the following analytical express}on proposed on 
the base of thermodynamical and parton models II / 

(1)-+ (l) • 2 
F ( p ) = N [ A exp (- B P.t ) exp (-D y ) + e c e c c c 

fc 
( 13) 

(2) p.L 2 -n 
+ Ae (1- -) ( P.t + M;> CJ • 

Ea 

Table 

-
c 

A OJ 
c . A (2) 

c Be DC p e M .. nc Nc 
-

11+ 210.0 10.7 7.58 0.20 10.9 1.03 4.0 2. I 

11 205.0 12.8 7.44 0.21 13.1 1.08 4.0 2.0 

p 5.3 16 . 0 3.80 -0.20 0. I .20 7.5 5; 1 

( The values of the parameters of the inclusive distributions 
F 1) ( p ) in eq. ( 1 3) . .. (' 

He r e P is the transverse momentum of the final hadron, y is 
its rlpidity, E8 is the energy of the incoming proton, N is 
the introduced normalizing coefficient, A (I) , A (2 ) , B , De , 

~ c c c 
P,., M,., n,. are parameters, obtained through fit to the data, 
the subscript c labels the particle type "+, 11-, p . The nume
ri cal values o f the parameters A (I), A~2 > •• • (listed in the. 
Table) were taken from re f erence f1 I / , where inclusive single 
particle spectra in pp collisions w~re investigated at ..;T = 
= 23~63 GeV. Using the scaling hypotheses / 18/ we extrapolated 
the values of the parameters of ref. / 11 / to the considered 
here energies ..;s· = II . 9 GeV. 

We fixed the normalizing coefficients Nc using the follow
ing values for the average multiplicities: 

<n 71.P = 3.2; <n
71

...> = 2.8 ; < np> = 1.6 ( 14) 

which within the 'xrfrimental errors coincide with the values, 
presented in ref. 1 and exactly satisfy the sum rul~ (8). 
Using eqs. (9), (13) and (14) we get the values of the coeffi-
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cients Ne listed in the last column of the Table. Note that 
the normalizations Ne significantly differ from one*. 

For the two-particle densities we have assumed the following 
expression 

{2) (-+ -+ {l) -+ {l) -+ 
ped · pe' pd) = NedPe (pe) Pd (pd) • (I 5) 

where Ned is the normalization coefficient introduced for the 
purpose of satisfying the sum rules (II). Usually in computa
tions Ned are set equal to one and thus the two-particle cor
relations are neglected. For the problem dealt with in the pre
sent paper such an approximation is too rough, it violates the 
sum rules (II). Charged two-particle correlations should be 
compulsorily taken into account. In order to satisfy eq.(ll) 
the following values for the coefficients Ned have been ad
mitted: 

1, c ~ d 
(16) 

N - { ii (n - 1) ed 
c c . c = d. - 2 

(ne) 

Finally, using eqs. (13) and (15) we come to the following 
soft bremsstrahlung spectrum in inclusive p,roton-proton colli
sions at lab. energy of the proton beam 70 GeV and photon scat
ter ing angl e (} = 8 .4° i n 1 I k 2 approximation: 

0 

da A 
kodk lo=s.4o,<f>=o6="kf 

where 

A= - 4
-. 10.8. 

( 2 1T )2 

0
tot' 

( 17) 

• 

( 18) 

At the end, w~ would like to stress that because of the -lack 
of unique parametrization of the single- and two-charged par
ticle densities in the toThole phase space, the computation of 
the coefficient A in eq.(l7) is very much model dependent. 

*Such high values of Ne are surely partly due to the fact 
that the parametrizations (13), which give a satisfactory fit 
only to data in the central region, have been extrapolated 
in our calculations to the whole phase space. Such an extra
polation appears especially rough for the proton as a lea
ding particle. 
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5. CONCLUSIONS 

In the present paper the leading t erm in the expansion in 
powers of the photon energy k0 of inclusive production of soft 
photons in hadron-hadron collisions has been cons i dered . It 
has been shown that this term is completely determined by the 
inclusive single- and two-charged particle densities of t he 
corresponding nonradiative process . So, studyi ng the radiat ive 
inclusive production of soft photons, one obtains an additio
nal information about the charged-particle distribution f unc
tions in hadron-hadron interactions . 

Using a computer, the cross section of inclusive soft photo
production in proton-proton collisions at incident proton ener
gy TO GeV and laboratory photon scattering angle 8. 4° has been 
evaluated. In the numerical calculations model- dependent ex
pressions for the particle densities modified , however , in or
der to satisfy the sum rules following from charge conserva
tion have been used. Our calculations showed that any devia
tions from the charged sum rules lead to unphys ical result s 
as soon as gauge invariance is violated. This should be taken 
into account in calculating the soft bremsstrahlung s pectrum, 
using inclusive single- and two-particle distributions f rom ex-
periment. ' 
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t a i n i ng the general express i on for t he pr ocess. It i s a pl ea
sure to thank L.L.Nemjonov who encourag~d us to _pursue 
this work. We are also glad to acknowledge valuable and inte
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SMneH~Ka~ C.M., XpMcToaa E.X. 
MHKnD3M&Hoe ~eHMe M~rKMx ~TOHOa 
8 npOTOH•npoTOHHWX COYABP8HM~X M 38P~OBWe npa&Mna CyMM 

E2-81t-349 

PacCMaTPM&aeTC~ MHKnD3MBHOe ~8HMe MArKMX ~TOHOB 8 npoTOH•npoTOHHMX 
COYAaPBHKAX. 8 nonDCHOM nPM6~HMM A~peHqMan~Hoe ce~HMe npoqecca non• 
HOCT~D onPBA~eTC~ ~~aCTM~HWMM M ABYX~acTM~HMMM tYHKqM~MM paCnPBAen&HM~ 
acex NP~IIeHHWX ~aCTMq. nony~eHM OCHOaiHHMe Ha KaJIM6poa~Hoti MHB8PMaHTHOCTM 
aap~oawe npaaMna CYMM AnR ABYX~acTM~HWX tYHKqMA pacnp&AeneHM~. noKaaaHO, 
~TO ce~HMB TOPM03H0r0 Many~eHM~ ~eT 6wT~ ~MCnBHO Ton~KO C T8KMMM tYHK• 
q~ pacnPBAen&HM~, KoTopwe cTporo YAo&neTBOPRIIT 3TMM npaaMnaM cy-. TaKe 
tyHKqMM pac~en&HM~ HBAAeHW a paGoye. C MX ~~D ..... McneHo A~peH
qMan~Hoe CB~HMB MHKn03MBHOrO ~BHM~ KArKMX ~TOHOB npM 3HeprMM Han&T8U.MX 
npoTOHOB 70 ra8 M yrne Bwn&Ta Y•K&aHT8 8,1t~ noKaaaHO, ~TO npM aHanM3e 
MArKoti ~acTM CR81CTP8 tQTOHOB 8 npoTOH•npoTOHHWX COYAap&HM~X nPM BWCOKMX 
3HeprM~X He06X~MMO Y~TW&aT~ 8Kn8A TOPM03HOrO M3ny~eHM~. 

Pa6oTa BwnonHeH8 • n&6opaTOPMM TeopeTM~BCKoM $H3MKM " na6opaTOPMM 
~epHWx nPQ5neM OMRM. 

DpenpJmT ~eaoro -C'l'Jl'I'YT& uepam Hcc:JJQoa&RIIA. llY&Ia I 984 

Bllenkaya 5.1., Chrlstove E.Ch. 
Soft Photoproductlon In Proton-Proton Collisions 
and Charged Sum Rules 

E2-84-349 

Inclusive production of real soft photons In high-energy proton-proton 
collisions Is considered. The cross section for the process In the leading 
bremsstrahlung approx ... tlon Is c:cmpletely detemlned by single and bolo
particle density distributions of a11 charged particles created In pP co•
llslons. Charged sua rules of the bolo-particle densities are obtained. It 
Is shown that the photon bremsstrahlung spectrum may b.e evaluated only by 
aeans of such particle densities which exactly fulfil the charged sum rules. 
Charged particle densities obeying these re;qulrBIIIBnts have been found. These 
densities have been used io calculate the real photon brmsstrahlung spec:t
riD at Incident proton ,.,._ energy 70 GeV and photon scatterfng angle 8.1t 0• 

N~~~~erlc:al results shaw that In analysing the low energy photon spectrua In 
high energy proton-proton conlslons It Is necessary to take Into account 
the contribution of the brentsstrahlung •lsslon fnn cf:lllrged particles. 

The Investigation hes been perfomed at the laboratory of Theoretical 
Physics and the laboratory of Nuclear Problems, JINR. 
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