


1. Introduction

At the present time the current algebra - PCAC approach to low
energy hadronic interactions based on the idea of chiral symmetry and
gspontaneous breakdown of chiral invariance is in a remarkably satis-

/1’2/. A lot of work has been done in the lagt years to

factory ghape
extend these ideas from the hadronic level down to the world of quarks
in order to understand the implications of chiral symmetry for qua-~
rks/1’3/ In particular, we want to undergtand much better such im-
portant issues like the origin of PCAC (partially conservation of
axial current) which should be directly derived at the quark level,
or the connection hetween the current quark masses in the ILagrangian
and the congtituent quark mass parameters used in nonrelativistic

quark models. An ultimate goal is,of course, to embed the entire app-
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with approximate chirel symmetry that is,according to the present
paradigm, QCD.
From the microscopic side meny attempts have already been made

in order to clarify the relation between the quark and hadron levels,
/4/

2
QCD lattice calculations of condensate and hadron parameters

This concerns,e.g.,1/N expansions in QCD2 sum rule approache 5 or
Nevertheless, there remain many important problems that have yet to
be better understood like that of the exéct nature of the nonpertur-
bative mechanism of flavour symmetry breaking, the connection between
current and constituent quark masses or the construction of phenome-
nological chiral Lagrangians out of the functional integral of QCD,
Waiting for an answer to these important questions we recall to the
reader that there exists another much simpler approach to dynamical
breaking of chiral symmetry proposed many years ago by Nambu-Jona
Lasinio 7/. The simplicity of this model stems from the fact that the
effective interaction of fermions is a local four-fermion coupling.
That is, of course, not the case for QCD but there have been recently
given arguments that a separable quark interaction could be a reaso~
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nable approximation to gluon and instanton medigated interactions .
Besides this, nonlinear quark models of this type are interesting by
themgelves and worth to be explored further in order to test new non-
perturbative ideas and techniques.

In particular, as has been demonstrated some years ago/9/, non-
linear fermion theories lead to effective compogite-meson Lagrangians
exhibiting a remarkable resemblance to standard Yukawa or gauge theo~-
ries. In a recent paper denoted by I 10/ we derived a composite-me-
son model containing 63971 S and (0 mesons starting from a U(2) inva-
riant nonlinear quark theory. This model provides us with a dynamical
explanation of vector-meson dominance of electroweak interasctions,
PCAC relations and interesting estimates for the bare and total mass~-
es of light quarks.lmazS MeV, hnux 233 MeV, close to or resembling
the estimates for current and constituent quark masses of other ap -
proaches.In ref,/11/ this type of model has been further extended to
flavour SU(3) symmetry. The main purpose of this paper is to extend
the analysis of quark and meson masses initiated in I to a suitably
generalized SU(4) model in order to test some of the ideas mentioned
in the first part of this introduction. In particular, we shall es-
timate and relate the bare and total masses of u,ci,s and C quarks
and compare them with those obtained in other approaches. Moreover,
there will arise numerous predictions for coupling constants, decay
constants and masses of the composite pseudoscalar 15-plet of SU(4).

The paper is organized as follows, In Sect. Z we define the
nonlinear quark Lagrangian and derive an 1/N expansion (N - number
of colours) of the effective composite-meson Lagrangian by standard
path-integral methods. Sect. 3 and 4 contain the meson mass formulae
and a short derivation of the relevant PCAC and Goldberger-Treiman
relations, respectively. Finally, Sects, 5 and 6 are devoted to nu-
merical discussions and a summary of results.

2, Effective Quark and Meson lagrangiansg

Let us consider the following effective quark Lagrangian with
a global flavour symmetry SU(4)f broken by quark masses and a glo-
bal colour group SU(N)

L£(3,9) = Galigd-m)q* + Lon(4.7)
£.08)= §1 L (05g) ) (g dy]

(1

Here the quark field q(x)={ Cff'(x)} (a=4,z,,...N; (124,2,)...4 ) is a
N-dimensional vector in colour space and a quartet in flavour space,
respectlvely(quark indices will be omitted henceforth) h1° is the di-
agonal mass matrix mo—d:ag(mu,mu,ms,mc) , A; are Gell-Mann

A
SU(4)f-matrlces and 'E'- are dlagonal matrices defined by T = d‘ag(/! O)o),
L d,ag(oo o) and d,ag(o ¥Z) « The special scalar terms in

eq (1) have been introduced to break chlral symmetry both explicitly
(by Mo ) and dynamically (b)v <qT;q)#O). G is a universal four-quark
coupling strength with dimension (length). For simplicity, we have
also disregarded nondiagonal terms in &fht responsible for singlet-
octet-15 plet mixing.

To derive Goldberger-Treiman relations for the 15-plet of pseu-
doscalar composite-mesons of SU(4)f we must further introduce elect-
ro-weak interactions into (1) by replacing 3 by the covariant de-
rivative 56 of the electro-weak gauge group SU(2)LxU(1), i.e.,

V> Dp =0, + [ 5 1l { cane, (A142 + A1)
b SinG, (24445 ;\44-;,42)}“/ r b ] 2)

+AK [(4+ Y- 250, Q |2, +ieQA
2 (o6, 5 - *

In eq. (2) K, Qw) 8¢ are the gauge coupling constant, Weinberg an-

gle and Cabibbo angle. resnectivelv: Q ,'2 are the nnarotnre of

electromagnetic charge and third component of weak isospin and h/‘

Z A are the electro-weak gauge bosons.

The dynamical content of the nonlinear quark model (1) can be
best analyzed by applying path-integral techniques which are now
widely used for deriving mean-field perturbation theories or 1/N ex-
pansions/9’12/
fields for the mesons in such a way that the action is bilinear in
the quark fields. One can then do the path integral over quark fie-
lds leaving a nonpolynomial action in the meson fields that can be

. The idea is to introduce colour-singlet composite

expanded in perturbation theory. To this end, let us introduce the
generating functional (g g,)of the theory defined by

Z(g,—g_,):fj[ﬂﬂﬁ] e;cFLjd x-(x(q,E{’;A,w;Z) +69 +§g+..,),
(3)

*} as we are mainly interested in the 15-plet of composite pse-
udoscalar mesons we omitted other possible scalar interaction terms
in (1). The inclusion of such terms would lead to additional scalar
mesons and does not change our main results. We-neglect also isospin
breaking.
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where g‘ 'g- are quark sources and _;’1 is a normalization factor. In-
tegration over gauge fields as well as the inclusion of suitable ga-
uge field Legrangians and source terms is implicitly understood in

eq. (3). Introducing a convenient set of colour-singlet composite sca-

la: or pseudoscalar fields, {6"} (q q) ’ {d)‘_} V(CT"'JE'\A?) ’
{0xY =164,%,63
[d:) ={7 K. ne, D F, Mus]

and performing the integration over the quark fields in (3), we get
the following effective meson Lagrangian

I (i3, () = _.__(Z 6‘2'+Z¢ )—;NW—((u{-é‘(&)‘)})n),

L3y
(4)
S is the quark propagator whlch is defined by the equation

Steyy = -4y -mq - 3(26"? +LJ§Z¢A>}S(K-7) (5)

and the trace runs over Dirac and flavour indices.

In eq. (5) we have introduced a dimensionless coupling constant
z T/%—' playing the role of a (bare)"fine structure constant™ of
the model, by setting G= 3//\ « In the following we shall treat the
distance scale /\4 a8 a measure characterizing the range of the
suVrL=range q Iorces respongible for dynamical breaking of chiral
symmetry (compare eq. (7) and remarks after eq. (9)). This implies
that all momentum space integrals arising in the loop expansion of
the quark determinant of (4) should also be cut off at A .

Let us recall that the bare quark masses ﬁ‘lo appearing in the
Lagrangien (1) break chiral symmetry explicitly. Additional dynamical
breaking occure when the scalar § fields get nonvanishing vacuum
expectation values <b")+-0. To find the corresponding expressions
one has to examine the stationarity condition oé‘z/fo- = for
{d)j O « Introducing the matrix Wl of total quark masses defined

as the sum of bare and dynamical mgsses
A

A A A
mo=m, + iy, amo+3£<q>q (6)

the above stationarity condition takes the form of a self-consistent
Hartree-Fock equation

o .

MA-'-; m,; + gm,,G I:‘(ML) <4=41213)' n

where I'1 (Wl;,) is the regularized integral

)
4+ (&)
I( QZT')“ (k m2) (4_,—)1 f ( m2>
and we usged the notation (Wl4 MZ’V‘ns/ = (Wlu, Mg Mg ),
Recalling gj—r//\‘ we find from eq. (7)

g; - 7/‘(4-m/m)/g,\,{/I—’AA;Ih(M—"—Z;)} . (%)

As one decreases the mass M, to zero (with ‘/mt-yo) the interac-
tion strength /laneeded to give that mase goes to a critical va-
lue, zq,(fn = T/ZN This is Just the value at which dynamical brea-
king of chiral sy'mmet Z sets in., To get finite quark masses, we must
then have /(yl >gz/q. . Notice, that in the presence of bare quark
masses which break chiral symmetry explicitly the required value of
3/97- needed for & glven M, will be closer to the critical value than
in the case with W1 =0,

Proceeding further as in ref./1o/, we next perform a shift in
the ¢ -fields, G;=6;'=6; -{G;»and expand the quark determinant in
(4) in powers of {o‘,_"} and {¢‘_3 (The prime on G.' will henceforth
be omitted). Performing necessary renormalizations the resulting
lcop expansion will easily be recognized as an 1/N expansion with

82N fixed.

3. MAasgs Formulse

In order to derive mass formulae for scalar and pseudoscaler
mesons, we have to evaluste the quark loop diagram of Fig. 1a with
two external meson legs,

mj m,
b 4
¢ = —_——0 &= hnmnn Wi 2,
& &
.M m,
@ Fig. 1 D)

Tnis yields the following quadratic part of our composite-meson theo-
ry

7ua¢l(
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where we have performed the field renormalizations
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and I—Z(M/i.md) is another regularized integral

La(mi) = = G5 | Gty i

- i (P (a1 ) = (BT (1455 . i

It is straightforward to get following mass formulae for scalar and
pseudoscalar mesons,

o A2
M;=Lh’;'_,: e
2 ° o z 2
M¢ =%(@A+%>g% +(m¢—ma~) )'<¢=k|:D|F)

M'Z’ = 53" (Mi— “(""Fy"z)z)(g‘ygk)L" g‘ M;(gl/gr)z

Mie = £ (Me ~(mmsY )G + 3(M5-Gonms) ) 892)° ‘
- % Mﬂz(g’s/gﬂ>z . "

In deriving (13) use has been made of the Hartree-Fock equations

(7). Moreover, 56; and %tp are induced renormalized meson-quark coup- !
ling constants defined by

Jo-225g- O(E) 1 g0-Eig =01 . o

No#ice that the nonperturbative SU(4) breaking in the total quark
masges of (7) has its sole origin in the bare masses Pﬂf . Thus, in

(13)
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the chiral limit m; >0, W',;/’”j"’i , and the 15-plet of () -mesons
will indeed become the expected multiplet of massless Goldstone bo-

sons.

It is worth mentioning that in composite-meson theories Z= %(gz)
due to the lack of a free kinetic part in the meson Lagrangian. The-
refore, in contrast to field theories with elementary particles, the
bare coupling constant drops out in the renormalized coupling
constants and the latg;r become calculable functions of the quark
masses M, and the intrinsic cut-off scale A . In the following
we shall take the length scale /Vd characterizing the range of chi-
ral symmetry breaking qq- forces approximately equal for all quark
flavours . was determined in I by fitting the experimental

width r(§7ZUT> through the induced SUTﬂ’ -coupling constant.

As is obvious from the explicit expressions for the Z -factors,
SU(4)f breaking of quark masses will induce a corresponding symmetry
breaking pattern of renormalized meson-quark coupling constants.
This question will be explored in more detail in Sect. 5

4, PCAC and Goldberger-Treiman Relations

For a subsequent discussion of the quark and meson mass for-
mulae we need also the explicit expressions for the meson decay cons-
tants F& . To this end, let us congider the weak transition diagrams
ghown in Fig. 1b. Straightforward evaluation and renormalization
leads to the interaction Lagrangians

ch + - -
St = o W { ene, [1Z 5 O +1Z R 07 ]
+ sint, [1Z R K -1z R oD j} +h.c.

OZ’."CM':_K'____Z E MO F;? a/a 2 A
e "7 conbhy T ] O T O f% R0 f o o

where

_r]
I

w = Fslmerms) g,
FID (Mu+Mc)/ng , F;::(MS"”"C)/ZgF (16a)

it

*) The flavour-independence of the diestance scale /\4 suggests
itgelf if one identifies it, for example, with the short-range core
of gluon exchange. This can be compared with the flavour-indepen-—
dence of the ba7 radii of T, F and D mesons,Pj.rs RDzR =

- o F=
= 3.5 GeV™' /13/. Note R .. = A% ¢« R&mf. =2 Ry -




and

Fg = M.S 38/8:.;

Frs = 4; me g,;/gé + —2’— mcglg/g% ] (16b)
Note that Fl==0(ﬂv). As required, the charged and neutral axial
currents in (15) have a form respecting PCAC with decay constants
satisfying the usual Goldberger-Treiman relations (16a) or a slight-
ly modified version of it , as given by (16b). Clearly the above ex-
pressions for the decay constants include SU(4)f-breaking effects
from both quark masses and induced meson-quark coupling constants,

Concluding we mention that the quark determinant in eq. (4)
leads also to gelf-interacting meson terms which can easlly be evalu-
ated along the lines of I. One gets the interesting result that int-
eraction vertices with meson lines ({123) are suppressed in the
large N 1limit by a factor (4/,)'5')?‘&,(4/5)?2 resemblin7 the 1/F expan-
sion of phenomenological chiral meson Lagrangiana/2’4 .

In the next subsection we shall discuse the mass formulae of the
model in more detail in order to get estimates for bare (current) and
total (hﬂé**hﬁwJ quark masses, as well ag predictions for meson
masses and decay constants,

5. Numerical Discussion

Let us recall at the beginning that our model contains five free
parameters: G, A, MSIMSO and Mg (from now on we restrict us to
the physical value N=3), To fix them it will be cogvenient to take
the following input quantities from experiment: gm/l/grzB, M;T-,
{,;r = 93 MeV, [ ~ 1.2 F;r and W:czi-M =1.6 GeV, With these valu-
es we then get predictions for the other quark masses and the masses,

coupling and decay constants of the 15-plet of pseudoscalar mesons.

i) Light particles

Let us shortly recapitulate some results of the composite-meson
model I and recall how the parameters /\l G and M&‘ M, have been
fized there. In this paper we investigated a slightly extended ver-
sion of nonlinear quark models containing besides scalar and pseu-
doscalar mesons also vector mesons. This allows one to derive an in-

teresting relation between pilon-quark and measurable ?M—coupling
constants, i,e,,

Borm = V?‘?m a7

Taking g;;r/q.j]-’ as determined from the experimental value of P/_?—)ZJT)
then yields g,%/“.zl‘ « With (16a) and ET_-_ 93 MeV we then estima-
ted the total ({ —quark mass as 233 MeV which is somewhat smaller than
the usual constituent quark mass (Mu) hz 330 MeV derived from magnetic
moments of hadrons or by setting (m,),.~ My31,3 . Moreover, from (14)
the intrineic cut-off /A has been fixed as /\ =z 22mM, = (1093 MeV).
Finally, taking into account the experimental value of H]"’ we es-
timated m&’ and 3 from egs. (7), (13 ) as

m: = Mu<1+gg;'_ IA(M“")/M;—'>_4 x 5 MelV ) (18)
G/umr = 0.6 /N

The above value for Wl: is in agreement with a corresponding esti-
mate of the current—-quark mass, (Mu)cw,-z5 MeV, obtained in a cur-
rent-algebra approach supplemented by linear baryon mass formulae

1,3

ii) Strange particles
Let us next discuss the case of strange quarks and mesons. The
ratio of total quark masses Ms/mu_ can be determined from the re-

lation
ms/m. = (2R /E.) Je/ge — 1. / (19)
sl . \4‘._
Using I-_K/F;rz'f.z and considering gg/gl,- =l% as a functi-

on of Wg/m, we have polved the transcendental equation (19) numeri-
cally, This yields

MS/M“ =41 £5 ] gk/gﬂ- =42 (20)

and thus, using My=233 MeV, ms = 430 Mel. Notice, that this value of
Mg is not too different from the"symmetric® estimate, IMgx 460 Mey,
obtained by setting 3“’8” in (19) and using the standard value (mu)a,,,
= 230 MeV . Both these values agree within 10-15% with the consti=-
tuent mass(MS)conz54O MeV obtained from magnetic moment conside-
rations or by settizlg(Mﬁ)ta"ﬁﬁ-MPZ}Ma: Finally, the bare quark mass
Mso cen be calculated from the Hartree-Fock equation (7) as Wls°z
405  MeV. Taking the estimate g;/g,,-:l.z we can then predict the
masses of the K and 73 megons as well ss Fg)

Mg = 480 Mev M7€=500 Mev
Fg =42F,.

(21)
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These masses correspond within an uncertainty of about 10% to the
K mass and the value M y determined from ° ‘Pmixing*)o Moreover,
the value for Fg is comparable with the estimate F%/[‘;r: 118 of
ref./14/ obtained for the physical meson. Alternatively, we could
insert the experimental value of the N meson mass into (13) and try

to fit Mg . This yields s
Ms/my = {[ZME‘Z (MwMS)ZJ?%;,,? ‘i} Mg /g, 25 (22)

and thus MoszS'MeV. Again this 1is close to the standard value of
the strange current quark mass,}wguqi 4150 MeV/1’3/. In this case
we get also M 5520 MeV, It is worth remarking that the ratio(Z22)
which includes SU(4) breaking via masses and coupling constants co-
incides with the PCAC result for the current-quark mass ratio

(Mg /w7 = 2(Mi/ME) -4 ~ 25 (23)

derived from linear mass relations (cf. ref./”)
2 curr 2 curr
Mr(=2mu 3 ) MK=(W2u+Ms) § ] (24)
In (24) the scale factor §=—ZA—5r(Ole‘-IJT> = —ZLJQ(OIUKI K>S

is assumed to be SU(3) invariant, V4 being pseudoscalar quark den-
sities.

iii) Charmed Particles

Next, we shall evaluate the relevant parameters of charmed par-
ticles. As the decay constants of D - and F mesons are not yet
measured, we cannot parallel the case of strange quarks and calcu-
late, say, MC/Mu’ as a function of Zl:p/f:ﬂ_ . On the contrary, we
will estimate instead F; or F; by taking some standard value of
me » say ""c“’i' M?=4.6Gev. Using the formulae

b/ = F(1+ 35 97/92
Fe/fe = £ (55 v 3e) 97/

(25)

x

) This uncertainty arises mainly from the corresponding uncer-
tainties in the values of the bare and dynamical quark masses. Notice,
that the relation (17) which was used for determining and My
has been derived using an off-ghell rez_normalization procedure, There-
fore, the identification g’r'm(o)/q_ﬂz gﬁf/lﬂl' is only a crude approxi-

mation. Further uncertainties are related to the approximate charac-
ter of the Goldberger-Treiman relation.

0y

V——T

and inserting the coupling constant ratios evaluated with the above
value of M, ,

/9 =26

we finally get
~ ~s = V . 2 )
FZD NFF~4.5 Fﬂ. 140 Me (27

As expected, the symmetry breaking in coupling and decay constants
of charm mesons is larger than in the case of K or g mesons. In
particular, we find that our values of B, FF are comparable to
recent estimates from QCD sum rules
Pinally, the bare mass of charm quarks is evaluated from (7) as

me = 1250 Mev, (28)

which is close to the estimate by QCD sum rules,/a/ for the running
mass Wi, (/u) , Mc(Mc)zl.Z? Gez and not too different from the con-
stituent quark mass Wi.>4.6GeV,

Taking together the values for Mg, M and the ratios of coup-
ling constants (26), we predict the following values of D ana F
meson massges

MD= 2440 MQVr

y JF/Gn = 2.9 (26)

, and potential models 1

(29)
&
which deviate bv about 15% from the e¥narimantal valnae | .Dlt-

E
1863 eV, Mt~ 20214 MeV.
For completeness, let us also quote the values of the masses
and coupling constants of the 'Z"S ~-meson and the scalar mesons, We
find

M‘Z'LS' = 46’1“0 MCV'

(30)
and 345/37'_ - 2.1

Mc, = 490 Mey ga,/g,,=i.

Mg =1100 MeV 9 /g, = 14, (31)

Mg, = 4700 Mev

Qo
By
“_

Ao
Y

R
-

*

) Note that in contrast with W\:, M; the mass M: is not small
in comparison with the characteristic scale of bound states. The ra-
tio C=(mé-mg)/(mS-mf)which measures the size of SU(4) splitting in
comparison with SU(3) splitting is rather large,( x40, and coincides
with the value of ref. /3/.
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The value of M 4c is smaller than the estimate M, = 22293 MeV obtai-
ned from the mass formule M -C(Hkﬁ +9 M:Do)of a chiral SU(4)x3U(4)
breaking scheme 2 « Anyway, ne should keep in wmind thet to compare
this mass with the mess of the physical 'Z’C —meson,M C=2980 MeV,
would require to take into account 70“73—7y5 nixing which is out~
side the scope of this paper. By the same reasons the scalar mesons
6516216% cannot be identified with physical mesons.

Concluding we mention ithat we did not try to get a better over-
all fit or fine-tuning of the various parameters of the model. The
reagon is that they were determined by using an off-shell renorma-
lization scheme and identification with physical parameter values
cannot be but a crude approximation,To obtain a reasonatle on-shell
scheme one should probably first include a suitable confinement me-
chanism for quark propagators and/or meson wave functions into the
model (comp. with the remarks st the end of Sect. 6).

6. Summary and Conclusions

In this paper we derived an 1/N expension ( N - number of co-
lours)for a composite-meson model based on an effective nonlinear
quark Lagrangian with approximate flavour SU(4)f symmetry. The model
contains a variety of relations which enable one to estimate quark

JO VU s ~ . f ~ . .
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Let us summarize the paremeter contents of the model. It contains
five free parameters: the four-quark coupling constant G , the int-
rinsic cut-off scale /A and the bare quark masses Mf, M_? and Mco.
A convenient set of input quantities used in our calculations with

3 colours were: gﬁ/qﬁ 4.(as determined from the relation (r = ﬂ;é&ww
and the experimental value gfﬂ/lhr-.S Y, My, Br=93Nev, F= 12 F,
and Me= b1v =4 6 GeV. With this set of input quantities we
then predicted eege, =405 125" MeV, Mg =430 MeV, m2-1250 Mev,
FoxFe ~15 Fypr » Ge/Gr =42+ 9p/Gr=2.6 g;.—/gﬂ =2.9. Generally spe-
aking, also in the case of strange and charm quarks our estimates for
bare and total quark masses turn out to be reasonable and not too
different from other estimates for current or constituent quark mas-
ses. Moreover, the estimates for the decay constants G@; are close
to predictions obtained in other approaches like QCD sum rules or
potential models. Finally, the model yields a mass pattern for the
15-plet of pseudoscalar mesons which is in rough agreement (15% er-
ror) #ith experiments. These results look rather encouraging and
support further studies in this field,

Puture theoretical work using this type of models should, of
course,try to incorporate some confinement mechanism in order to
forbid the ionization of mesons into q'pairs. As the Goldstone
properties of pseudoscalar mesons are determined by the short-range
core of the ? forces at a scale &. x4 Gev™ (recall Keyir <
?Coh{ =2 21!" ;Gev , one expects the confining forces only to modi-
fy the long—range tail of the wave functions and to lead to small
corrections in the meson masses., Pirst attempts in this direction
have been recently done by the authors of ref. 8 who postulated
baglike confinement conditions on the g wave function paralleling
clogely the MIT-bag development/W/° ;1ear1y, it is a challenging
task to construct more sophisticated versions of separable nonlinear
quark models with light and heavy quarks including baglike confine-
ment conditions.
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