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1. Distribution functions in phase space representations (PSR•s) 
can be calculated using approaches similar to those for amplitudes: 
the Schrodinger picture, T-exponential (interaction picture), Green 
function, path integral methods. Here the latter approach is treated, 
namely, a derivation is given of a path integral form for the Wigner 
distribution function ~~(xpt 1 x0p 0 t 0 ) (the density ~atrix• in the 
Wigner representaion (PSR-2)), which in the Schrodinger picture may 
be written as follows " . 

I '\. -1 -1\ -i'tL1 H(t-t~ "\~ .P!. \.><.rt 7 Xoyoto,=/\ 1\. (X\'\e lx.~v = (l.a) 

-L(l-t.) " = e s>1 ()( pt0 .X.,p. t.,= (l.b) 

- :C\-\:-t.) - e S'~(xpt0,')(o poto) ' (l.c) 

Obviously it is a solution of the Liouville equation 
(l 
ut ~~lx\>t,xop..t.)=-t~!.(x~t,x.,~oto)) (2.a) 

:;t 5'~ (xptJx"roto)= C S't(1..pt 7 X.poto') , (2.b) 

Here 1, is the (generalized) Liouville operator (Liouvillian) 

L -= ~ k 1 
( H t-H "'-) . (J) 

The Liouvillian 1 together with the left and right representatives 
H1 and Hr of a Hamiltonian Hare linear partial differential operators, 
acting on the variables x and P• t' is the same operator, acting on x

0 
and p

0
• We suppose that initial and final states are described on equal 

footing by the •density matrices• 

(4) 

and therefore the initial condition 

p,_(Y\pt.,,x.p.to) = T"t(~tt ~,.i) = f\-1 A:1\(X\'>I Xo~.)lt-=ltr.\ifo~-X:,b~-f~ (5) 



~ ~ ~ 
is assumed • We define .s'sr.i and 

1 
~i.~ via the coherent states and 

the inverse Gauss transformation 1\- • One can show, however, thatf22/ 
,\-1\llp)<."rl= (6.a) 

= \_11. ~dcte. -tpa..l x-\a.><.x + \-ot.l = (6. b) ·,_e 
(6.c) ==~11.~Jee.,_ 11'-is><t>+igl, 

where ~~±\:a.> and 1 r±te> are eigenvectors of the coordinate 
and momentum operators, respectively. In fact, eqs. (6.b) and (6.c) 
correspond to the Wigner definition/11• 

At the first stage we shall consider a particular B&ailtonian of 
the form 

(7) 

e. . +. 
b 't_ - 'Ltl. 0 
1 "- -~k.. +Tox 

k 

(e) 

Note that eqs. (4) are not true density aatrices, as they are not 
positive definite (what is easily seen taking their expectation values 
in oscillator states, see Appendix A). Hence y,_ (xpt,x

0
p

0
t

0
) is in 

general not positive definite and cannot be interpreted as a probabi
lity density. However in all the linear cases, i.e., when equations of 
motion for coordinates are linear, and therefore, Baailtonians are at 
most bilinear in x and p, the distribution functions· ~i.(llpt,x0p0 t 0) 
are identical with the corresponding phase space densities in the clas
sics ( ~ falls outxx)). Such are the cases of free particle, motion 
under a constant force, any harmonic oscillators, etc. In these cases 
~~ may be easily calculated, e.g., using eq. (l.b) or (l.c) to obtain 

~,_(ll~t,><.o\'oto) = (ir.t.Y' b(x-'l<o-\'o lt-to~ ~(r- ro), C9) 

Yi ()l.pt.,llopoto)=~l\~ Y'S(x-llo- ~(t:-to)- i'rn (t-t'.)'-)S (~-l>o-F(t:-t;,) 
________ _:=(ili~)tl'f>(x-~(t:-t~)+~(t-to)'--~)8~-'F(t-to)-ro)Clo) 

x)Any nu.ber n of degrees of freedom is implied (any number of 
particles and dimensions of space), so that the ~ -functions in eq. 
(5) are n-dimensional, 'b(ll-llo):'C""(ll-X.a) , and dCl..::fa.. l J£:. d"S 
in eq.(6)and in what follows.For identical particles symmetrization 
(antisymmetrization) must be taken into account. 

xx)Since it enters only via i~1 CH1-Hr). Of course, not all quan
tities are governed by the latter. lor instance, the Planck fo~ula is 
defined by the Hamiltonian itself <either ft,or BL, or sr), and ~ 
does not fall out Caee Appendix B). 
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~il~ vt ,llo~ot;")= li:~t\\Y' o\Y--"oC.O!>Ul't - ~!>i.ru.u't) CO(r-~oC..O!>W't:+~WXo<:.uu4Yt) 
~(?.r.'\;)"' CO ~ecs.w't-!w s~w't-xo)~(pCD~ w't·H~\wsLnw't-p.:). (n) 

( 't = t -to) and in general 

§>~ (~ \' t, llo ?o-lo) -=(id;.)"' ~('It- ~l~o,~o,t""t~)~lr -~(Xo1 "o 1 -\.-to))= 

=l1:R\\)"' bl~(~ 1\' 1t.-t) -Y-o )b lf(~, ~) to-t~-\'o), (12) 

~here~ and f are o~tained by solving the Iewton or Hamilton equa
tions. 

Being not positive definite in general, 9~ leads to all the 
usual positive definite probability densities of quantum mechanics, 
including the distribution function in PSR-1 (based on the coherent 
state representation) 

A 

-i\:1 ~lt-t~ li. 
y 1 ~pt, Y-o~oto)=,\,\ 0 ~cz.('1t\'t,xorot.:)=\<.xpl~ \Xop.) (lJ) 

as a result of the Gauss transformations f\ and f\ 0 , i.e., of the 
convolution with a given normal distribution (see, e.g., ref. 1221, 
eq.(llO.b)). !be PSR-1 distribution function (lJ) is positive definite 
and may be interpreted as a probability density, but between non-ortho
gonal states 

.... 
~ 1i.lXo1 ~o) = \)l..opa) (~0 ~o\ 1 

(14) 

(15) 

~1 is also subjected to the evolution in form (l.b), Cl.c) and equa
tions of motion (2.a) and (2. b), but with other 1. and C , because 

1 r 1 r (S) ( f /22/ now representatives x-• and p • differ from eq. see re • • 
eqs. (104) and (105) ). Both ~1 and ~t are real functions, and contain, 
however, the same total information, as a corresponding complex wave 
function (amplitude). Note an advantage of the distribution functions: 
they admit transition to the classical limit (1\.-+0) unlike amplitudes 
(S-eatrix). 

Give the relations 

li:rtS' \d'\ e-i'\~ ~-1\'\ \'> <""' :\p+ \g > <r- t~\=\k')<.k\, (16) 

(.1~\\) .. \Jre"~'"'-f\1 \'\r><.'\~\- \q+ \:a.)('\- \.a.\:\x')<.xl 7 (17) 

~~t)"'\o\\'fr1 h-r><x"l =\x)(xl, C1s) 
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l~~t.)"~J,.f..-1\ll.p)<.x~\= \\')(~\' 
_j_ ~ c\h f\1<:~-'lxr><..xp\x") =li (x'-'lC) ~(x-x"), 
(.i:n\)~) r 

_j_ ~ J)( "-1<~' \lly'><x~\~">=~ Cr'-r) 8(\'-,''), 
li:n'\\ 'Y' ) 

(19) 

(20) 

(21) 

where on LBS's x(q) and p(k) have the meaning of"expectation values' 
(t\-i(xp\~\)(r>=-~, J\-1(Xj'\plx~)=~) and on RBB's are eigenvalues of 
the coordinate and momentua operators. Hence the theorem follows on 
transition probabilities (cross sections): in PSR-2 distributions 
over these 'expectation values' of momenta (coordinates) coincide with 
those over eigenvalues of the momentum (coordinate) operators: 

t.S(ph~;.) = l~Ttt\~~~+~;. ~ J"TJxi S\(~~p~i: ,X.;.p;.lo)= \<p*'\i'i~-tH't" \~;..) \ \22) 

'W~ )- 1 \J I l -i.\\-1At \2. 
xhy.i.. - "-r.~)VI.~·Wii J r~"'"i f,_c)(.~~,._t;l('-~i. t..)= <.x~\e.. l '>li_) (2J) 

" -w~ -~- 1 Ll J . '· " \ \ -~t.-1\-h:\ ·'-l'-:h\'· - lir.\\)"•Hli.) ~t- "'\ y,_~.._y.~p~t,xipit,;1= <~~ e.. " r'\" (24) 

1 \ 'i;\11-\~ 12. t.S{\'t,ll.;.')= C.11tt.)~"§.+n, J~Jri ~,_(x.}-p~t1Y.i.\li~ )= \<rf\~'\ I "~-1.> • (25) 

where xi,xf,pi,Pf stand for sets of all initial and final coordinates 
and momenta. In particular, 

... ~~':"" ~ ':-"~' ~' ~ r . .., •"l .. 1. • ., _ 

-'-r .. t''!> t't. t't J = (?.:~<.t;)1t)d~~d-~~d X.~d"X't ~1(X~ p~ i~¥:!> t,i"11\_~~ to}=· 

=I<F.fileik1H-c \?,.V..>l'". (26) 

One can easily check this using eq. (21) after the substitution 
() ,,.... ......... .,...,t _.,....., ... \ A-11l-1A-1A-11 .............. ..., I -ik1H(t-t.,), .............. ...,,,t 
Jt.Vl4p~x~v~ ,x~~!x1p1 to 1 =", "'1":?."~ (x'tr~xl~:!> e. x2~!x"~"/l 
..., ..... ...., ~I -~t.-1 Hti:-t..,1 ..... ...., ..... -')'" \ 1'!. , •> ' 1'!. r 1> r ... -'t ..,.,, __.,-:-:'> _,,) 

<x,.v~x~r~ e. llt.ft.ll1r1?=Jct Yt 0 r~.~ h" ft,(x,.y,.\~, )(X;f~lr3. . 
" <~'r;.'le_a-tHtt-t..)rr;w><fi\~t.v;.><~''~~>. c27) 

The densities (22)-(25) a}e obtained simpl;r integrating g 'I. over 
variables of no interestx , Just as if we calculated them in classics. 
Thus, eqs. (22) correspond to problems on beams (ensembles) of partic
les, momenta of which are measured, but coordinates are not (in parti
cular, so are the Rutherford and Compton scatterings). This concerns 
all transition probabilities and cross sections of quantum ph;rsios. 
While S't. is in principle conTenient for obtaining wcrhPi),14>(xhxi), 

1.U(xf 1 p;),and 'lAS(pt,Xi.), the distribution function _5>1 is a generating 
function for transition probabilities between oscillator states: 

x)One can say that, e.g., ~4'f,l';) is calculated by •averaging of 
5'!!. over initial and summing over final coordinates • (like for spins). 
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1\ 

-i-t\1 \-ll~-to) \2. 
l<nle \m) = -Hr1H(t-~ t 

1 (d ~ \~~F~ 'd \m\(l(p\e. l)(op~l (28) 

= m\~\ a«. co.. .. ) \'da.. 'Oct:} \<.xn\0'>\1 I<Xb\0)\'- \c1.-=d..*=O 
r oro (Lo .... a.: =0 

(for the notation see Appendix A). 
Path integrals for amplitudes in phase space terms have been 

proposed by Fe~an131 , Tobocman151, Sohweber/lO/, Faddeev/l7, 20/and 
/10 201 others. In refs. ' the coherent state representation was used 

together with the completeness relation 

~~\;.)t\.~Jxd~ \xf'><"'-~\=1. (29) 

2. Let us proceed to the path integral solution of the Liouvil
le eq. (2). When considering the phase space distribution funct5ons 
another completeness relation is needed (see, e.g., ref. 1221) x: 

"-;t.y· \ h A~ /\1\xr"><){r\ ® i\-1 u"-r><.xr~ = 1 1K ~ Yt \. CJo) 

Four state vectors enter into it (unlike eq. (29)). Eq. (JO) permits 
to conclude that the distribution function ~!t satisfies the Markovian 
property A A 

1 ( 1 -1 -'{ -i.i\-1 H(t-t.t) 1 -1 '1(/, -it\'1H(t.;to) \t 
~J\t.)")"x,d~1 t\ f\1 l<:"r\e . llltft'>l f\1 1\1''\ftle. IXo\'->) = 

=f\1~:1 \(Y-f\e-ii\-1H(~-to) \Xo~o)\t.. (Jl) 

Using this property we can subdivide the interval between initial and 
final times t

0 
and t into a large number N of small intervals, and 

represent evolution of the distribution function as follows 

~i (lC pt,xo~ot.:) = Ki f\:1\<.xp\e-1:k1A(t-t.,) lx .. ~;>\t.= 
A 

1 ( d ol J J d d A-1 -1 I -i.t\1H(*--t..-~ \2. 
= (~r.t)CiJ-1)11 \ ~1 V1 "! Pt"' ~N-1 ~M-1 /\ f\N-1 <.xp\~ lxN-I l'w-.;> · 

,-11l-11<. .I -it\1 ~\(4-i:.t)l '\l ,-1 A-1\/· \ -~i:1H(tf~\ t.'-\!. 
. •. ,,l "' Xtfue. x1~"' "1"o ,x-tf-t e. Xo'""'"' , (J2) 
conceiving this subdivisi~n to be carried out infinitel;r c•-- 00). 

When At is saall, each factor can be represented approximatelT as 
follows 

•x)Single and double bars are used for the ~trix• notation. In 
similar terms, e.g., the completeness relation for the matrices ¥ 
takes the form~ 1'(~\eh/\\1=4 \1."®\11.1 

... 1 ... 1" 
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A.-i f\-1 I< \ _i.li
1
At AI >\ll-

1. 1 'J(.:l.p,_ e.. ~P1 -

::: C2. At L(.~) {\~1 "~1 1<"-'-~i.\ ')(.1 r1 >\t = e AtL(1)(:tn:t..)n.<o(x,_-x~b(f,_-~1)::t 
~ e AtLo(-t) e. At L:r(:t) ~-k.)n.~('ll..!.-x·S~Ct~-\'1)= 

~ Jl co • tc\~ [\J'· + t1i. o " vr. it\. L\1 
=eAt"'- m ~x1 e.,_ t ~t Tof1 }- \.x1-T-orill(~li~)M.~-f~~<i>~-r~= 

=tn 'i>()(.,_ -x1- -fttd~) \ JCL i i.(p9.-f1)Cl. ~-i.1i:-tAtL\J6t-1.4cx.)-V(~-\«)_\ 

[ n. u. \ r, -i.Cp._-r~a. -i.tl1At.[V('lf.1+\-cl)-V(x1-~c9]\ 
~h 'bl.Y-1-)(1- -M-At J yta.. e. e )., 

(JJ) 

where L~_1)=i K"\Ht-H'l)c1),Lo(.1)=-t.k1(H~- H~\) and L1<.1)-=i.k1(Hi-Hi\1) 

nre total, free nnd interaction Liouvillian~, actinr, on x1 and p 1 .~x
pression (JJ) follows directly from eq. (1) and is valid only up to the 
first order in At • At the last step the representation of the S -
function b (p

2
-pJ,) via the Fourier integral is used. With eq. (J3) 

we can write eq. lJ2) as follows 

~,_~~t,Xo~ot.,)~ ~11)~~1)n \ dx1J~1 ... JxN-1JrN-~ da.. 1 ... dctN 

'b (x-JI.N_1- 1'~1 (t-tN-~)··· 'h lx,.-x1- ~ (~-~)) S ()(1-x.,- ~(trt$) 
N 

;-l ~~(~~~.- P11.-1)ll"- + k1 lt~~.- t11.-1) (\l(x~~.. +~a.~~.)- Y&.~~.- ~ a..IL)]1. (34) 

After performing the integration over p1 ••• pN-l with the help of the 
~ -functions 

~i.(X~t,X.,~.,t~~~·c1~ J')(1·"d'l. PH o\a1 ... Ja..N e~~Cl.N 
e i.tJ m ~:=~~~~ (ct"-a."_1)-~\t~-t"_1)[\llx~~\<l~~.)-\l~i' WJi 

-Lr .. a..1 ~( p.,~ ~~ -it{ 1~-to)LVtx1+}c4)-\/(x1-~)1 
e o -.: -x -- t -to e. (J5) 1 0 ~ 1 

and the substitution 

~-x.. \ .r'M."'~-x.. N«.o 
\. ~0~ ~ :\ _ ( m. \'fl.. i.W\ \

1
-t.0Cl.t J ;~ tcto-

e Slx.rx .. - ~ lt1-t~1 - 'lT.(t.,-tc,)) e «o c36 ) 

6 

we obtain 

~~(xpt ,x .. ~ot.,)~tC~Jx1 ..• .,ly, N--1 \ dD... J~t. 1 .. ,Ja.N e. -l.~~+-tf>oel.o 
rJ .\. L f n\ x~~..-xl-1 ' -1 [ 1i. "\i ~ IL-..-tl t~t-tk.-1 (11 "-tt.k.-1} -ti (t~r--t"--~ V(x~~.+-ro.")-V(xiL!:~]3cJ7) 

In eqs. (J4), (J5) and (J7) t 1=t, xx=x, a1=a, 

C = ('l'Jt(;:.t,._1~r~.(~r.(t;.t,H.)Y · · ·('l"R~-to~ = L1 (~r.~to~~CJa) 
Taking the lilllit x-oo and interpreting 

xl£.-xw.-1 (a.."-d.,__
1
)--;. ilt)ci..(.t)dt (J9) 

t~~.-tlt.-1 ~ 

we obtain the desired functional integral representation of~ 

~'i(JI.\>t,X.,potc.)=1r"-\Ja.o Jet. e-ipCL+i~oCl.o 2 
t 

\ ;tlx ~(t.~) Ut' i\f~( mi(t)<i.(.t)-k1[V(x(.tH\CU.t~-\l(xlt)- ~a.Lt)]3, 

Thus, the distribution function ft is expressed via the product of 
the two Feynman path integrals for the two amplitudes 

< ~ I -l.lL'1H(t-t0) 4. -~-11"'11_ ) 
X+'i:cx. e \x +!::.a.'- and (x _li_,.. -\eLn. n\.t-to \ 1\. ) 

I .. ,_ "/ " ,_......, l{-ra.. . 
n f~ct, the amplitudes appear as a result of the Fourier expansion 

in eq. (33). Linear cases do not require such expansions, and one can 
~2-~~~!~litudes. In the classical limit (~=0) one gets 

Cf. an influence functional of Feynman and Vernon/11/. 
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S'c. (x pt 
1 

Xop0 to) = - 1 - 0~ (X t't 1Xo poto)\ = li.r.\\)~ l t!=O 

= \ ~~ dY.(t) dplt) \J(c~)'l)VL b (mil*=)- \'lt))~{~(t)- F (xlt)))= 

= ~ ~1 
d'((t)df(-t) 1J~(JY-(t)- ~o\t ')~(J~(t)-f'(x(:to))clt)= 

t 

'""\ ~' dxlt)d~Lt) 1J li.~)1n.cla.tt:)cl~lt:~e~ri.~~~lt:)(x~t)-~)+«-l~l~(t)-f~<t)~ 
~ ~ clx1Af1 ... d'llt-~-~A~N-1 b (x-xN_1- t'!-1 lt-t~~)~(r-rH_1- f(xN_1)lt:-1w;~ 

b (x'l--)("-~ (t,_-t,S) Sl\'1.- t>1- -~.1(x.,)(t,_-~~ 

0 

~ (')(1-~o- ~(~'\-to))Sl~c\>o-F(11...,)lt 1-t~').l44) 

. . . .. . . . . . . .. .. .. .. .. . ... .. . . . . . . . 

where F.._lx) =-~ (x) , and TI and TI may be interpreted in 

difference terms as'- follows 

1J ;'lr)i.n.cto..lt~d~lt:) ~ (_~)9..Nn.Aa. 1 dQ. 1 ... Ja..~ cltN , c45
) 

n' clx(-t)clplt) ~ dY.1 J\'1 ... AxN-1JfN-1 . (46) 
t. The 0 -functions in eq. (J4) show that the "momentum• and 

"velocity• are connected like in the classical mechanics (p(t)=mx(t)). 
~o h --¥nn"t1nn" '"!'!IP.A.-r due to a bilinear form of the kinetic ener
gy. That is also Why in quantum mechanics in PSR-2 the first set of 

the Hanilton equations 
X· lt) = ')lL_ = .f-tlt) (47) 

" 'Oh(:\:) m. 
is satisfied for such Hamiltonians (for c-number quantities, but not 
for operators). However, in general case the potential V(x) does not 
define momenta uniquely and the second set of the Haailton equations 
is not satisfied (unlike the classics). In any linear case, i.e., 
when V(x) also is at most bilinear, ~ falls out of the exponent of 
eq. (J4) and integration o-rer the variables a... gives S -!unctions 
too, and§!~ is expressed via a classical trajectory, a solution of 
the classical Hamilton equations (see eqs. (9)-(12) above)/2J/x~ 

J. General B&milton1anQ. !he Liouville equation in PSR-2 can be 

written also as follows 12J/ ;t ~<.xrt) =-'- \l.-1t Hor4l~+ 4{~, p-i.~;"-)- Hord(v.-'-; ~~ ,~+i.~ ~)}~(Y.pi) 
or a ) . ~-1 (\-\tor.! 1 t" ord'\ (4-S.a) 

'Ot ~llC.}'t = -1.-n.. - n JS'(Y. \'t) 7 (48. b) 

where ord (ordered) means that the derivatives :::2.. and ')_ --~ ~"- ~r 
x Cf. the Chernikov solution of the Schrodinger equation for such 

systems114/ and ref./ 211. 
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stand to the right of all x and p in Hl o1.d and K'l"""'• '!'he function 
H(x,p) is defined as follows 

(49) 

Now we consider the Hamiltonian H of an arbitrary form. It follows 

!rom eq. (48) up to the first order in A. t that 

-1 -11 \ -l.lL1 
H A 11 A'J. A. 1 <..~,.. "'" ~ I x1 ~,> = 

-AtL(9..) t,.-1 t,.-1 L = e "1 "1 \<."-!.fi.\X1 ~"''>\2 = e -A.t ('l.)(i1\il)n..~lll.!.-x.;)b(r~-r1)= 
= e-AtL<.'l.) ~:)n. \!ei.A~ e-to..~-"1)-U(x~.-x"')~ 

% tn.. \ de1.d~ e--io..(p,.-f-t)-it(~-~t1)-ik1.\t[H~2.-+\a. l\-f«"\-H~-~ f~~\1 
(1TL)I'\.) > , I ' IJ · (50) 

Inserting this into eq. (J2), we obtain the desired difference ex -

pression " 
~!.(X \''t) Xo foto')::: r-..-1 1\~"\ \ (X~\ e. -i:k1 \-\(-\:-to)\ lC.o po) l1 = 

"-~ ~ (b}'lN-1)n.. ~ ~"" Ap1 .. · JxH-1 d~N-1 dct.1·" clo.u J g ..... , d~"' 
N 

ev.~ 'L &
1
\.-a.l£. (h- ftH1 - lS"- ('X "-_l(k._1)-

-~1lt"--i:u:--t)[l-llx ... + tn~c., P~~.-\8"-)-H ll(IL- \:~~e., ~"-+\~~c.)]\ (51) 

and finally its continuous limit 

~'- (: rt J Xop.,to) = ~ ~~l'-~\\)"' ~)((t)d p(t) ~ ( ii r· dO.(t )Jg (t) 

~~ ~;. ~ olt {- r(t)Cl.lt)- x(·n Slt)-
to 

-\\.-1 [H tv.lt)+ l tllt), ~l-t:~-tglt.))-H (xct~- ~ Cl.l-t), ~(t)+ ~ SLt~}\. C52) 

Note that the coordinates and momenta enter eqs. (51) and (52) 

( and eq. (67) below ) on equal footing. 
Expression (52) can be reduced to amplitudes in a path integral 

form by the following ways: 
"a) integrating the first term in the exponent by parts 
t t 
~ dt ~(t)Cl.lt)= pOL-poct.o- )dt plt)Ct(t.) (5J) 
to to ? 

and extracting integrations over a and a· 
0 ' 
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t b) integrating the secondtterm in the exponent by parts 

)Jt Xlt')t(t')= )(.~-){ 0 ~ 0 -~dtll.(l)g(t) 
to ~o ' 

and extracting integrations over b0 and b. 

(54) 

These ways lead to 

b) ~'l.lllpt) ll.opoto)= 

=-\f:rJsoJ~ e--ix~+i.x."~"~ n' Apl-~:~d(t.gl-~:))D ~ \)!" d')(l-~:)J(~~tt)) 
-oO t t ... 

t 
~)(."i. ~ at\_-H.t)ctl-t) +~(.t) ilt)-

to 

- t.:-1 [ 1-1 (l.ctl+ \a.c•), rc•'-\ t~-1-1 l>-t•)- \o.t<), r c <)+ \ ~ ~))11 = 
c>O =l\

1
"' \ HoJ~ e.-t.Y.t+tY.o~"r n' Jyl~\t)JJ•\t)TI 1 b(~\t)J)I.(t.)lt) 
-co ~ t. r t lilt\\ )'1., 

l ex~ it' l~ \.-x"'l•) ~ ''\•) + x "\•) ~''{t)- \-\(< '~l<\ f1l<~ + H(x~\t), ~··t.~~ = 

'!:: v;-1\ \ J ~ 0 at e -i. y.q, +ixoto 
~ ~ 

<p -\e, \ e-t.\-1\-\(\:-to')\po- \t)<.~o+ ~ ~o\e.ik1Hlt-t..)\p+ \e) . (56) 
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The last but one expressions (55) and (56) are obtained by the change 

of variables 
y.l1)lt)= Y-(t)+t«.t-t.), x~\l)=)(.lt)- ~a..(.1:.), 
r"\•) = rt•)- tH•), r"'<•)= ~c•) + \- tt•). c"J 

Let us also trace the above transformations in difference terms (in 

the converse order) 

a) .s'i(ll.\>t,Xofoto):::"\\..!l.n.\~~Ja. e_-ipC1 +ipoct.o 
A A 

<.•+ia-1 ._ -i"' 1-\(H) lxA:a.)<. x.- \-•-1"-;.tc• 1-\ tt-t..) I•-\ca.)-
~l(n~Jct)ll.N i" i\'<1111+i roct.o __.1_,.. (Ji1) dbl1)··· ~)(.(1) dhH\1 (1\l l'-) U.t) J ll) 1 tt) l IJ) (1.11~)'lWK r 1 r-t tl-'\ rt~A ~N ~1 1.1'('1 ••• 'lltJ.\dr!I-('PN 

"' "'~' li:'t:, \ 1'~(1< ~'-x ~~,) -~~'(,<:_1. • ~'_);) - l t .. <,..~ [ \-1 (x~, ~l)-H \Y.'t', rf"l]J" 
= l!~•·•\ a~.A "• .. -'~>«,+it> ... \A•, Jr, ... Jx.)r,) r. dot,···A<t,.)g , ... ,lg" 

tJ 
e)l.y 1.'2-. \.f\L(a..!L~~-~IL~IL-~\C.-~-

\1:.,..'\ 
- t.:1lt.c t,_;) l.l\l< ... 4"•' 1'1..-~g,')-H k \" ... ,\'>. + \~.)1\= 

- 1\.;-;. ,. I I I \ \ .I . · · - -1.( b-t).t\0., 

- (i.T.:)'ltln-.) a)l.
1 

Cl\'
1 

• • • aY.Iol-\ Q~N-1 ll\'N ~;J~Cl.odo..\ •.. da.N dl.\ · · · d~N e ' ' .. ' ,. 

N ~"~i.. ~/c<t.~~.-~c"""- YIL--t)- ~lL(xtt.-x~-~)-
-\.:1 lt, -t•-•) [I-\ (x, +-\"x,f•- \ll.)-\1(1. ... - \ "•, I'• +\~~]\= 
~ l:;~M-1f• \ J '1 J\', .. .,,t.,..,,A I'N-t Ja. t .. · Ja.N J (, ·· · ,1£N 

~ e.y.~' ~ \..-~lt.cr~~--riL-~)-eiL('J(tt.-Y-k:_-\)-
"-"" 

-t.:-1l ··-t·-·' t. \-1 (<.+\a..' r.-\~0-H (x.-\a...' \'IL +\ S.)1~ , (58) 

b) S'~lY.Vl,JI.ofoto) = te-n-\A~od~ e.-1.Y.& +i.Y-o~o. 
A ~ 

<..b-:li..~\ _;.ti\-\(t-to~\ _t.f> ,/ k.n \ ik~H(t-to)\ "\i..t)-
1 1. e. fo '- o/'\.fo+ 1 ~o e. p+ 1:0 ,_. 

ll 



~tilt( Jg Jt, e.-ixSN+i~~o 1 (Jx~)jf~~ .. ax~~d~~Jx~)aY.~\lr~t? .. dx~t~h~Jx~) 
l 0 N l~)1N~J 

e)(v ik1f \-.,_~) (f~1)_r~~1)+x~\r~'-L ~~~~ )-(t"--t~e.-.tll\-i(x~, ~~))-K(x~)l ~~))1\: 
\£.-:\ 

-~\ 1 n Jfl -ix€f.S+ixo~o( ~I( J1:1 .. .J~ db J~NJa. ... da,_,Jg·\'"J~N-1 
- iN 4~o ~Ne. ) 1 11 ~I HI-t i 

~1\) ~ 

e.v.r iLt x~(g"'-t"'_J-u."'-.r"--rj(-~-
"-"'" 

- t;1 (t"--t"-1) [H~~e.+\ctiL) p"--t ~~- \-\(x~t--~ ~,fiL + \€1L) ]~ == 

~ r b ~~~~~ 
=~.) h1dr1··· ch., 1ctr~H o\~N da..1 ... da.N JSoJ.~1 ... JgN e 

\.'l'Jl.,- II. -

N 
e.l(rl L. ~ -~~~--1(1("--x"_~-~cr.c~k-1)-" .. ::.~ 
-k"(t"--t~~.-1) [H(x"-+\-a~~., ~c\ €"-)- \-{(xct~ll,r~e.+ ~ ~~1}= 

'\\.~ 
== l'-"Yi',litH)I'I. \dx1clr1'" dxw_,dp~-1Ja.-1 ... J~NJ€1 ... ol~,., 

~ 
~ { A , "" • " 

e.)CI'1. L '\_- ~1Ll'1.~t.-"1!.-1)-c.l&Llf'~c..-Ptt..-1)-
k:=1 . 

-t1 lt~e.-t~t--1)[\-\lx"-+ia.~~.,~"--i e"-)-\-\(x"- \a~) P~t.+t€~)1.c59) 
Here the following transformations were performed: 

i) change of variables 
(1) 't\ ('.!.) i_ 

Xk. =""~e.+TO.."- 1 Xk. =XIL- .t.(l.IL 7 , 

f~) =pk.- t ~"-' p~i.)=~IL + \_ tk. i 
ii) summations by parts 

f_ ~"- <..a.~t--'4.-1)= Plllo..N -poa..o- f_ a.~t.-~(pk-\>"-D 1 

l=~ k~i 
N ~ 

'[_ X.k.(tk.- ~11.-1~ = ~NgN -Xo ~o- ~ ~k.-1 ('lliL-'IliL-1) 1 

~t-~~ ~~1 

(60) 

(61) 

in eqs. (58) and (59), respe~tively; 
iii) integrations over a

0
, giving CO (p1-p0 ) , in eq. (58) and 

over bo' giving o(xl-xo), in eq. (59), and further integrations over 

p
1 

and x1 , respectively; 
iiii) renumberings p -Pk-l and '1c-'1t-l in eqs. (58) and (59), 

respectively, (k=2,J, ••• R~ throughout except for the Hamiltonians, 
and p

0
-+p1 and x

0
-+x1 in the latters. 

l2 

A formal classical limit of eqs. (51) and (52) can be written as 

~c.(')( pt, Xo ro to) = ~\\)tl. S'i.. (x p t 1 )( 0 poto)\1-..=0= 

:) lJ' d x(t)d~(t:) 1:J (MY~I'I.S(x(t)-~~ (x(~\~(t~~~(t)+ ~~ (xtt),p(t~= 
=~ n' olx(t)dp(t) nb(d>l(t)-~(xlt),\'lt))at') s(dplt)+ ~~(t),p(t~J~= 

-1: t r t 

= ~ n'~x(t-)clp(t:) n ~ da.lt)t!tlt) exri \Jt{ g(t)[x(t:)-*(X(t).,~(t~t 
t t (11\) " t 0 I 

,_ ( I . I 
1 

I +ct£.t)(~lt)+ ~~ (x(t),rlt)})}= 
- J ")(1.Q~1"' c\ xN-1~rw-~ 

~ (x-ll"_~-W(x~-~,rN-1)lt-~-~b(~-\'~H+~~ (~1,fN-~(t~~~ 
~ (~~-~:-~~ ~:, ~,)(t~~.~ ~(;~--~:~ ~~ ~.: f~) ~:t~-
b(X1-Xo-~~ (xo,\>~ltcto))b\.p1-ra+1~ (xo,po)(-t:.1-~J · (62) 

4. Now we turn to quantum field theory and represent a functional 
S't. , w~ich is a solution of the corresponding generalized Liouville 
equationx , in a path-integral form. Scalar field theory will be 
considered as a pattern. The completeness relation 

~ bi.~ ,\-~\~'A'>< '-j:TL I® l\-1 U"H.:R) < ~~ \\ = \1 h~ I\ 1\, 

'bt.~ == l}l3..1\\\.Y1 d'9l~)clTCl~), 
)1. 

For aaall ~t one can represent the factors as follows 
x)lor details see ref. / 241 • BoweTer here \'9:it) stands for 

coherent states, denoted b7 l~> in this referenoe. 
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-t -i\ -iK"1 ~t A t. -~t Lt'-) -1 k-i\ \ '\t. t\,_ /\
1 
< '.f

1
3i:

1 
I e. l'f

1
lt1)\ = e 1\t. ''1 (':V~T"l.s. ~1 'lt1? = 

= e -i.\:c1Ml\-\t.-H·\ .. , 1}11t\. b"(~1~)-(j1~~ <o(:n:1<J)-'lt1l;(5)~ 
11. 

~ \ U ;~ dClli')J~lx) e.v.l>i.. \c\~x ~- o..(t(:Jt1l"i>-:£1l~»-~lxK~1lx)-~1<;~-
-~\t,.-t~['Ml'9~.~H}o..l~l, :rcll.lx)-\~lit~ -ltl~1lt)-~ o.(~>,-r~~)+\~tt~]} "' 

(66) 

Thus, the desired functional integral fora of ~~ is 

f1 (lf'll t ,lfo 'llo t.,) =- t\-1 r-..-: \ ( ~'JL \e.-\. \:"I \1(t-to' I~" :J\o) \ '1.= 
t. 

=) n' 'il1 ~(t) n ~ .... da.(lc.) o\ ~~) ~v..r i\l~ )( f -Clll(~lL('J(.)- e~)~(x)-
t ~;t. ""' t l 

-tc'lRl ~lv.~+\a.tx)1 TL(t-)- \~tr-~-'lt(~(x)- \-cttll),'R~)+ \ ~(x))1~~ 
~ \ co't~1 .•• 'i:,<LlJ ~1-1\l(~ ~1-i ~<L,li')dt1lY:') ... dCLtJLi')cltN<.:~) 

N' x el(ri.\a~l( L,\_-~(~)lJL!L<;:')-Ttk.-1(~)) -tiLlY:')(~"-(;) -l!' 11--tll))-~:1 (67) 

-t"\t~~--t"_~[lt( q>"-<..~)+ \c-~c.lx),:ii..._lx)-\~~~.(1'-'Jt(lf~~.lf)-\~lx), :r\fX'>+\S"-Lx~1. 

where the Tariables are connected as follows 

'f(~)(l() :.lf{)c) +:La.~) , ~'-2\x) = 'f(x)- \eilx.), 
'lt(~)())::Ti:(!c.)- t~(x.) 'l <Jtl'-)()<.) =TL~)+ ~ g(~~. (70) 

It follows froa eq. (67) that for the particular Hamiltonians lt= 
= 'i. 3t!. +1: oiL~ a~ lf +l£4'1 + 'Jt:r ( ~(1.~ ( :Jl. (_)()::::: ~(~t)) 
~,_(4'3\t,lf.,:R.,to) =- )n '\t J4o<..t) ~«-(~) e.-'-V>~(~(~)«.~)-:r~.o~~L>c;t, 

~"t 

~t>~t"''lJ'-9<.._) ~v.~;_(-1\a~x [;il1\v..)-i<.'-\x)1, (71) 

to 
where 

~ 'UJt1) b~(~,~~ 1~\~-t.H) ... \bt\~~) ""t.1~~~~1\~) ... d'9~1lx)A~~\~) ... dlf~~!<..i), 
(:') " n n i. q t ., . (72) ;r,_(>t)=-i.~~'Y,_ ~~~t'~,_bt)-~ '9'(1()~'\(x)-'lf.L(~('l\x)). (7J) 

Independent derivation of eq. (71) may proceed as follows 

~--\A -1 \('0 ..,... \ -i.tl1b.t A\ '\1. t..t L l-t) ~ -1 ~-1\ t l\~1\'l "),_J~.-,_ e.. '~\'Kv" = e l\,_1\1 ('S''l1''-!.\'f1'R-t)\ = 
:. efl.t t(.-\) n i'l\~~l ~,_(.X')-4'1lir))'bl'R!lli')-~1<..x~ ~ 
~e.~t 'Lo<."" ~ t:..t'Lt<.1) Ui'J\\i. COl4'!.li')-~1(.x))~(_TL.,_lt)-~1l~~= 
=TI1.-x~l~~<.R)-~1lt,t~) e.MLo<.'\) uvtki.\~\d;"-'['J.ti.~1lx')+ 1.: tjt <.f~-

-; ·\._'b '\ 
-ltx(q>1l~- \ .. ~Jt,lx~1 ~ l"R~.{..t)-R"lx~ = 

= 1.1 ~ 1> l ~,_ l'X')- ~1tx ,tt.)) ~11 cl <X..l~) e. )(f \ tf·xt-i ct(X')(:n:,_lR')-ft1 l~h))-
~ X 

-i.\\\tt.-~) [llt_(~1(~)~\ CL(X'))- 'Jt1 l~!.(i")-\o..l~~1\ , (74) 

f'l.(<fnt,'!.,'fio'b)~ )b'l.~ 1 ... 'bt~~HTI da.1l'X') ... d<'--~(Y:) x 
n~ ~ l ~(i<)- ~N-Ilj.',t)) ... W\\<t,(.l9, ~)- ~'\(l,t~ u t. ~l~1lX:)-tfo ~lt1)' ~ x x. J) 

~ e'~-fL \A~)l~t.~~)~k.~)-~-i~;t:S}-t.~-\tiLt .. _~rJt~~~.~+~~~.<l»-
~1 -le.x('5'"<1-')- \-a.~(X'~13 • (75) 

wh~re tfk_
1
(x,t.Jand lllt-t(~t..) satisfy the classical Hamil ton equations for 

the free field with the 1n1. tial conditions ~l<.-1lt) and ~lc.-"\(K) at tk-l" 
After integrating oTer the momenta 3C"-(~) in eq. (75) we will 

obtain eq. (71). The easiest way to do this is to assume 'f~~._1(~,t~c.) 
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to be a solution of the equation 'fk-1(x,t)=0 , i.e., 

tfk.-1 (~ilL) ;._':9~~.., (i')+ (:liL-tiL-1)1\ ~-1 (X') ) J'C 1!.-1 (.~ t.l(.) =.T\"(it) ) 

and substitute dl:t==1:D"-l(Ok..lf+~~'l4-'Jt:r; for 'Rr in eq. (75); 
thus easily obtaining eq. (71) (like above in quantum mechanics). 
Another way is to assume tj"-_1 (X",tiL~to be a solution of the Klein
Gordon equation ( 0 -le.'l) tf~~..1 (St", t) =0 , XI. being the true inter
action Hamiltonian. This way is more complicated, giving however the 

same result (see also Appendix C). 

!a2~~~· Expectation values of the density matrices 

~ =- 1"->,x\, l~>><..pl, l>q,-:><..xp\, J\-~ \xr><xp\ 
are positive definite }n the x- and p-representations and in PSR-1 

PSR-2, in partioular,x 1 

it-1p(lC."-Y.') -(4i\)-l,\_(x."-~')': -¥rr ,-(1- -t\'A(x.- 'J.:.~X~2. 
<..x"\xp)(xt>\ x'> =e. e (lL\\) \.~dr·l· e. '(A.l) 

·'k'r<.!" ') " , K'<..lC..II\')(~)(X~\xl)= e.'l. X -x co(_')(-')( ;_Y. ), (A.2?" 

<.~'I' ~'>(• rl t'> =.;:;lc' <(t'-tll "--(41;)-'11:'(~ "-r'ftn\)~(Aul.)'i ci:\;'fl:'fl.-1:1~ 
(A.J) 

J\-'q"\JC.\')(X~\~'>=e{t\1x(p'~') b(~- p'~p')' (A.4) 

\(x'\7'\')(\')\t = e. -(~.:\\)-\Mx-x')'L+~-1(~-~·y-)=: e.-\.:1.-a.'\L, (A.5) 

A-1 \<..x' y'\x \>'>\~=~-1\(l<.'\''\x\''>\'-=2n.e -\t'(M.x-x')'l+ t\1~-r')'"), <~ 6) 

)\1 f{-1 \()(! V' \)q,) \t. :-(~n"\\ )~ ~(')(-X1)b(\'-\''). (A. 7) 
" " " 

However, eigenstates \n)(n.\ of the oscillator Hamiltonian or N=ot..+Cl 
are positive definite in PSR-1, but, in general, not positive definite 

in PSR-2: 

Kl(~\ n)\!. =<a. o!-ln.\<x?\o)\'- = (a.a.lf)\~.-a.*Cl.. (~-A.'L-tf\VY'e.-~~Y'(~x."Tk'p'!) 
n..\ n\ 9..n.~~~ (A.a)' 

x) L U \' r. 11 1 11 1 In a many-dimensional case 1\= a,..\1'' is a matrix, t\X l( =<l.t".,xt'Xv, 

t a.)'"=(xt>\(~,.-t~\~v-M\Y.~)=~ft. "'", ;_ c:.,.v=~t>I~,.-Y.t')(xv-Y.")\x~;;;h.xt'~~, 
A~,."~" A.Y--,~Y..~ =\\,.,.. (~C.=~) • (minimal uncer;ainty relation~, 

a.=itY--+ ~~\~ ~ '0..+=~~-~f, a.=~ ll+~t~~~,oc""~"'-Ji~" ~' 
(ct.==<lC.r\a.\'A;r'>, a.•=<"-r\O..+lxr> )· 
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"-i \(ll~\0)\2- i e -i_-1(1\x'-+11.-iri.) 
' tci(.Ax1+~-i pi.) "-t \<.:i.yli'>\i.= l-~+4k-1(/..Y.~+~-~r')]e- . 

(A.9) 

(A.lO) 

One can obtain y =ln.)(n.l in PSR-1 and PSR-2 as follows 

1) l<){r\n..)\1 = (-1)"'(L)"' a/Y.n~ a(XDcl-"- -ck.(it\)-1(1\xi..+kit''i.) 
n..! tl&.. <~" r "1\ci.::t' If' 1 .,-e (A. H) 

f..-" l<'ll.p\n)\2.= (~t (k \ n. t\-i~(xpJ..)\ci.-1' t\1 a (lc.\>J.):::J:._; ll.~ck ~1(~ xt+kip'-) · J - ~ li.-J.. (A.l2) 

/\-1 l<x~\n..>\!. == (~(i Ln.(~A)e.-y, lA.= ~:k1 (~xt+~-1 p'-)) (A.lJ) 

where L h. (u.) are the Laguerre polynomials. 

"2.) (k-\ x~)(Xp\m) = _J__ a.•l'>\ ctn..\<x~\o)\1 
~ 1\1! I'd 

t(\.n\J'.~)~f\tn) = bla..*- ~}_\tYlfa._J_L~n.t\_tj/xn\o'-\t-
~m t ~' " "orA.) \! ll oa!'l ' r '/ -

=- ~m1!.-. \ a.•~ a. n.[1-1'L.~+-~)1M [1-- 2'Lk1n. !\1 \(>1.~\t>>\7. • 
where in the last expression the action-angle variables 

i ~ o a.* I .a · ~ \ 
Q..='Le. ' ~=l.'t.. ,~-~~19-}. 

are used. In the many-dimensional case 

(A.l4) 

(A.l5) 

(A.l6) 

\()l f \ ~1"'Jt")\1 = l Cl.,tt1\'- \o..jtl· ... \ a._tt .. \t e. -a.~ ~J-4 (A.l7) 

'1\(X~d.)=t.'ICp(- ~.J.t-..,a..v)= e.xfl-~\Yi(~ clP:: x1 +-IF~ J10 ~i.) (A.la) 

A-t <}(x\'"'-)= [ ele.t.0- ~)l1 e.'~-t{4-\\Yl~ lct-i- ~)~~ ll.2+~l.C1-tY\J'A:tpt.)1 , 
where oL is a diagonal matrix. (A.l9) 

~)<.n.lx\'><..x.~\tn.)- i /L\n.(L\'tfl \<xe\l('p'>\t. . CA.2o) 
- ~m!r.~ \-oa!*l \?Ja!J l<.x.1 ~1\o>\'- \x•=~1==0 

An arbitrary operator can be represented as follows 

"' lF -::.~~t~~n~ =S'j"'r'"cx,p)=~ lF~(x,~);= 

=~i .. t..)"'" \Ax Jr ~ (x,p) f\1 lx~'>("-~\ =<9.~""-)"" \ JxJr i't(x,f) ~-1 \xp)><xr\= 
= li.;.~ )tl \Ax J\> \F3 (x,r) \xv><..)(. y\ , CA. 21) 

Jr1 Jl 11"' (. :\. 1 " A ,r
1
lx,p)=<..Y.\'\lf'txr>, tr,_,x,r,=K Zxylf'\~~>' f~C.X,p)=f\-'-<.l(rlf'\xr>. 

Three last expressions (A.21) result from completeness relations(teij~) 
(JO) and similar ones given, e.g., in ref. 1221 ). The last expression 
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(A.21) may also be obtained in the following way 

: f~(X.,r)~ =2:. K a. ... a.. O.+ ... a+ =2: K a ... a.~i\\Y' Vx'cl~'\x'r'><l~\a-~:.·.a.+= 
=~ \ h• llr' \x'r'><Y.'riL'Ko..' ... i oct: .. oclf= ~ ""'\ax•Jr''B,(x.',~~lx'r~<l''~· 

{?.l\t.) (1'1i:f\.J (A. 2J) 

Using eqs. (A.21) one can obtain the relations 

<~p\lF \xl''>=(Y-l'\= ~ (i,~)~ \xf>= 1\-i.<..x~\~~~ 1; (~,~)lx\'':>==t\1<xp\:~lx,V)\xr 
=(1:\)" \<lll'a~' Ft (r-',p') 1\" l<xp\ll't'>\t. =~{x,f>) , CA. 24) 

~r.\. f li ~-X 1) 'b(r- p') 
" ('IC:~ i' \x~) = ~~\ ~l',_l~1~)\~f>=A-1<xp\:f;_ tx,r): \X\')= 

= _!_ \Jll.r Jb' f. (x' b') ,\-1\<.xv\Y-'\">\t. CA. 25) 
~r.t.)Y\ ' ,_ )\ ' 

<x~IF\Y-~='x~HI''!>~,r)~ \"~= ~~w~ \!l(' Jp•f;,(x',r)\(x\'lx'r'>\
1

,<A. 26) 

(ooiF\OO) =< o\~I\((,y)'.\0) =- l;(o,o), ( \OO)::Io>) (A.27) 

<o ol P too> =<.O\,~M f''-l~,f>)\o)=l~t.)t\. \Jx' cl~' 'IF~, (x',~)/\-1 1 <.o \x.'\''>lt., 
t (A.28) 

<coli' \oo> = <o\: "FJ,(~ ,r): \O) = ~~~y~~~y,' ~r'\;lx.',~')Kolx'r'>l , CA. 
2
9) 

.~~, J , •• ...., , , .,. , . , -1 (J~J~Vr ... ~\I fv,.\= 
'\'"l..~lr·ru} =C'-~~\~x dr \l'1l')(.f J\:r:!.\.1' r'- (il\~)~ r"~r .~. ..... p-1 ... ,, 

= ~., Clx d\' Y~ (Xf){,..1(x ~) . (A. JO) 
~nk) ) 

Appendix B. Calculation of partition functions for linear systems 

in terms of PSR's. ,. "i. 

1) The free particle (H = ~ ). ( _ i..t.. Cl -:,t. ~ 
- H -\'>He. - V> I' i. )IY.] - (!> '1m. 

1\-\xrle. ~ lxv> = e · i = e i.m.. · i= e (PsR-2)~B.l) 

:z = W\ .1'• !'r ~-· "-' rl .. -t H,,r > = \Jl~~:;t')' · <B.2l 

All looks like in the classics. " " .1...: 
2) The oscillator ( H = ~ (~- 1 p'l + ";, 1) = t\. W ( CL+ CL + 3..)). 

Here also the above way is possible. However, it is simpler to use the 

well-known formula of N-ordering 

x~+& (e."-1)&+a. 
Then4 e.4- r"+~:~) ( 1 _··e.:.~"\i_w)a.+a.. _~~.ttw 
e.-f>\-\ = e -f>nt.U I.Q.) a.+ ... = ~e.-\. ~ Q. r r ' 
<Jt\'\e.-~H\'J(\>) = e-(1-e-f!>t..w)~-\!'¥ (PSR-1) 

(B.J) 

(B.4) 

(B.5) 
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" 
Both the ways (PSR-1 and PSR-2) give the same result as ~=L(I'Ili''Hl~. 

n 

Appendix C. lxpression (J4) results from dividing e-AtL~iAtLo(:Ai:Lx 
Lo being the free Liouvillian (identical with the classical one), ' 

L =Lo+Lt • One can also divide L into an arbitrary classical 

part '1,~ and all the rest 't f, , L =Lea..+ L, and split 

-.uL -AtL -AtL ( ) e ~ e. CL €. f. • Then, instead of eq. J4 , one gets 

t._l'l. ( J 
~'i (xpt,JC.o ~oio) "~\!.1t)(~-1)"-) x1d~1 ... d,r.~HdtH-1 c:1a.1"' Ja.N 

b (Y.-~~N-1,PN-1,t-tM-1)) ... ~lx,.-~(x.-t, \>1,ts.-tj) S(xc'%(Xo,~o 1t1-to~ 
lol 

~'-~~Lp"--l' (ll-11.-1, r~-1,ti' t~t-~1~ +~1(t~~.-~-~[Ulx~c.+\Utt.)-U~k.-\~!, 
where ~ (x,p,t-t') and P (x,p,t-t') describe a classical tra~~ct~
ry generated by La.. . In p.articular, eq. (C.l) may correspond 

to splitting 'L='Lc..+'L1 , where 'L.c.. is the total classical part, and 

L 1 is the pure quantum one (multiple of 1\.). Let 'Lo.. correspond to 

an oscillator 

Now we can also easily perform the integration over pk using ~ -func

tions. However, expanding an exponent of the exponential function 

up to At generates eq. (J7) with V(x)= i:rruut.x1+ U(x) again. The 

same with any other ~~ • Equation (75) in quantum field theory is 

an analog of eq. (C.l). The functions tftt.-il~,t) and itll._1{1,t) may 

correspond to any classical motion governed by '!.,~ , and integra
tion using the S -functions leads to eq. (71), like above. 

When ~\C.- 1 satisfy the Klein-Gordon equation, 

'¥¥--1C~,t"-) = \ <l~'j- [ ~lfoDlx-'t)~"--1.lif>- 'Dtx.-l}):JC"-_1(if)). cc.J) 
Y.o'= t~ 1 '!o=t~1 
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nony5apMHOB H.B . E2-8)-688 
npeAcraaneHMA ~a3oaoro npocTpaHcTaa H MHTerpanw no nyTAM 

8 paMKaX npeACTaaneHHH ~a30BOrO npOCTpaHCTBa B KBaHTQeOH MeXaHHKe H B 
KBaHTOBOH TeOpMH nOnA paCCMaTpMBa~TCR ~YHK~HM pacnpeAeneHHA 8HrHepa, KOTo
pwe ABnA~TCA peweHMAMM COOTBeTCTBY~HX o6~eHHWX ypa8H8HHH flMyBHnnA. ~a
eTCR BWBOA npeACTaaneHMA 3THX ~YHK~HH pacnpeAeneHHA /peweHHe ypa&HeHHH flHy
BHnnA/ 8 ~OpMe KOHTHHyanbHWX HHTerpanoa /nOAXOA aHanorH4eH M8TOAY HHTerpa
noa no nyTAM ~HHMaHa AnA aMnnHTYA/. 3THM nyTeM AOCTHraeTCA nonHOe paaHO
npa&He OTHOCHTenbHO KOOPAHHaT H HMnynbCOB. HaHAeHHWe BWPa*eHMA CBeAeHW TaK
*e K aMnnHTYAaM B ~OpMe ~eHHMaHOBCKHX HHTerpanoa no nyTRM. PaCCMOTpeH ~op
ManbHWH nepeXOA K KnaCCH4eCKOMY npeAeny /h • 0/. ~aH o630p HeKOTOpWX CooT
HOWeHHH TeOpHH npeACTa&neHHH ~a30BOrO npOCTpaHCTBa. 

Pa6oTa awnonHeHa a fla6opaTopHH reopeTH4eCKOH ~H3HKH OH~H. 

Polubarinov I .V. E2-8)-688 
Phase Space Representations and Path Integrals 

Within frameworks of phase space representations In quantum mechanics 
and quantum field theory the Wlgner distribution functions are considered, 
which are solutions of corresponding generalized Liouville equations. A de
rivation is given for representation of these distributions 1 solving of the 
Liouville equation/ In the fonm of functional Integrals /method Is anglogous 
to the Feynman path integral one for amplitudes/. This way gives a full equa 
llty of coordinates and momenta. · The expressions found are also reduced to 
amplitudes In the form of path Integrals. A formal transition to the clas
sical limit /h • 0/ is considered. Some relations of the theory of phase 
representations are reviewed. 

The Investigation has been performed at the Laboratory of Theoretical 
Physi tts, JINR. 
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