


I« INTRODUCTION

In the literature devoted to spectroscopy of new (p¢, J/¢
T) and old (7, p, $¢) mesons a good deal of attention is paid to
the decays of quark-antiquark systems into the real and virtual
photons/!=3/. In a number of papers/4-6/ these processes are
calculated with the use of wave functions of bound states of
a quark-antiquark system. As has been noted in/6/, the wave
functions of light mesons are not yet well studied for the fol-
lowing two reasons: 1) this region requires the use of the
relativistic methods less elaborated then methods of the nonre-
lativistic quantum mechanics, and 2) the levels of radial and
orbital excited states of light mesons are known experimentally
much worse than those of excited states of ¢ -particles. There-
fore, in the case of light mesons it is difficult to study the
long-distance behaviour of the wave function determined by sol-
ving an equation with a phenomenological confinement potential
which describes the mass spectrum of experimentally known me-
son excitations,

For this reason it would be interesting to study, whithin
the same method used for the description of composite mesons.
main properties of the behaviour of the decay cross sections
of composite eledétrodynamic systems, as in this case we would
be free of the problem of how to take into account the influence
of the confinement potentials at long distances.

The aim of this paper is to study the dependence of the cross
section of the decay (u*u~)»yete~ of a bound state of the
muon-antimuon pair g*y~ into free electron e~, positron e*, and
a y —quantum (Fig.l) on the invariant mass of a lepton pair
squared q"z’ =(p, +p_)2. To this end we shall use the same
method of the covariant simultaneous description of composite
systems within a quasipotential approach in quantum field theo-
ry proposed by Logunov and Tavkhehdze”’ which has been emplo-
yed earlier in/4-6/ to describe an analogous dependence on

qg =(p,+p_)2 of the cross section
= ! fhe+°—m n decay as a bound -
of t 7 eso y as und sta
9' te of a quark q and antiquark ¢ into
a Dalitz pair n°-»y e*e~. Note that
(Iu*ﬂ-) e* ’o the problem of the description oi.f the
? puty~ » yete~ decay has been studied
e p in/2/ where an essential use has also
4 been made of the single-time Bethe-
Fig. 1 Salpeter wave functlon.
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A formula obtained in/z/ for the dependence of the u*u~ -
+yete™ decay width on q =(p, +p_)2 was derived only
for 4m2=.M2 (m is the muon mass, M is the mass of a bound
state u*pu= ), i.e., in the limit of a vanishing binding energy
(eg ~0). As is noted by the authors /2/, the formula they have
found for a fictitious width I'(@§) of the decay of y*u~ into
a virtual photon with 4-momentum q, and a real y —quantum*
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(a- is the fine structure constant, ¢, (0 is a wave function
of the P-state at the origin of coordinates) is valid in the
range of maximal values of the invariant mass squared of the

+te~-pair q2=(p +Dp )2.. 4m2 ~ M2 and possesses there a pole
51ngu1ar1ty produc1ng, in turn, a logarithmic singularity for
the decay width [ ((u*u Tt »yete™). An analogous result was
then obtained by the same method by the authors of /2/ for the
decay of P-wave 1% -states of the quarkonium into three
gluons and got a wide popularity (see, e.g.,/8/).

In the course of description of the decay of a muon-antimuon
bound state (p*p~) » yete~ we shall try to go beyond the scope
of the static limit. We shall derive a formula for the decay
form factor valid throughout the whole kinematically allowed
range of qf: am2<q?2<M2?2 (m. is the electron mass) and
calculate the probability of decay u" u~ - 2y.

2, CALCULATION OF THE (p*u~ -y e*te~”) DECAY AMPLITUDE WITH
THE USE OF THE BETHE-SALPETER AND QUASIPOTENTIAL
WAVE FUNCTIONS

According to the formalism of quantum field theory/g/. the
amplitude of the decay shown in Fig.l is of the following
form

Y 4,92 4y pleti)
T#Jru_»y&e_= [@m*1)* 4ma fa% k) Tlg* (k). q) + g k) 1P x 2)
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where F(# # l'qé +qy = ll Py is the vertex function for

the tran51t10n of a composite particle of a bound state (uty ™)
with 4-momentum P -into a muon-antimuon pair, and

*In the notation of /2/(12 = a.

1 (£1+m )/3
S = P
Be1 M) i@m4 m2-k2-ic )

is a propagator of a muon with momentum k, and mass m
Since we are interested in the decay of a singlet state
(u*y~) which is a pseudoscalar and has zero total spin, we shall

represent the vertex function I“(“B“ )(k kol ?)  in the form/10.11/;

Wity

L &y, ky19) = v, Br (k, .k, [9), (4)
where the function I'(k;,k,|?) is a scalar.

The wave function ‘P(kl. 2[?) is expressed in terms of the

vertex function it ")(kl . kg D) as follows

't u
r v Ky 19
8 k219)= a8 (5)
(mi -k% - i) (m# - k% —ic)
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and the amplitude (2) in terms of the wave function (5) is given
by
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M#V k N = E m U S - ,ym
& ‘q q2) ( 1 + ﬂ)Bp )’pK K¢ (k] ql u)x (7)
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Let us pass now to the wave function given in the space of
polarization indices ¢, and oy, spin projections of a fermion
and an antifermion with 4-momenta k; and k,, respectively,
onto the z -axis:

D2k, ky 19) = TNk ) B, gk k1 P) VR (ky), (8

where u(k;) and v(k,) are fermion and antifermion bispinors nor-
malized by the invariant conditions: U(k;)u(k;) = 2m, ,
V(kg)-v(kg) =-2m, . According to (4) and (5), the function (8)
may be represented in the form

J, O -
Y12 kg 19257 ) v ¥ kg ko 19)v 2(k,), 9)



where the scalar part of the wave function ‘P(h,kzly) is rela-
ted with the scalar part of the vertex function I (k). kol P) by

¥ (k;, kylP) = (% - k] - 197! (@2 - k§ - 107! T k), kg |9 (10)

Taking into account the formula {(7) we rewrite (6) in the form

d4k; 192 v
T =3 JAm X1 #
sy e 6oy 1 f(2n)4 v (kltkzlfP)Tolaz (ky.kglay, a2), (1)
where
v -
Ta‘l‘02 -5, k) /'S, —q; mu)y"va2 (ky) (12)

or, taking into account (9),

d4x w
e erem = AT [ LW (g k() Sp AM(ky kalar,a2) ()3
! (@m 4 (qul)2-m§
where

SPIA™Y (k, K, 1a; .0 b = Splyg By +m ) F (&) - q; +my) Yy —m b= (14)
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=am, 17 gl + Kp),

1f we now represent the (uu")-yete™ decay amplitude in a
standard form

T[J.V = F fu'vaB q
= > yetes  prumayyt la

where Fg+u—* « 1is the form factor of the decay of the bound
state (u¥ug=) 1into a virtual (y*) and a real () photon and in
(15) allow for the conservation law

?=k1+k2=ql+q2 (16)
specific for the Feynman-diagram technique, we get for
Fo+y~1yete~ the following expression

atk
F,_ _ =16rm a [——0 ¥ (&, k,|? ! 17
Wy ete B (2m4 Sl )(kl—ql)z—mﬁ an

The foqula (17) contains the scalar part of the wave function
(5) which is a solution of the Bethe-Salpeter equation with
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a kernel constructed out of the Feynman matrix elements of elec-
tromagnetic interaction of the system (utu™).

To study and solve the Bethe-Salpeter equation is a diffi-
cult problem. More convenient is a three-dimensional equation
for the Bethe-Salpeter wave function depending on one time pa-
rameter,which has first been found by Logunov and Tavkhelidze/7’.

The single-time wave function (in what follows denoted
by ~ ) was introduced in /13/. In refs./13:14/ it was defined in

terms of the Bethe-Salpeter wave function
Y (x,,xy) <O T (¥ (x)) ¥ (x))M,K> (18)

in the following way

ipl'xli+ ipg X9

9, (P Py) = fd4x d4x,e 3(Apx, =) 8(Apxy =) Yy (X, 1Xp). (19)

where A9 =?/(?2 )1/2, P - Py + Py » ?250 , and the invariant
proper time r defines the space-like plane in the Minkowski
space-time of proper times of particles ry =A9X | , ra=APX,y
and a proper time of the system as a whole r_=A9X . In formula
(18) IM,K> 1is a state vector for a bound state as a single
particle with mass M and momentum K. Due to translational inva-
riance Yyk (X).%2)= o' *¥ ‘P(%:— -2)5), (X =% +X9) that allows

us to single out of ¥Ymk(pi.p2) the wave function of relative
motion of two particles

- Ko (3 yKZ3 2 sl
Py Py) = @m® —= 8 (A= I-Klexp [-ir K2 = VP %k (@),
K\Fp¥2 \/KZ \/W MK (20)

P =py +py. Q=3‘-2—_-E2—. K2 =K% -k2, Ko=yMZ.K?,

and

Py @ = (el 5 (Apx) ¥ (x/2; -x/2)d%x @2n

and x = x| ~X,. By using the transformation law for fermion fie-
1ds one can show that because of the & —function in (21) the
wave function of relative motion is a function only of a three-

dimensional covariant momentum of relative motion in the
c.m.s./15/

2 AK'D) = Ay pp, KK =M,0), (22)
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i.e./l4/

- ] - o

Yuk @ =8,(Ak) So(Ax) Wy oo ®). (23)
where

3%

~ o, -ipx 9

Ym,Rao (B) = fdge Yy k=0 (X) (24)
Sﬂz(Ax) are transformation matrices for bispinors in the

Q o] Q [} o

com.s., % = X, -2, , By=-Pa =" and, respectively, 810=
= on -po

In the momentum representation the single—-time and Bethe-
Salpeter wave functions are related by

——r ——

Py kmo®) = (005 % Rag @005 B = (A% 0= (Ag ). (25)

K . . .
where q6= TWE.Sane in the c.m,s. é =0, 1.e.qp= qg , the
relation (25) turns inte the definition of the single-time wave

function given in ref./12/.
/16/

In refs. for the wave function of two spinor particles
(25) a qu351potentlal equation has been obtained which is pro-
jocted cnto spin states of the bound system

M) S
-M ¥ =
2P, (28, - M) (») (26)
- o 0O » o
-3 cr“ 9% s %1% 5
e Sk vi? gy, @,
2k % 92

o

[s]
where the kernel V(0 ,K) is a quasipotential constructed, accor-

ding to the developed in/7'!7/ recipe, from matrix elements of
the relativistic scattering amplitude describing the interaction
in @' y") -system.

A formula for the decay amplitude of the bound state into
two virtual y —quanta within the single-time description of
two-particle bound states is derived in analogy with that for
the amplitude, e.g., of the decay »°+3*y* given in refs./4/
and /5:6/. As a result, in the single-time description we have,
instead of (I11)

O

AA A
L r?ﬁ_lﬁ"z(km 1°2 k), kalqy . qa), 27)
0

Al
where T, oy (kl’ 2197,93) is the Feynman amplitude of annihila-
tion of t p* -meson with polarization ¢; and ¢~ -meson with
polarization 05 into two virtual V¥ —quanta with polarizations

A; and A, , respectively.

In what follows we shall make use of the single~time wave
function with the spin structure’/5/:
o
¢BM(k)
v “2(k)) =3 Ry )y V2 (ky) —— (28)
2k,

o

o]
where«bBM(E) is a scalar function of the covariant vector of
a particle momentum in the c. m.s, (22), The normalization con-
dition for the wave function ¥ (p) that for the energy-indepen-
dent quasipotential reads

~01 0

-3 3p =% 192
(2m) f-—r ‘1’0102 () 2p, ¥ b)=2M (29)
0

for the scalar function ‘ZB“E) is given by

@0 4 B gy @1 =M, (30)

where M is the bound state mass.

Note that in/2/ for the descriotion of the decav width of
the (u*p™) -system in a state with the total momentum J, its
projection M, orbital moment L. and total spin 8 the wave func-
tion WJMLS(k) was chosen in the case of a state with § - O
in the form (the notation corresponds to Fig.l):

Yy o® = (ky —m) = (L4 vp) yg Ky + ™ dyyr o 31

and
S0 ) =C) 5(k) 8y by (®), (32)

where the wave function ¢pM(k) is a solution of the nonrelati-
vistic Schrédinger equation with orbital moment L. And the amp-
litude T"1"2 was taken in the form

T/\lA 2_ e/\l ) /\2.Auv

M , (33)
where

Ay =Cz e2 [ %k Sp (¥ymLo(k) Ny, (K)] (34)
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and

N, =78k —aimy,+y,Sky—dyimy,. (35)
The constants C; and Co are defined by the normalization of
wave functions and amplitudes. The factor %}(14-y4) in (31)
was introduced in’/2/ because of the use of the approximation
(32), and in this case the relativistic wave functions were
expressed in terms of the nonrelativistic ones with large com-—
ponents only (for details see /1),

It is evident that the expression (6) coincides w1th the
formula (34) (taken from ref. ) up to the factor Las y4)
which is not present in (6) because we are working with the rela-
tivistic wave functions. In this way we observe that the sub-
stitution of (31) into (34) leads to the same formula (27) as
calculations within the single-time formalism*. In what fol-
lows, as the wave function, we will use, instead of the Schr&-
dinger nonrelativistic wave function like in/12/ an approxima-
te solution of the relativistic single-time equation (26) with
a quasipotential corresponding to the one-photon exchange/18/,

3. CALCULATION OF THE DEPENDENCE OF THE FORM FACTOR
F,* ;s y c*e~ ON THE SQUARED INVARIANT MASS OF AN e'e” -PAIR
As is shown in’*’y Lhe subsiitucion of (12) and (26 imvo
(27), calculation of the Spur, and integration over angular
variables in (27) result in the following expression for the
ptu=» y ete” decay form factor

L@ =1 -0 [+ @iy T @l (36)

F+ -
whimsyy
This form factor is normalized to

-~

. ®=F @z o) f (37)

F
pwhmsyy prp= yéte u*u 2y

where [+~ 0, is a constant of_the decay of the (u*,~) -system
into two y —quanta (Fy =y KX) = F (x))

J(x) =0f ka In |X (x, Xk)" d’BM ()(k ) (38)

and

X, x ) =11~ xe ‘K M ~/m, e X)) . [1 - xe 'k M4~/ m, ~eky T,

[o]
*The factor (2ky)~!
of nonrelativistic and relativistic wave functions.

in (27) is due to different normalizations

!

gy ..

~and the transformation (43)

4n ¢BM (xk)=kl- aBM (kl;)v kl = lklil’ x=(p+ +p_)2/Mi+u— ’ (39)

k‘;-_-mu chy, . kl’muSh)’k' k=1n[(k‘l’+kl')/mu],
the rapidity ¥k is conjugate to the muon relative momentum.
The integral Jy in (36) defines the decay constant

fﬂ+l-l-"2}7 32 mu~ Mu+ﬂ" a 'JN (40)

and given by
JN=gd)(k‘¢BM()(k)')(k' ' 41

To get a better understanding of the physical meaning of the
decay constant fu+ - (40), we represent the wave function

»> 2
in the form/19/ 4

00

qSBM(Xk):fdr-r-quM(r)'sin(m Tx ) (42)

where the wave function ¢gy() is deflned, instead of the usual
Fourier transformation, by the expansion over unitary infinite-—
dimensional representations of the Lorentz group, the group of

motions in the Lobachevsky space/l9/
[e]
2m, ar 2. -~ 2 43
gy 1) = ——— | ———= ¢k, T)" ppy k), (43)
BM (M3 2k, BM

where the functions

EkD=(en/m)  H(OSr<e, na(l, B a2=1) (44)

/20/
realize a unitary representatlon of the Lorentz group’ d- As, ,

is noted in/19/, in the nonrelativistic limit. (moes) £(R,D)seik’T
turns into the threedimen-
sional Fourier transformation from the momentum to three-
dimensional coordinate space. By substituting (42) into (41) we
calculate the integral

N 5oz Ppu @ | (45)
u

where ¢ gy(0) is the wave function in the relat1v1st1c configu-
rational representation at I = O. Then, for the u*u~-+2y decay
constant (40) we get/s/

9



two y-quanta including the radiation corrections was estimated
to be

I (ete™ » 2y) = (0.7984 + 0.0001)x 10!%ec~1. (56)

If T (u*p~»2y) is calculated by (54) with the new wave function

W) 1
X M (T) = —— '¢BM(?) (57)
JM#ﬂ;

(instead of ¢pgy(0) ), which in the nonrelativistic limit is nor-
malized as follows

[ @37 ] B2 - (58)

then, taking into account (54), the formula (55) becomes

()
4"" L0y 2

T'ete~ > 2y) = , (59)

where me is the electron mass.

(e*e™)

Using the function ypgy (0) that describes the width of
decav of hound (e+e‘) state into twn v —auanta we renrecent

(59) by

2 ete)
lXBM (O)l (60)

[ (ete™ »2))= —ma
. m2

g

The wave function x“’e kr), the Fourier transform of a solu-
tion of the nonrelat1v15tic Schridinger equation with a. Coulomb
potential in the momentum space, is of the following form for
the S -state at r = 0722/

(ete e’ 3
xow® ©@=y Bl (61)

Inserting (61) into (60) we arrive at the known expression for

the width of the parapositronium decay into two photons (see,
e.g. /22/)

l"(e+e‘—>2y)= —;'m 'a5. (62)
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5. MODEL WAVE FUNCTION

To calculate the form factor of the decay (u*u~)-» yete~ (36)
and the probability of the decay u*p~+ 2y (53), we shall make

use of the following relation for the relativistic wave func-—
tion /18/:

Cqy sh
0 0 Xk
(C Xk - #+#— /2m#)

that is an approximate solution to the quasipotential equa-
tion

ch Xp (M#+#—/2m# ~ch Xp) ¢BM(Xp) =

\ (64)
=§.—(-S‘:)-§- gdxk!ch(x =x)+oh (x+x) = 1) x

X p* X,

X f dy shy V0(2m Shy/z)d)BM (Xk)

Ix x|

and has a correct nonrelativistic limit and asymptotics as
v. »«/18/, In the expression (63) the normalization constant
Cy is defined by the condition (see the formula (30))

Myt~

My

(65)

Z!qSBM(xk)lz ch x, dx, = §1-
In the equation (64) we make use of the following parametriza-
tion of the momentum transfer in the quasipotential/18/:
2-(-Kk)?%=(2m"sh(y/2)? (66)
and
chy = ch x,* ch h-(ﬁp- ﬁk)shxp‘shxk (67)

and the following expression for the quasipotential

Vo (2m, sh(y/2) = - 2@ _ _ mg 68
oEm /< - A - (68)

corresponding to the one-photon exchange in electrodynamics/laﬂ

13



6. RESULTS OF THE NUMERICAL CALCULATION

An analytic calculation of the form factor of the decay
ptu=-yete= (36) with the wave function (63) is rather difficult
because of the composite integrand of (38), therefore F(x) has
been calculated numerically. Before discussing the calculated
F (x) we consider the function

(3= (8 [dx, Sy () 3307 101X & x)l dgy(xy) (69)

entering into the expression (36) as follows
P = =07 {1+ [dx 16 x))- (70)

Due to the weak coupling in the (u*u”) -system, in the course
of calculation of f(X, xx) we made use of the quantity M, t,~ =
- 2mu as a mass of the (u*p™) bound state. In Fig.2 we have drawn
the dependence of f(X, yx) on the muon rapidity x) for some
values of the squared invariant mass of a lepton pair x. It is
seen that the function f(x,xk)_is negative and its absolute
values in the range 0 < x, <8 are smaller than unity. Conse-
quently, the value of the integral Ttlxkf(x,xk)=~5-10‘3 for
0,01 £ x<0,15 being a negative additional term to unity in brac-
kets of_(70), does not influence the behaviour of the form
factor F(x) defined by the pole term a-xon-l

Calculating I'(u*u™ - 2v) bv the formula (53) with the use of
the function (63) we get the following value for the probability
of the paramuonium decay into two y-quanta:

Ity > 2y) = 1.648x10 2sec ™!, (71)

Substituting (71) into (55) we obtain the value of the probabi-
lity of the decay ete~ - 2y:

I'ete™ - 2y) = 0.797x10'? sec ™! (72)
that is in good agreement with experiment/244

I ®*Pe*te™ 5 2y) = (0.799 + 0.011)x101%sec ™! . (73)

7. CONCLUSION

In this paper we have shown that the form factor of the
decay of the bound state of a (u*p~) -pair into the e+te—-Dalitz
pair and a y-quantum smoothly increases with the invariant mass
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of the eYe -pair from a mini-

: mal kinematically allowed to
a maximal value. It is just
L | the difference from a theoreti-
2 cally possible behaviour of
i the form factor of the decay
n° »yete~/6/, The reason is. as
- follows: the Coulomb electro-
2] L : magnetic interaction in the
! ut p-system results in a weak
1 4 x=015  coupling in that system, whe-
x=0.1 reas the pion, quark-antiquark
L\S‘xsuos system, is characterized by
N : a strong coupling. The total
0 2 4 6 x=001 decay width is calculated for
Xy the bound state of a ptu~ -pair
Fig.2 into two y -quanta. It is shown
that the method as applied to the parapositronium gives the pro=
bability of the decay (¢te~)-2y in agreement with experiment.

The authors are grateful to A.V.Sidorov, V.N.Kapshay,
M.A.Smondyrev for interest in the work and usefull comments.
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