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onto a more complicated kinematics ( q~ "'0, but q~- q
2 

,f 0 ) 
relevant to the study of J/1/J-+., c y radiative transitions. 

II. DERIVATION OF THE SUM RULE 

Consider a 3-point function 

Twv<q ,ql' q2) = r d 4xd 4y exp{-iqlx- iq2yl X 

x <OITijiL(O)jv(y)J 6 (x)IIO> = 

a {3'A( 2 2 2) 
= 3eQ £ 1Lvaf3 q q q ' q 1 ' q 2 ' 

(I) 

where Q=213 is the electric charge of the c-quark, q2~0,q~ ~0, 
q~ = 0' 

j IL ( x) = c (x) y IL c (x) , 

J 
6 

( x) = ic (x) y !\ c (x) • 

In the nonrelativistic approximation the amplitude ~(q2 ,q~,O) 
describes the dipole Ml transitions between the charmonium states. 
Diagrams contributing to A are presented in fig.l. The nonper
turbative corrections proportional to <0 I G~v ·a~ I 0> are due 
to diagrams lb-g. 

e) f) g) 

Fig. I. Diagrams contributing to T 51LJq, q 1, q 2 ). Uomenta 
q , Qp q

2 
correspond to J /1/J , '1 and y, respectively. 

Dashed lines are related to the external gluonic field. 

The simplest diagram Ia is most conveniently calculated 
by using a double dispersion relation. The result looks as 
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follows: 

'0' 2 2 
A' ' ( q , q 

1 
, 0) = 

1 1 
( dz f dx X ( 1 

2rr2 m c 0 0 

1 

(2) 

me r ds 1 r ds 
217 2 4 2 2 

m c 4mc 

8 (s- s 1) 1 + v 
------ ln(--) 
(s -q2)(s1-qr) 1-v 

where 

X= 1- X, 

The amplitude A(q 2 ,0,0) analysed in refs / 8
•
131 can be extracted 

from eq. (2) in a straightforward way. 
To calculate the 0(< GG>) power corrections we incorporated 

the method described in ref/7/ and obtained the following re
sult for the sum of fig. lb-g contributions: 

A (GG) (q~, q ~ , 0) "' - +- ·¢·I- 21(0,0,2,0,3) + 
2rr m c 

+ 4 [1(1,0,2,0,3) - 1(1,0,3,0,3) -1(2,0,3,0,3) + 

+ 1(1,0,3,1,3) - 1(1, 2,4,0,3) + 1(1, 0,2, 2, 3) -

- 1(0,2,3,1,3)- 1(0,3, 4,0,3) l + 

+6[1(3, 0, 4,0, 4) + I(O, 0,3, 1,4) + 1(0,3, 4,0, 4) -

- 1(0,0,2,2,3) - 1(0,0,3,1,3)] + 

+ 18( 1(2, 1, 4, 0, 4) + I (1, 2, 4, 0,4)] , 

where 

¢ = 477 2<0I~Ga G a IO>. __ 1 __ 
rr p.v iJ.II 9(4m2)2 

I(a, b, c, d, p) 

c 

1 1 z a zb XC jZd 
r dx r dz ------·----
0 0 q 2 - q ~ -- p 

(1-- xxz- - xxz) 
m2 m2 

c c 

(3) 

(4) 

(5) 

It makes sense not to perform integrations over the Feynman pa
rameters in eq. (5), since in what follows we will be interested 
?nly in the moments of the amplitide A(q2, q~, 0), and the basic 
~ntegrals have just the form best suited for their computation. 

4 

For the moments M nr defined by 

(6) 

after rather cumbersome calculations we obtained from eqs, (2), 
(3): 

1 1 n+ r 
=--·(-) 

2rr 2 m m 2 c c 

2 
[(n+r)!] -l1+0(a

8
)-

(2n + 2r + 2)! (7) 

n+r+1 3 2 -¢ [(n+r) +(n+r) +6(n+r) -4n+4nr+4r(n+r)]l. 
2n + 2r + 3 

From eq. (7) it ~s not difficult to extract the results of 
ref. 181: one should just take r = 0. From eq. (7) it is also clear 
that the nonperturbative corrections rapidly (like (n +r) 3

) in
crease with n and r. To maintain the power corrections at the 
level of ~20-25%, one should not consider large values of n 
and r. 

To incorporate the 
absorptive part of A 

TmA = rr 2 '5' P" h F 
i,j I J lJ 

sum rule technology, we represent the 
in the narrow resonance approxiQation 

where g.(h ) is the coupling constant characterizing the pro
jection1ofJ the corresponding current onto an i -th (j-th) reso
nance state, Fij are dimensionless transition matrix elements, 
and the constants a. , b. are determined by quantum numbers of 
the resonances, 

1 
J 

The sum rule can be written now as 

r r 
thr. thr. 

ds 1 
---ImA 
sn+l 

1 

(9) 

Using eqs. (7), (8) and extractinJ from eq. (8) only the lowest 
transitions shown in fig,2 (cf. 12 ) we get 

gt/1' MJ;t[J2n 
+-(--} 

gt/1 Mt/1' 

+ 
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M
170 

2r+1 

(--) F.r.• , + "continuum" 
M , 'I' 11c 

17c 

Fig.2. Radiative transitions 
between charmonium states, So
lid lines correspond to the 
diagonal transitions J/tfr-+ 17 c y 
and t/I '-+ 71 'y, dashed 1 ines to 
the nond{agonal ones: 17~-+ J/tfr y, 

tfr'-+17cY • 

III. ANALYSIS OF THE SID1 RULE 

continuum 

(I 0) 

For the resonance masses we take their experimental values 
MJ/t/J = j,lJ~:> Gev, M 170 = L,~ot u.ev, tVltfr'= J,UOJ uev, tvt 17 ~-

= 3.592 GeV. For the c-quark mass we take the value m0 = 
= I, 28 GeV 13 ~ For the g, h constants we take the estimates 
obtained in refs, 11, 8, 12, 13/ : 

g tfr' = 0.0755; h17 = 0.12; h17' = 0.072. 
c c 

Host popular value for <0\(a
8
/rr) G~11 Ga11 IO» is 0.012 GeV

4 

obtained in ref, 121 • Recently, however, there were claims that 
<0\(a /rr)GG\0> is higher: <0\(a /rr)GG\0> = 0,017-0.025 GeV 4 

(see,
8 

e.g., refs. 115• 161). 
8 

Now all the parameters entering into eq. (10) are fixed, and 
we can try to extract information about the matrix elements 
of the radiative Ml transitions. The values of n , r will be 
chosen in the region, where 

6 

a) power corrections are smaller than 25%, 
b) sensitivity to the resonance contribution is high enough, 
c) all Flj simultaneously are most stable with respect to 

small changes of n, r allowing for 10% deviations for 
the leading contribution into the l.h.s. of eq. (10). 

Table I 

Transition matrix elements 
for three values of the 
<0\(a 6 /rr) G~vGallv!O> -
parameter: 0,012; 0,017 and 
0.025 GeV 4 

--- -----
2.5 

2.4 

2.J ---- ... 
0.42 

O.J6 

o.~L-

5.J 

4.8 

4..fi L__ ___ _ -1----4-

There exists also one very 
important constraint on the 
admissible values of n, r, 
which is due to the fact that 
we have not included o~s) 
corrections into our sum rules. 
The calculation of these cor
rections is a separate and 
a rather complicated problem. 
Note, however, that for mo
ments of the 2-point function 
analysed in refs / 2

•
31 , the O(a 5 ) 

correction changes its sign 
for 4 < n < 5 and as a conse
quence, it is rather small for 
n = 3-6. That is why we rest
rict our analysis of eq. (10) 
to the region 3 $ n + r $ 6. 

The continuum contribution 
in the region considered is 
'S,IO% (cf. refs. 11 •

131 
). As 

a result, we obtain from eq. 
(10) the values collected in 
Table I. Note that the most 
broad stability region r = 3-6, 
n + r = 4-6 was observed for 
¢ = U,UUI j wn11e ror n1gner cp 
values the stability region is 
smaller: r = 3-5, n + r = 3-5. 

For simplicity we used the estimate F 11 '.r. - F tfr , 17 • Indeed, 
c'~' c 

incorporating the potential analogy, one should expect that 
these matrix elements are given by similar (and small) integ
rals. Due to their smallness, the specific values of F

17
,tfr 
c 

and Ftfr~ 17 c as extracted from eq, (10) are very sensitive to 

a particular choice of parameters in eq, (10), and the results 
have large errors. In fact, what we obtained is only a very 
rough estimate of 7J'-+J/tfry and tfr'-+17 y decay widths. Hence, 

. c. . c . /121 
our sum rule JUSt l1ke 1t was observed 1n ref. , does not allow ' . one to get accurate results concerning the nondiagonal transl-
tions. 

Finally, using the formula 

aQ2 2 mv. 2 m P. 3 
l(Vi -+ Pi y) = --(F•i) mv. (--J) (1- --•) 

24 J m Pi mv i 

we find r(tfr-+17cY) and r(tjf'-+17~y). The results of our calcu-
lations are presented in Table 2. 
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IV. CONCLUSIONS 

Now we summarize main observations: 
a) The inclusion of O(<GG>) nonperturbative corrections into 

the amplitude describing the radiative ~11 transitions between 
the charmonium states improves the accuracy of estimates for 
the transition matrix elements. 

b) Taking into account the O(a 8 ) -contributions should not 
change the final result drastically: in the considered re~ion 
of n, r (n, r ~ 3-5) we expect only 20-30% correction (cf, 11 •141 ). 

c) The nondiagonal transition matrix elements cannot be 
extracted reliably from the sum rules. This is clear, in par
ticular, from the results of ref / 101, where these matrix ele
ments are shown to be small compared to the diagonal ones. 

d) It is desirable to calculate O(G 3
) and O(G 4 ) contribu

tions to the 3-point amplitude, at least to compare the results 
with the O(a 8 ) terms which also are worth calculating. 

e) Our analysis shows that assuming higher values for the 
<OI(a 6 /7T) c;vcaviO>-pararneter one obtains a better agreement 
with exper1mental data. However, any definite statement concer
ning this point cannot be justified without taking into account 
the higher-dimension contributions • 

He are grateful to V.A.Nesterenko and S.N.Nikolaev for help
ful discussions, and to D.V.Shirkov for support. 
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