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I. Motivations of Calculations. The continuing i mprovement 
of the QCD methods and, in particular, the sum rule technique 
made it possible to obtain a new information on light quark mas
ses / 1/. Thus, in refs.f2•3/ their values have been e s timated by 
means of finite energy sum rules (FESR) / 4/ , analogou to the 
strong interaction dual sum rules/5/, while in / I ,6-8 / the same 
aim was achieved with the help of Borel transformed sum rules 
(for a review see 191 ) • 

These sum rules allow both perturbative and nonp erturbative 
effects to be taken into account. However, in the s m rule ana
lysis of the spin zero quark current correlators power terms 
do not play a decisive role/91. Furthermore, direct i nstanton 
contributions to two-point functions at low momenta (see, 
e.g,,/ 9/ ) do suffer from serious uncertainties and re not cal
culable from the first principles within QCD, At the same time 
the two-loop perturbative contribution to the spin zero quark 
correlators is about 45% of the leading term (at aR = 0,25) / R/ 
and turns out to be the most significant unambiguou s ly calcu
lated correction. 

These facts make the calculation of the O(a;) perturbative 
corrections to this correlator very desirable. Indeed, taking 
them into account would affect the QCD predictions f light 
quark masses and smooth over the existing discrepancy between 
the FESR (rnu + rn d (I GeV) • 20 MeV 12•3/ ) and the current algeb
ra (rnu +rnd • II Mev111 ) results. 

Thus, evaluating the three-loop correction to the (pseudo) 
scalar quark current correlator and taking them int account in 
the FESR procedure is the aim of this paper. 

At first we present our result for O(a~) correc tion, whiLh 
was obtained with the help of the SCHOONSCHIP program, imple
menting the algorithm of ref,/ 10/ for computing the massless 
Feynman integrals. Then, we estimate the absolute va lues of 
light quark masses, saturating the FESR version/3/ for the c< -
relator considered by spin zero intermediate states. Follow
ing/ ll/,we also propose "linear dual models" for the radial exci
tations spectra of the (pseudo) scalar mesons ( K , 8 and k ) 
and discuss their phenomenological consequences. 

2. Results of Calculations. Current methods of determining 
light quark masses are based on sum rules for the t wo-point 
functions of the (axial) vector current divergences * 

*We analyze only the leading correction in quark masses. 
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F(±) (Q 2 = -p 2) = i (d 0 x eipx <0\T!a J( 5)(x) a J(5)(0)IO> 
11 11 ' v v 

(5) .- (5) . (±)-
Jl1 =lqyl1(y5)u; ai1JI1 =lffiq q(y5)u, 

(2. I) 

where m~ =mq±mu; q= d,s; D = 4-2f is the space-time dimen
sion in the dimensional regularization; Y5 is the fully anti
corrnnuting analogue of the 4-dimensional matrix /12/. To find the 
three-loop approximation of (2.1), one needs the one-loop appro
ximation for the bare charge a B , the mass renormalization con
stant up to the two-loop level (see, e.g., 1131) and the rele
vant terms in the f -expansion of the corresponding diagrams 
(some typical diagrams are shown in the figure). In particular, 
only the pole parts of the fourteen three-loop diagrams are re
quired. 

a) b) c) 

Typical representatives of: a) !-loop, b) 2-loop 
and c) 3-loop contributions to the sp1n zero quarK 
current correlator. 

The diagrams were evaluated analytically with the help of 
the SCHOONSCHIP program mentioned above. Leaving all the de
tails for a subsequent publication, we present here only the 
final result in the ME-scheme 

(±) 2 3 (±) 2 Q2 as 17 
F M5 (Q ) = ~ (m ) Q ln -~ 11 + - ( --
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+(-3+ 18f)ln-:y+l"T2-I8f)ln ~]I, 

(2.2) 

where f is the number of quarks; ~(3) = 1.202... Notice, that 
the cancellation of divergences in the renormalized quantity 
relates the coefficients of the non-leading log terms to the 
pole part of aB and the mass renormalization constant Zm, pro
viding us with a useful check of the calculations. 
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However, only the absorptive part R(s) = J..1m F(-s +if) 
77 

of the correlator (2.1) is of physical interest. To find it, 
one should continue eq. (2.2) to the timelike region. Doing so, 
we get for f 2 3: 

(±) 3 (±) 2 a s 
R- (s) = ~ (m ) s ll + - 8

- (5.667- 2ln~) 
MS 877<: q 77 11 (2.3) 

as 2 2 s 2 S + (-) (40.684- 1.41777 - 31.667ln-
2 

+ 4.51ln 2 -)l. 
77 11 11 

This result demonstrates two new features typical of physical 
quantities calculated in the timelike region up to the next
next-to-leading order, namely, the scheme dependence of two per
turbative terms and the manifestation of the O(a 2 772 ) correc-s 
tion associated with the analytical continuation of the log 
terms. In our case the contribution diminishes the total three
loop coefficient, so we need not worry about the redefinition 
of the coupling constant in the spacelike region proposed in/14/ 
to absorb the corrections of a similar nature. As to the total 
magnitude of the 0 (a~ ) term, it amounts to about 18% of the 
leading one (at as = 0.25) and is three times as less as the 
two-loop one. 

3. FESR and L1ght ~uarK Masses. l..ons1aer now ~:ne rt:.;:,K 1.11 ap
plication to eq. (2.3): 

"O th k 
( R (s) s ds 

so 
cxp, k exp 

( R ( s) s ds - M k 
0 0 (3. I) 

R
1
h (s) 2; lm [FP.T.+ FN.PJ (-s +if), 

where FP.T. is defined via eq. (2.2), while FN.P. denotes the 
non-perturbative power contributions (see/91). As- has been pro
posed in ref./3/, we apply the renormalization group method not 
to the spectral density itself, but to its moments Mk: 

(3.2) 

Here the running coupling constant -; 8 (s) and the running mass 
m(s) are determined by solving the differential equations 
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(3. 3) 

I 1 - I 
with the three-loop approximations for the QCD f3 -function "1 

and mass anomalous dimension y 116 /: 
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2857 _ ~r 325r2 
{l2 = 2- 18 + 54 • (3. 4) 

374+(..!§..9 7 ( 3)- 22!§)r- 1JiJr2 
3 3 L, 27 81 . 

as and m can be parametrized in terms of the scale parameter A 
and the invariant mass~ as (see, e.g.,/13/): 

{3 1 ln L 
---- + 

1 2 2 2 
-- (/3 ln L - {3 ln L + /3, {3 - {3 ) 
{35 l} I I 2 0 I /331} 

0 

m(s) = rn exp ( f8 

y(x) dx + 
{3(x) 

0 

Yo f3 o 
-ln-)=!f=31 
{3 0 277 

A 9a 4; 9 a a 2 =m(-8
-) [1+0,895(--5 )+2,707(-8-)], 

217 77 17 

where L = ln s/ A2• 

(3.5) 

The application of the renormalization group to Mk in the 
time-like region has several attractive features. Firstly, it 
allows one to integrate explicitly all log terms in eq. (2,3) 
before their final summing up. Secondly, using this approach 
one can single out the contribution to Mk due to power terms 
suppressed by (Q2 )k only. Indeed, since absorptive parts of 
power corrections are proportional to ~nl(s), integration 
over s automatically nullifies them, if n f, k. 

To determine the absolute values of mj and mt from (3, I), 
we will consider the one- and two-resonance approximations of 
the physical spectral density (in full analogy with the two
loop calculations of m~ /3/ ), saturating the FESR (3.1) by 77,77' 
and K, K' pseudoscalar mesons, the ground states of v;hich ( 77 

and K ) are the Goldstone bosons responsible for chiral sym
metry breaking. 

• exp 2 4 2 
F~rst we model t:he physical spectra by R1 =fp m P o(s - m ), 

where P=77,K; f
17 

= 132 HeV; fK = 153 HeV, and obtain fot the 
zero moment: 
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r2 m 4 
_lLJ!._ 

2 

= ! _2__ ~~p [1 + 8.457 (-.::~ ) + 58.737 (~ )2 l 
8172 2 17 17 (rtlr) 2 

q (3 .6) 
a 2 ;_; ;~ 2- 9;:i' R I 

+ ..1. ... _ _,.,_ G ~ [1 + 1.790 (-"-) + 6.215 (__§_) j l (___§_) I <j. 

8 17 17 77 277 

(p,q) = (77, d), (K, -;); 
a, 2 

<--G > 
17 

= 0.012 Gev 4 . Choosing the duali-

ty interval as (s 0 ) P = (m ~ + ml ')/2 .. mp2' / 2 (for details see, 
e.g.,/3/ and references therein) with ffi

17
,= 1.24 GeV/17/, mK' 

1.45 Gev/IR/ and solving eq. (3.5), we get: 

A+ 
md 26-21 (lie V) , ·- + 

md (I CeV) 16 MeV; 

~+ .. 320-260 (MeV), iii+ (I GeV) .. 200 HeV; (3.7) 
;; " 

01 ,$ AMs.$ 0,2 (GeV). 

While obtaining these estimates the validity of the duality 
relations (3.1) in a rather small interval of energies was taken 
for granted. To verify the stability of (3,6) with respect to 
the choice of s 0 and to check the reliability of the FESR ap
proach we adopt now the two-resonance model of the spectral den
sity: 

where the last term corresponds to the 77' andK' excitations. 
In this case we do not use any additional suppositions to fix 

A+ 
s0 , but extract it together with fp' and mq from the system 
of three equations obtained from (3.1) at k = 0,1,2:* 

r2 m4 + f 2, m ~ 
-P-1~-L-

2 - - -
3 (so) a a 2 9a 8/9 

__ P [1 + 8.457 (-8 ) + 58.737 (~) ](--8 ) 

877 2 2 17 77 217 
q 

3 
_3_ .<so) p 

8t? 3 
[1 + 8.124 (;;,) + 55.757 ( ci's )2] ( 

9;,)8/9~ 3 ' S) 
17 17 217 

(s ) 4 
- - 9-

= - 3- ~ [1 + 7.957 (~) + 52.406 (-~-~-l1 (-2) 8/ 9 

g772 4 17 77 217· ' 

*We omitted the non-perturbative terms, which are negligible 
at(s 0 )P> I GeV as compared to the perturbatuve ones. 
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The solution of (3.8) is: 

(so ),, .. 2 GeV, (s0 )K .. 2.8 GeV, 

f , 4.7 MeV, fK,,. 
TT 

51 MeV, (3. 9) 

A+ 27+ 22 (HeV), ffi+ .. 325+264 (MeV), md " 
O. I ~ AMs ~ 0.2 (GeV). 

The corresponding running mass values mt (I GeV) ~ 17 MeV and m: (I GeV) .. 205 ~1eV are in agreement with (3.7). Thus, we con
clude that taking into account the O(a;) correction makes the 
difference between the FESR mass estimates and those of the cur
rent algebra (mt- I I MeV) smaller. (Note, however, that the 
connection between m ' m and current algebra mass definitions 
is not yet clearly understood). 

Our results for the ratios frr•lfrr = 0.036 and fK•/ fK ~ 0.335 
are consistent with those obtained by other methods, in parti
cular, \lith fp•/fp = yrm~ /mp4, r .. 6 ± 2 /7~ It is also interesting 
to note, that the use of the FESR version considered in/Ill leads 
to the similar analytic expression for fp'· Indeed, following 
the ideas of ref./11/,one can make the 1/N -expansion inspired 
conjecture that radial excitation spectra consist of an infinite 
number of the infinitely narrow resonances, and combine it with 
the FESR to derive "linear dual models" for such snectra*: 

2 
- mp . f (n)~ 2y2 --f, 

P m .m (n) P 
p p (3. 10) 

m2 (n) .. n-m 2.; n= 1,2, ..• ; P= rr,K. p p 

Notice, that the agreement of fp'"' f P (1) with the above estimates 
is an argument in favour of both the results (3.9) and the "li
near dual models". Moreover, as has been emphasized in 131, the 
prediction (3.10) of the mass of the second rr -meson excitation 
m"(2) = 1.75 GeV agrees with the observation of the pseudoscalar 
resonance m rr"· = I. 77+0.03 Gev/17/ considered to be the candidate 
for this role. Encouraged by these facts we propose to search 
for the second radial excitation of the K -meson near mK(2) = 
= 2 GeV**. 

*Analogous "linear dual spectra" are also predicted by the 
Veneziano model. 

**After completing this paper we became aware of the recent 
experimental data, which suggest the existence of the second 
excitation of the K -meson around I. 83 GeV /19/. 
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To be complete, let us improve the FESR predictions for the 
scalar meson channel/2/ by taking into account the O(a;) cor
rection. Following the standard procedure, we saturate (3.1) by 
the lowest mesonic state o (980) considered here as a quark
antiquark system (for discussions of other possibility see, 
e.g., /20/). The existence of the corresponding excitations has 
not yet been experimentally established. Thus, to calculate 
md = md -mu we use only the one-resonance model of the spect
ral density, the value f 0 = 1.2 Hev/2,6/ for the decay constant 
being taken as an input p~rameter. Solving the system of the 
first two equations (3.8), we get s0 -3/2m~ and 

md "' I 0+8 (MeV); m;j (I GeV) .. 6 Mev; (3. II) 
0.1 s AMS s 0.2 (GeV). 

Eqs. (3.7) and (3.11) lead to the following absolute values of 
the light quark masses: 

mu -&:-6.5 (MeV), mu (I GeV) -5 MeV, 
A 
md .. 18+14.5 (MeV), md (I GeV) .. II MeV, (3.12) 

ms .. 3!2+253.5 (HeV), ms (I GeV) .. 195 MeV, 

0.1 < A;;-.; < 0.2 (GeV) 

(the accuracy is about 25%). These results are consistent with 
those of the previous works on the subject/ 1•6•7/. 

As to the "linear dual models" predictions for this channel, 
the correspon~ing model spectra must be different from eqs. 
(3.10) due to the essentially nonzero masses of the ground sca
lar hadron states (i.e., the o (980) and k (1350) mesons). In
dedd, changing the value of the duality interval from (s0 )p=m:,/2 
to (s0 ) = 3m2 /2, we obtain s s 

m2(n) = (n + 1)m2 , 
s s 

f2(n)=-1- f 2 , 0=0,1,2, ... ; Szo,k. 
(3.13) 

s n + 1 s 

Thus, on assuming the two-quark structure of the o -meson, one 
may expect its radial excitation to have the mass m0 (1) .. 1.4 GeV. 
Eqs. (3.13) lead also to mk (1) "' 1.9 GeV for the mass of the 
k (1350) excitation, and this estimate does not contradict the 
experimental indications for this excitation to exist near mk' 
= 1.85 Gev/21/. Of course, the "linear dual models" are no more 
than model equations, and thus, one should not overestimate 
their prediction ability. However, it is worth noting, that in 
all previously considered cases (see, e.g. / 11 •3 / ) the local 
duality ideas worked well enough. 
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KaTaeB A.n., 
BbiCIUHe nepTyp6aTHBHbie KX,ll-nonpaBKH 
H MaCChl nerKHX KBapKOB 

Bbi'l:HcneHbi TpexneTneBbie nonpaBKH. K p;ByxTo'le'l:HOfi ¢YHKI.\I·IH ·: .. 
nceB,D;OCKaDHpHb~ KBapKOBb~ TOKOB B KBaHTOBOR XPOMO,!l;HHaMHKe. 
0HH COCTaBJlH~T OKOJlO 20% OT Bep;~ero qneHa pnp;a TeOpHH B03My
ll\eHHf! npH 3Ha'leHHHX KOHCTaHT CBH3H a,."" 0, 25. C llOMOIIlb~ MeTOp;a 
KOHe'lH0-3HepreTI+"'eCKHX npaBHn cyMM onpep;eneH&I 3Ha'leHHH Mace 
nerKHX KBapKoB m u I I f3BI "' 5 M3B, ffid I I f3BI "' I I H3B, 
m., I I f3BI "' 195 ~bB. 06cYJK,D;a~TCH npep;cKa3aHHH JlHHefiHb~ p;yanh

MOp;enefr p;nn Mace Bbi'leTOB pap;HanbHbiX B036)T)K,!J;eHHf! K, 8 
Me30HOB, 

Pa6oTa BblllOJlHeHa B na6opaTOpHH Teopenr'l!eCKOfi ¢rl3HKH 

Gorishny S.G., Kataev A.L., Larin S.A. E2-83-533 
Next-Next-to-Leading Perturbative QCD Corrections 
and Light Quark Masses 

We present the three-loop perturbative corrections to the 
(pseudo) scalar quark current correlator. They amount to 
about 20% of the leading term at aH• 0.25. Taking them into 
account and exploiting finite energy sum rules we find the 
following values of light quark masses: mu (I GeV) .. 5 HeV, 
md (I GeV) • II MeV, ffi 8 (I GeV) • 195 MeV. We also discuss the 
phenomenological predictions of "linear dual models" for ra
dial excitations of the K , 8, and k mesons. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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