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1. INTRODUCTlON 

In papers / 1,21 (referred to as I and II) the possibility of 
extension to the supersymmetric case of the quasi potential 
equations / S•4/ has been discussed. In paper I the transition to 
the three-dimensional equations may be carried out by the rela
tive-time / S/ vanishing in some (fixed in the fermionic sector) 
centre-at-mass system. The corresponding "equal-time" operation 
is performed in II by vanishing one of the variables in the 
light-front / 4 ! , As is well known, for the simples t scalar 
chiral superfields one multiplet contains the fields with spin 
a and 1/2 (ref. l tV) . Therefore, in the supersymmetr ic case 
two-particle equations of the quasipotential-type for particles 
with spin 0 and 1/2 are written down in a common way . Moreover, 
in the 9upersymmetric theor ies there are less divergences than 
in the ordinry case 1 6 1 

In the present paper the two- particle relativistic equations, 
for which the transition to the three-dimensional equations 
is achieved by vanishing the relative energy in the center-of
mass system 18-81 ~ are generalized to the supersymme tr ic case. 
As has been shown in ref . 1 7 /, vanishing of the relative energy 
(in t he centre-of-mass sys tem) is eq uivalent to the relativistic 
invar i ant condit ion of Hal"ko",.'-·'{ukawa (pq - 0) in t he two-partic
l e wave f unction , where p is a total momentum and q is a rela
tive momentum. It is evident (see (A. I)) that the Markov-Yukawa 
condi tion is i nvariant with respect to the supertrans f ormations. 
There are found the s upers ymmetric equations fo r the two-parti c
l e wave funct ion , where t he quasipotential is fou nd in a per
turbative way from the quan t um fie ld theory. The interac t i on 
between one scalar massless and one mas sive supe r f ield as wel l 
as t he case with self-interac tion are cons idered . In the lowes t 
order in the coupling constant the quasipotential and the co r
responding equations are l ocal as in the ordinary case 1 8 / . 

In the case when the s upersymme try-breaking t erms wh ich give 
a suitabl e mass-splitting between bosons and fermions a re 
contained in the Lagrangian they are i ncluded in t he quas ipoten
tial f unct io n . Then af t e r e l iminat ing the nondynami cal compo
nent of the wave function by using the equations o f mot ion, we 
ge t t he ne cessary mass-splitting in two-particl e quasi potential 
equat ions. 

Note t ha t as ha s been shown in ref. 19/, the operation of va
nishing the rela t ive energy (in the c.m. frame) is equivalent 
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to the gauge fixing procedure for the B-S amplitude with res 
pect to t he sp ecial type of gauge transformations. The origin 
o f these gauge transformations is the nondefiniteness of the 
position of the center-of-mass in the case of two interacting 
particles / 9 / , Then, the operation of vanishing the relative ti 
me or one of coordinates on the light-front is equivalen t to 
the transition from the B-S amplitude to quantities invariant 
with respect to these transformations . 

2 . 5UPER5YMMETRIC MARKOV-YUKAI<A CONDITION 

In papers /S·8 1 the nonphysical relative energy of the two
particle system is removed by the Markov-Yukawa condition 

~ ) 1(2 2 2 2P Q~ </I (P. Q c 2' p 1 - P 2 - m 1 + m2) </I (P I ' p 2) - 0 (2 . I) 

in the two-particle wave function . Here 

pCP I +P2' qC~2PI-~IP2' (2.2) 

~ I e (p2 + m~ - mi)/ 2p2. ~2 c (p2 - m2
1 + m~)/2p2 

are the tota l momentum and the relative momentum of the two
partic le system, and ~W. q) is the Fourier transform of the two
particle Bethe-5alpeter (B-5 ) amplitude 

</I(X I ' ''2) c<0IT(,p·(x l ) ,p(x 2»1p> . 

In the centre-of-mass frame (p - (E. 0)) the condition (2.1) 
is equ i valent to the vanishing of tl~e relative energy , i.e. t 

Qo - O. 

The general solution of eq . (2 . 1) is given by 


</I (P. q) c 8(pQ) </I p (q). 

In the case of spinor equal masses, using the identity 

2 2 '" PI - P2 c "'I + 112 )(11 1 - 112 ) • 

where 

cII l (yi!!ll)p! . 112c(II9Y:)P~. 

Y~ (a = I, 2) are the Dirac ma t rices acting on an a-th particle, 
we have the following condition on the two-particle B-S ampl i 
t ude 

2 

<P 1 -1I 2 )</I(PI'P.,l cO. (2.3) 

It may be pointed out that when m1 -/:. ID2 the condition (2.3) is 
more comp licated (see ref. 17/ ) . 

Then the foll owing re l at ivistic three-dimensional equa
6t i on I S· / (for scalar equal-mas s p,articles) 

.. 
(; p2+Q2_m 2 )</I p (q) c (d 4k8(pk)V(P. Q. k)</Ip (k) 

where V is a quasipo tential, i s proposed . 
Cons i der the super symme tric case. I n the s implest case when 

we are dealing with t he s calar (r ea l or complex ) ch iral s uper
f i e l ds 1 6/, i t is convenien t (becaus e of the invariant wi th 
resp ec t to spat ial reflec t ions) t o write the corresponding B-S 
amplitude in the f o llowi ng form (see I, II ) : 

</I 
++ 

(Xl"2 : 01'02) 

-+ 
</I (X""2:01.02) 

(2.4)
</I (x I' ' 2 : °I • °2 ) 

</1+-(1 1 .1.: °.82 )1

</I (XI.X2:I1,./1e) 

'Where 

</I.fJ =<0 IT (II>'(x,. 011Il>fJ(X2. 0 2)I IP> (a, f3 .. + • - ) 

and 11>+(11)-) are l eft (r ight ) chi r al super fi e l ds. Here, as in pa
pers I and I I, the two-compone nt spinor fo rmal i sm is used. 

In t he supers ymme t ric cas e t he nonphysical relat ive energy 
can be removed applying t o the B-S ampl itude (2.4) the constraint 
(2. I ) , which i s supersymmetr i c (see (A. I» . As wi ll be shown 
below, the constraint (2.1) in t he equal-mass case can be found 
from the f ol l owing supersymmet r ic equation: 

! K1(PI ' 01,83 )(d 
2 

8s J\IJ (PI 'P• • OS' 82 )  (2.5) 

- (K 2 ( P2 • 8 •• 0.) [ d 20 .J </I (P I • P2 • 0 I • 0 .) cO. 

where K1{?) are the operator parts of t he free field equations 
f or t he first and s ec ond particles, respec tively, [d 2el is 
given by (A. 3) . The explicit f orm of t he operators K i s given 
by the formula (A.2) . Substituting (A. 2) into (2.5), we find 
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the following constraint s on the componen t s of the two-

parti c le B- S ampli tude 

AY (2.0) -80# (0 . 2) ~ 0, 


2
P, A", (O.O) - B", (2. 2) - 0 , 

/WI (2. 2) - P~ B", (0, 0) - 0 , 


piA",(2. 0) - P~B"'(O. 2) ~ 0 , 


p~A",(2,0)"'(1,1) ~O, ( 2 .6) 


P, ",(1,0) + B", (1,2) _ 0 , 


A",(2.1) + P2 "' (0, 1) ~ 0, 


p, ,,, (1,2) + p:B",(1.0) ~ 0 , 

p ~A "' (O . 1) + p:", (2.1) - O. 

Here by 1/1 (a, b) (a, b = 0 , 1, 2) (momentum variables p. q are omit

ted ) we denote the components of the sup er symme t ri c B- S ampli

tude (2 . 4) , i.e., 

"'(P ,.P2 ;01'02)-",(P,.P2 ; 0.0) + (O, ). "' ·(P " p2 ; 1.0) + 

b+( ) b'" (P, . P ; 0.1) + •.• + (0 , , 0 , )(°2 ,°2 )"' (P P 2 ; 2.2).
2 2 

" 

where it shou l d be taken i nt o accoun t that onl y chi ral represen
t ations of t he supergroup are considered . For the compac t ness 
t he constr aint s ( 2. 6) are writ ten down in terms of bi s pi nor for
malism and t he fo l l owing not ation is us ed : 

P _ p~ r 2, ,is , P~"~ 2 2 Il I 

0 0 00 0 0 !!~!!~ 
( 2 .7)

0 0 0up 0 0 0 !!~
,(2) ~,2)- \ a 0 0 00 0 0 u 

~ "
-~ 
-0 0 00 0 a 0 u" 

~ 

4 

'1 0 \A _ B_( : :)

( o '1) 

Here 00=1-2 x 2 is the identity matrix, u J (T ) U<=\,2,3)• J 
1 · . - T -1 k dare t h e P au 1 matr ices, Up. =lOlll .l ~ 102' It c an be chec e 

that the following identities for the matrices (2.7) are 
satisfied: 

A2 _ B2 = I , 

J j (2.8)
[A. B) = O. [A . ',,) - [B. '~J = 0 , 

I,J ,J I = 2g I 
Il' v j.!V • 

whe re II is the i denti t y mat rix and (,], I . J denote the matrix 
~ommutator and anticommutator, respectively . From ( 2.6 ) it f o l 
lows (afte r s ome algebraic operation where (2.8) are used) t hat 
for any of the components of 1/1 (% l' %2' ell 192 ) the constraints 
(2 . 1), i.e., 

(p2,_ pi)'" (P,. P . a., b ) ~ (pq)", (P. q, a. b) . Oe (2.9) 

(a. b = 0, 1.2) 

are satisf i ed. I t shou ld be pointed out , that as in the ordinary 
case 17 / , for the spin 112 part i cles rn 1 f:. m2. because of the 
supersymme t ry in the constraints (2.6), the quasipotential must 
be present. 

The general solut i on of the constraint, eq. (2 . 9) or (2 . 6), 
can be written in t he form 

"'(P . q. '. b ) - 8(pq ) "'0 (q, a, b ). ( 2 . 10 ) 

where p and q are the total and relative momenta of the two
particle system defined by ( 2. 2) . 

I t should be pointed out t ha t there is a difference as comr 
pared to the Logunov-Tavkhelidze approach (I , II) i n wh ich the 
corresponding constraints are no t invariant with respect to the 
supertransformations. Consequently, the corresponding reference 
frame in the superspace in which the constraints are applied 
should be f ixe d (as well as in the fermionic sec t or). Here, the 
cons traints are invariant with respect to the supertransforma
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tions, and consequently, the y can be applied in an arbitrary 
reference frame. 

3. 	 SUPERSYMMETRIC THRE E-DIMENSIONAL EQUATION 
FOR THE TWO-PARTICLE liAVE FUNCTION 

For the two-partic le wave f unct ion (2.7), th e following super- \ 
symmet ric t hree-d imensional equa t i on is pr oposed I 

(K I (P. q. 0 1, 0.)[d 2 0.] "; p (q. 0•• 02 ) + 

( 3, 1 ) 
+ (K 2(P. Q. 02' 8.) [d 

2
0.]";p ( q. 01' 0.) 

J V (p . q. k; 8 1' .... 8. ) dll ";p (k. 0•• 0 . ). 

where 
2 2	 (3, 2)dO 	 ~ d \ [d 8. 1 111 [d 0. ]8 (Pk) 

and [d2 0] is given by ( A. 3) . Eq . (3.1) is the su~ersyt1l1let ri c gene 
ra l ization of the equat i ons proposed i n papers s -8/ . The super
symmet r i c quas ipotential V (p , q, k . 8 1... 84) can be de t ermined from 
the ser ies i n t he coupling cons tant 

(3.3)V V I +V 2 + .. ·• 

\Jhere 

(3.4 )
VI ~- TI' = - T2 + 'II O T 2V2 'Vv' 

Tk i s t he k-th t erm of the supersymmetric t rans i tion ampl itude , 

~denote integration over the intermediate spinor v ar iables 

8, and integration over intermedia t e momentum va r i abl es is im

pl ied. 
Substituting (A.2) into (3. I ) and taking i nto account (2.6 ) 

after integration over t he intermediate spinoI' variab l es, we 
find the following equations for the componenst of the super
wave function : 

} 
A"; (2. 0) + B";(O. 2) - 2rn";(0. 0) - -W(O. 0). 	 ,I 
p~ A"; (0. 0) + B";(2. 2) - 2m"; (2. 0) = -W(2. 0). 

A"; (2. 2) + P~ B";(O, 0) - 2m"; (0. 2) =- W(O. 2). 

pi A"; (2.0) + p~ B"; (0. 2) - 2m"; (2.2) = - W(2. 2) • 

PI ";(1.0) - B";(1. 2) + 2m.p(1. 0) ~ W(l. 0). 

P '" (0. 1) - A.p (2. 1) + 2m"; (0. 1) ~ W(0 . 1).
2 ( 3.5) 

CP 
I 

+ V2 - 2m)"; (1.1) = W(l, 1) . 

P! .,; (1. 2) _ p~ B"; (1.0) + 2m"; (1. 2) = W(l. 2) 

~2.p (2. 1) - p~ A"; (0. 1) + 2m"; (2. 1) - W(2. 1). 

~here the f ol lowing not ation 

(3 .6 )W( • • b) = rV(p. q. K; ' . b . 0•• 0 .) dll.p p (k; 03,0.) 

is introduced , and dO is given by ( 3. 2) . 
El iminating the nondynami cal components of the wave function 

fr om the syst em of equati ons (3.5) we get 

1 1 

(p~ + P~ + 2m 2).p (0. 0) c_mW(O. 0) - TW (2, 0) - T W(O. 2) . 


CPI 	 + m) ";(1.0) =: W( 1.0) • 

US2+ m).p(O.l) -i W(O.I). 

(PI + P2 + 2rn ) "; (I.l) - W( l. 1). 

where the cons t raints (2.6) are used. We note that according 
to 	(3.6) in t he r.h.s . of eqs . ( 3 . 7) t he nondynamica l components 
are present. The last components can be elimi nated from (3. 7) 
for any quas i potentia l. 

It shou ld be pointed out t hat eqs. ( 3.5) as we l l as (3. 7) 
have a more simple form in the same fixed reference frame. 
As 	 such sys t erns there can be cons idered the c. m. s. (p = 0) in 
which case eqs. (3 . 7) have the form 	 

9 2E(i E 2 - - m2)";E(~ ; O. 0) 

_ - .Jl!.W(E. q; 0.0) _ l..W(E. q; 2.0) _l..W(E . q; O. 2), 
G - 4 - 4 

E(i Ey~1) - '!. y(l) + m)"; E ('!; 1. 0) - i-W(E. '!; 1.0) • 
7 



E (t-Eyci2 ) + 'I.·r(2)+m)"'E ('I.; 0.1) ~i-W(E. 'I.; 0, 1). 
(3 .71 

2E [i- E (y b1) + Y b) ) + ~. (-r (1) + t. (2l) + 2m) '" E ('I.; I. 1) - W (E. '!! I. 1) • 

whe re E "" p 0 	 and 

WeE. ~ a. b) = 

2 2 
- (dskV(E. ~~;" b. Os' °4 )[d 0sl "[d 04l"'E (~; Os' 0.) 

The I . h . s. of the £i~st eq . (3 .7 ) coincides with the corre s
pond ing equation for scalar part ic l es. It may be pointed out 
t hat , as fol l ows f rom (3. 6), i n the r.h.s. of any of the eqs . 
( 3 . 5) all the components o f ", (a. ~ are presen t . The contents 
o f ",(a. b) i n W(a. b) depends on the explicit form of the quasi
potential v , which can be found as a perturbative series (see 
(3. 3) and (3 .4» . To find t h is dependence, we consider two 
parti cular cases for equal-mass part icles i nteracting via the 
Lagrangians: 

I . A massiv e sca lar chi tal superf ie l d <!l(x, 8), which interac ts 
with a massles s chiral field )( x. 8). In this case the interac
tion Lagrangian has the following form: 

4lln'- gf d x l(d 20(<I>\x. 0) 2X+(x. 0) + 
(3.8) 

2 - - 2 
+ Jd °(<I>- (x. 0») X - (x. O)J. 

From (3.4) and (3. 7), it foll ows that the nonzero elements o f 
the Born t erm of the Quasipotent ial are given by 

v+-.+ - g2 exiil28 1(".t - ~)02 Jm 
8 (2) (0 1 - ° ) 8 (2) (0- - f. ) x3 2 

(p 1 - Pa)2 + i, 

x 8(4)(Pl +P2 -PS-P4) 
(3 .9 ) 

°v-+'-+ 2 exp[281cPl- Pa) 02 J 8(2tii 1 
_ 

g 2 
([s) 8(2)(0 

2 
_ 

4 
) x 

(p 1 - Pa) + I, 

(4) 	 )
xl> (Pl+P2 - P3-P•. 

" 


Here Bun (0) 	 is the Grassmann 8 -function 15/ . Substituting 
(3.9) into (3.6), we get the r.h.s. of eqs . (3.5) in the Bo rn 
approxim.ati~m. After integration over 83 and 84 , ...... e obtain 

+- ~g2J 	dk8(Pk
• 

) ",+-(k;O.O).WI (0. 0) 
(Q_ k)2+ I, P 

4 

W+-(1. 0) ~ g2 f d k8(Pk) ", +-(k; 1.0). 


1 (Q_ k)2+ i . P 


4 
W~- (0.1) _ g2 f d k S~k) - ",;-(k; o. I). 


(q-k) +i, 


4 

W +- (2 0) ~ 2 ( d k S (Pk) 1+ - (k' 2 0)


1 	 . g 2 'l' p •• • 

(q-k) + I, 


4
W~-(O . 2) ~ g2 f d k 8(Pk) ",;-(k ; O. 2). 

(q _k)2+i< 


4
W+ - ) 2 J d k S(Pk) +- + - 11 (1 . I ~ g 2 ' [2(q - k)o{( (k; 0.0) + "'p (k. 1. 1) • 

(q - k) +!' - - p 

4 
W+-(2) 2f d kO(Pk) [ +-(. ) - - +-(. 0 11 • 1 ~ g "'p k.2. 1 + (q - k)"'p k. . I) • 

(q _ k)2 + i, 

+- 2 d4k 8(Pk) [ + -	 +- 1WI (1.2) - g ( "'p (k;I.2')+(Q-k)",p (k:l.2).
(q_ k)2 + j. - 

2 f d
4 

k S (Pk)
W~-(2. 2) = g [",;-(k; 2.2) + 

(Q _ k)2 + i. (3.10) 

+(,(,!_~»\(",+_).b(k; 1.1) + (q_k)2",p+ - (k:O.O)l. 

+
Anal o gously one can find WI' From (3.10) it follows t hat the 
first term of the quasipotential and eqs. (3 .5 ) are lo cal . 


So l utions to eqs . ( 3. 5) can be found i teratively . From 

( 3. 5) and (3.10) i t follows that i n a ny o rder in t he coupl ing 
cons t ant the nondynamical auxil iar y componen t s of t he wav e 
f unc tions </I (2. a) ('" (a. 2)) (a _ 0,1 .2 ) can be expre ssed on ly in 

terms of the dynamica l componen ts </I (J. k) (J.k ~ 0.1). 


2 . Self-i nterac t i on of massive chiral super fie ld. In th is 

case the i nteraction Lagrangian is given by 


fin, - g rd"x l rd20(<I> +(x; 0»3 + f d 20 (<I> - (x; 0-))3 J . (3. 1I) 
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Then the Born term of t he quasipotential is given by 

++.++ ml 2 
2 2 2

V, 	 - 0e ) 8 (0, - 83) B (0, - 0 4) ,
(q _ k ) e _ [D2+ il 8 (0, 

(3 .1 2) 

+-, +- g2 e"ll [0, ('l.-,i) 02J 8 2(9, _ 9 )8 2 (f - 8, ), 

V, T (q_ k)"_m2+!, 3 2
 

C 

Ins e rtin g (3.12) into (3.6), we get the r .h .s. of eqs. (3 .5) . 
Becaus e o f a combersome structure of W1• t hey are not wri t ten 
here . It should be pointed ou t t hat i n t he s econd case., too , t he 
quasipot ential i n the lowest order in t he coupling cons tant 
and the corresponding equations are l ocal and t hat the auxil iary 
components of the wave f unc t i on can be expressed only in terms 
of its dynamical components . 
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APPENDIX 

Generator s of the supertrans formations for the l e ft ( right) 
chiral supe r fields <I> +(x, 0) (<1> - (., en in the two-component 
spinor formalism are given by 

+ a as 	 =- 1-- , S - __ i-- + 2(a9 ) 
8. a(} I, 8. iJO 8. _ I, 

(A. I) 

- + a
S. 	 - i- -2Wa) . S..- ~ i_a_ 

8. _ aaei. 018' . 

Then, it can be checked t ha t the supers ymme t r ic propagato r i s 

a8 ~8 , - 92 ) 
D~ 	 beXp(20'£~2). (p2_m2 +!d-,-	 ) , 

(	 2 - )
C .xp(28, PO ) dB (9, - 822 

10, 


where a, b, C, d are the normalization constant s and 

• a ~ 

Da~ (x, -x ;8, , 02)-<0IT(<I> (x"O,)<I> (x2 ,02»10>


2 

If 	we put 
1

a,,", d c:II m, b -	 c = r 

we 	 have 

2
(D(P,0,,8.)[d 9JK(P, 9.,° 3 ) = - 8(0,- 93 ), 

where 

1 m82(O , -8 2 ) - "2exp(20,.!' 8 2 ) 
(A. 2)-, 	 -

2 - K = - D ( .!. e"ll (2iJ, p 8 ) m8 (0 , - 02)2- 2 	
) 

and 

8 2(0) o (A.3) 
[d 2 0 1 _ (d:O [8(O)J = 0d:O ) ( 8 2iii ) ) 
Consequently, a i s th e time-ordered Green function for the 


equation 


(K [ d 20 J <I> _ R(x.O ). 	 (A .4) 

It 	ca n be checked that the l. h . s . of eq. (A . 4 ) i s equjvalent to 
the cor res ponding e? uations written down by the spinor cova


/ 6 
riant de rivatives . 
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3aHKOB p.n. E2-83-49 
CynepCHMMeTpH~IIILle KSa:lHnOTeHUHaJlbHblC ypaSHeHHfI. 

CynepCHMMe'I ' pH ~llIoe o!5o(5ll.\eIiHe ypaBHeHHJI To,[];opoaa 

PaCCMOTpello cyu c p c HMMeTpH4Hoe o605ll.\eHHe Ksa3HnOTeHI..lHaJlbHOrO 
ypasliellllJi I:l KlIIlI-IGpooKe HapKosa-lOKasbi . HaKnaAbloaR Ha ADYXl.JaCTHlI
HYlO aMnnIlTYJJ.Y B-C cynep c HMMeTpHliHoe ycnoDHe MapKosa-IOKasbl 
nOJlY4c1Cf't yCJIOllIIH, ,ualOllt,He nepeXOA K oAHoBpeMeHHOJ~ BonHOBOH 

¢YHKlVH-I. }{.II}! :JTO(, B0J11l0BOli cPYHKUHH 3anHcaHO cynepCHMMeTpH4Hoe 

TpeXMeplIOC YPO IJII CIlHe . IlaAAe H 60PHOBCKHff \ineH KBa9HIlOTeHLl.HaJIa 

A1HI caHoHcrtcTUYIOUlero KHpanbHoro cynepnonR, a TaKJKe AJIR B3aJ1MO 

,[teiicTUJllI ~ Oc ')M(lCCOB""M KHpanbHbIM cynepnoneM . 

PaGoT;] I)blllOJWCli a B ila6opaTopHH TeOpeTH'lIeCKOH ¢H3HKH. OllilH. 

npenpHHT OO~eAHHeHHoro HH cTHTYTa AAepH~x HccneAoaaHHH. AY6Ha 1983 

Zaikov R.I'. E2-83-49 
Super sY'lllmcLric Quas ipotential Equ a t ions, Supers ynnnet r ic 
Gener'-ll i zl1t i on of t he Todorov-Type Equations 

A s upersymmetr ic extension of the Todorov-type quas i poten
tial equations i s cons idered . Apply i ng to t he two-partic l e 
Be th e-Sa lpeter ampli tude the 5uper symme t ric Markov-Yukawa 

condition, t he corresponding cons tra i nts a r e f ound which give 
the transit i on to t he one- time wave func t ion . The correspon
ding s li persymmetric three- dimensional equations are wr i tten 
down . The Born terms of t he quas i potential in t he case of a 
se lf-interacting chiral superfield as wel l as o f interaction 
with one mass l ess chira l superfield are given . 

The investigation has been performed at the Laborato r y 
01 Theoretical Physics, JINR. 
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