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I. INTRODUCTION 

Starting wi th the assumption that the electr omagnetic po 
tential toge ther wit h one sca l ar field with zero sca l e dimen
sion is transformed by some nonbasic representation of the con

. h f' /1 1 f anna1 gr oup, 1n t e ~rst part of the present paper we con 
s t ruc t ed one nontr i vial model of the conformal qua~~m electro 
dynamics . A simi l ar model was found early i n paper where t he 
basic r epresentation was used but the invariance with respect 
to the special conformal transformat i ons was required up to 
some re,fficted c l ass of gauge transformations (see refs. /3,4/ ). 
In ref. the same problem is attacked using the nondecompo
sability of t he representation of the conforma l group unde r 
which the electromagnetic potential is transformed. However, 
ther e exist some difficu l ties to extend results of paper / 2/ to 
the nonabelian case. 

In t he present paper it is shown t hat results of paper/l/ , 
wi t hou t essential difficu l t ies, can be extended t o the nonabe
l ian case, i.e., t o t he Yang-Hi ll s theory and to the mass l ess 
chromodynamics. There a r e found t he nontrivia l (with nonzer o 
transver sal part) conformal invariant two-point funct i ons, t he 
invarian t action from which the equations of motion as wel l as 
the non l inear ad ditiona l conditions are derived. A quantization 
scheme i s outl i ned which genera l izes t he Gupta-Bleuler forma
lizm / 6/ . Because of the fact that here the nonl inear conformal 
invariant additiona l condit i ons are used which r eplace the Lo 
rentz condition, the corresponding physical subspace is compa
tib l e wi th the equations of motion . We point out that the Lo
rentz condition is inconsisten t not only in the case of the 
Yang11il}s theo r y / 3,4/ bu t ~lso in the quantum electrodyna
mi cs ,8. The canonica l quantization procedure for the model 
under considerat i on will be considered in the thi r d part of the 
pr esent paper . This procedure essentialll differs from the cor
r espond ing procedur e cons ide red in ref .l / . 

2. INVARlANT TlIO- POINT FUNCTIONS 

Cons i der the Yang-Hi li s fiel d A,,(K)and the s calM fiel d R(x) 
wit h zero sca l e dimension whic h are transformed by the ad jo int 
repr esenta t ion of the l ocal gauge group SU (N) Jccording to the 
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law 

, () -I) -1A~ x ~ w (x A ~(x)IU (X )+w ( x) a~w( x), 

(2. I) 
R '(x ) ~ w -1(x)R( x )w (x), 

. ,
wher e ", (x) ~ SU( N) a nd A ~(x )~A~ (x) l. ,S(x) ~ S ( X)I. are field s 
wi t h val ues on the Lie a l gebra of SU (N) with generators tao 

Then consider t he fol l owing five-component potent ial 

(t(X) ~ ( R(K) ) 
(2.2) 

AI/X) , 

fo r which, as in paper / II, t he following transformation l aws 
with respect to t he speci a l conformal transformations 

R(Xl)
I ( , K~J = 


A, (x 


. (2K/'K"a "-x' a~ \ (R(X)\<2 '])
0 

~ I 21. gilT [ 2x ~(1 + x"a,, )- x2a~ J 8~ + 2;x"0: ~ "f.) Ap(X} 

are supposed . Here .\ '" 0 is an arb i t rar y pa r amet e r and 0: v'fr = 

1(8~g l/r - [j e gp') are genera t ors o f the Lorent z group in r he four
vector representation. The r emai n ing generators of the conforma l 
gr oup act on t he f i eld IJ(x) in a standard way. The five -compo 
nent current 

o (K) ) 
J(Kl ~ ( (2.4 ) 

i ~(x) 

obeys the fol l owing transformation law 

[ J(x).K~J ~ 

=i(2X~(4,~a,,) - x2a~ -2,1.gW (o(x») 
o [2x(3+x"a )-x2a"lI5;+21X"O:J()~ ip(X 

~ " r I (2.5) 

where D(x) is the scalar field with t he scale dimension four. 
The two-point function for the five-component potential ha s 

the following form 
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T ~ « R(X)R(Y»O < l1( x) A ,,(x) ' " ) 
d'l(x)(I (y»O (2.6 ) 

< A~(X)R(Y»O <A~ (x) A ,,(Y»O 

where the notation 

T 
(f (x) = (R(x). A/x» 

i s 	 used. 
The Fourier kerne l of the conformal covar i ant Euclidean two

' I ' point Green function is given by (see' . ). 

1 (41' 2i 1\"- .,2:\2 a (p) A p

; 11" 
do '" 1." (ada b -N ObO ,I) . (2 . 7)(C(P»b.1 

S/! ,.~ Pit -.".. ,
p o.~7 

(a.b.c .d = 1 . .... '1) . 

l-le poin t ou t that the corresponliing c on forma l-covtlr i ullt time 
ordered Gr een func tion i n the Mi nkowski space M4 can be f ound 
from (2 . 7) hy substitu t ing 

2 2 2 {) -. ..P4 ~·i pO · P ~ Po - P fl. 11 °fL l' 

and the c o !"re s pondinr. Whightmann f unction by the foll O\-l.ing li 
mi t 

W(x ' X) = 1;01 O(x. -< - ;<o).
o - ( " 0 

Note also t ha t as in t he abe lian case bo t h the Cree f unct i on 
(2 . 7) and any of othe r two-point functions have nonzer o t rans 
versal parts and that the gauge fixing paramete r r. is c on f o rma l 
invar i ant . 

The inverse Green function is given by / L 

'A 2 ( 1 - c) 2 2 iA ? \ 
( 4 (p) V P 

- J <If. 
i~ ~' 1 .1 2: - ) 

( ° d Dh -N'~b ~ J ) '( O(p) \d 
_il>. P ~ P~ -g~vp + p ~ p" 	 (2.8)

2 

- -I 
It can be checked t ha t C (p) is the Four ier kernel of t he 

conformal covariant two-po int Green function of the five-compo
nent current (2. 4 ) transforming according to the representation 
(2.5). As in the abe l ian case (2.8) i s the interweaving operator 
between the potential )2. 3) and curren t (2 . 5) representations 
of the confo r mal group 1/ . 

As will be seen below it is necessary t o i nt roduce the se 
cond scalar f i e ld Sex) wi th zer o scale dimens i on which is SU(N) 
invari an t. For this fie ld t he conformal symmetry is taken in 
a weak sense (see 12/ ) , 1. e. , 

[S (x). DJ c ;x vav S (x) + 1. 
(2 .9 ) 

v 2 
[Sex). K~J = ;(2 x~ x av - x a~)S(xl+ 2;, xW 

where D i s the gene rator of dilata t i ons and r t. 0 is an arbit 
rary parame t er. It cao be checked t ha t t ?e invar i ant two - poin t 
f unct i on f o r the fi e l d Sex) is given by 2/ 

< S(x)S (y» O - rn[ ~ 2 ( x _ y)2 1. 

where 11 is a parameter with the d imension of ma ss. Notic e that 
the f ield Sex) wi th trans f ormat i on laws (2 . 9) was conside red in 
r ef /2/ as a scalar partner of t he elec t romagnet ic potent ial 
when constructing the non t r i vial quantum electrod~ami cs. 

We a lso po i nt ou t tha t as in t he abe lian case t he f ield 
R (x) has ex traord i na r y pr operties . i.e. , th~ field R (x) ~ R(x) - < R>o 
has t he van ish i ng two-po i nt function, but < R(x) A~(y» o ~ O. wha t 
i s poss ible if for the fie l d R(x) the n i lpotent pr oper t i e s a r e 
assumed (see ref .1 1/ ) . 

J . 	 INVARIANT ACTI ON 

The kinetic part of the Yang- Mills action can be made confor
ma l i nvarian t (with respect to the considered representation), 
as i n the case of electrodynamics/I/, by adding to the Lagrangi 
an the following t e r m 

2~ 2trl ~ ( RoJ~ A - Ai'oJ R)+ - (I-c ) Ro R J , 	 (J . I)
4 ~ ~ 8 

However, the se l f-interact i on par t cannot be made invariant with 
r espect to the t r ansformations (2.3 ) without introducing the se
cond scal ar f i eld with zero sca l e dimension t ransforming by the 
law (2.5) and which is SU(N ) i nvar iant . Th en t he conforma l in
va ri an t act ion has the f ollowing f orm 
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that as fol lows from (2.3), the field R and its deriva tive rJ ,1R 
1 4 1/l11 >... 11 are transfor med as the basic fields . It can be checked that1' "Jd x l trl - 4F F~" + T(ROa A~ A~ Oa~ R ) 
g 	 the second derivative a"av R i s transformed as a nonbasic fi eld, 

however, the term a'1avl All' Av1 ~ a.Consequently, it is impossible•(l- C». • ~ ~" . 1 "1 	 t o construct the conformal invariant Lagrangian without intro+ n Ro Rl- a Str([D .RJlA".A"l di1" A, . - i!, . A~) R.A )r	 ducing one additional fie ld. As s uch a fie ld, one can introduce 
t he scalar zero-seale-dimensional fie ld transforming und er t he(3. 2 )

>... 2 ,1 II 1 I' 	 ~ s pecia l conforma l transformation by the law (2 .9) and which is+ (, ) ) sa"Str(iI RIA,,,Rl+ 2 1R.A ){R.A, .I) 
invariant with respect to the local gauge t ransformations (2. 1), 

i. e. , 

~ ' " ,. 1 1
+<,) iI sa Slr(i!, . RI R . A,,1 + T[R. A"HA ,.. R )J . 


S ' (x) • S(x) . 


where D{I = alA -t AlA' FIlii = U11A,~- UII A,l of [ Aw A,,1 .To check the 	i nvar i ance (., 1 0 3 . d . .
Then to ~ '''' the term .l'\llS adde , Whl C h 1 5 chosen so thatof (3.2 ) with respect to the special conforma l transformation, 

i ts var i at i on by the special conformal transformation 	compenwe point out that the fie ld S(x) takes part in (3 . 2) only with 
sates the second term in (3 . 5):it s derivative ai's. From (2 .9 ) for the derivative uoS(x) we gel 

" 3 A It V 	 l ' (3.6 )" , 	 S'l\1 .-2,iI Stri a R[A".A~I. (cJ~A"-a,,A,,)[ R.A 11.I aoS(x). K~ I. iJ(2x~ ,2x"x ai' - x-a~)iloS(x) 

(3.3) Then from (2 . 3) and (3 . 3) we have 

i 2ix "p:J..Iv)~apSI t 2irg,tu' 
.,3 P" l ") IO"'y\1 , - 4~O. tria RIA".Apl ' l apA " - a" Ap) R.A 

Note that the Yang-Mills Lagrangian can be written do\olTl in an 
equ iva l ent (up to the ful l divergence ) form .. 

~ - (3 . 7) _ 4-r-SaP(i!pStr12cJ"RI A, .• RII 
s: 1 I' 	 I ' f1 I ' y,,' 21 rlA (C,., o - il"a, . )A ,2i1 A lA". A,'] 

(3.4) ,a"SlrlilpR[R.A~I' il 
l
,RIR.A pll)+ 8(x Sa)S'~. \l' 

~ ""k n I .,'+ A [A, .. A~1 A I · ... \II + ... nl + ... \11 . 
The first term in (3.7) cancel s with tile f i rst term of (3.5).

k To compensate the second term of (3.7 ) , it i s neces sary to addAs has been pointed above, the kinetic term f y" is made 
also the term quadratic in field S. i.e.,con forma l - invariant with respec t to the special conformal trans

f or mations (2.3) by adding the term (3 . 1), as in t he case of 
electrodynamics / I I. Consider the first of the self-interacting .r~. " , 2(+II al'SiI~ S tr(a"R I A" R]) 
terms in (3.4) . The varia tion of th is term by the s pecial con

} 

(3 . 8)


formal transformation is g iven by 
II II

+iI sa Str(a,RIR.A~])1 

SI"~M ' 8(x5a).r ~. " + 2)'5. P Irla~RIA~. Ap i 	 the variation of which is equal (up to the sign) to the second 
(3. 5 ) term of (3 . 7). 

~ Analogously , we introduce the terms compensating the varia
, tapA"~ - i!~Ap)IR.A II . 

tion of .P~r ~! = ttrlAI-'[A".A'L1Av l . Thus we have proved the invari

ance of the action (3.2) with respect to special conformal trans where ap' is a parameter of the spec i a l conforma l trans f orma tions . 
As is shown in r ef. ' 1/ , the f ir st term in (3".5) i s compensated formations under considera t ion . The invari ance of this action 

under the Lorentz and dilatational transformations is evident.by the Jacob i an of the special conforma l transformations. Note 

7 
6 

http:Slr(i!,.RI


At the end of this section , we notice that the ac t ion (3 . 2) 
on the whole , is no t gauge-invar i ant. As in the abelian cas e / lJ 
the t erm (3.1) making the kine t i c part of the ac tion conformal 
i nvariant is t he gauge term. Ot her interaction t erms wi t h the ,f ields R and S differ from t he "ghost" Faddeev-Popov f i e lds 
t erms/6/. In more de tail, this ques tion will be conside red in 
the next paper . 

4 . EQUATION OF MOTION 

Varying the action (3 .2 ) with r espect to the Yang-Mi ll s fi e ld 
Ap. we get the fo l lowing equat ions 

(j~(A.R . S) = (gw,,-a~av)A 
" 

(x)-a
v 

l A".A,,] 

v " I. 
+ [A . a~Av - avA~J + [[ Av ' A~J. A ] - 2"a~R 


(4 < 1) 


.\ v v II 

- ;-l a~ S [O .RJA ,, - a S A)O" ,RI +a S[R,[A~.A )] 


+ a" S[a vA" - a" Av .R] + aV(a~ S[ R ,A) - a"S[ R,A~ ]) I 

I. 2 v 
+( -;-) l a S avS ([ R ,a"RI+[[R.A~l.R]) 

v
+a"sa S([ a"R.RI+l[A" .Rl. R])I = O. 

Varying wi t h respect to t he field R we have 

- I. ~ l- C22 I. . 
5l(A ,R,S)="2"a A~+-4-1. "R-"2a "SI[o", [A" . A.,l] < 

I ' I. 2 v .Jl 
, [ A ,a~A" - a"A "II - (T) a to- );a~S[Av,R] 

(4.2) 

+a ~savS[R.A.,]I+( ~ )2 1J"sa"S[AV .[R,Avll 

,a~ S a "S[A .lR.A 111 O. 

" " 


And fina l ly, varying with respect to the scalar fie l d S ex) we ge t 

c ~ v
~(A .R.S)=a trllo .R][A".A~l+ 

[ VII <> I. " , v [t{a~Av - avA~) R. A - _-a a~Str(a R Av. R] , 
1 I' .\ p. " +-[R.A l[R.A vJI - - J (a S t rl av R1R . A~1I) (4.3 )2 , 

I. v ~- Tv (J Str[avR. [ R.A~lJ) 

A It I ~ V - -;-a la~Str([R.A 1[R.A)) l a Str([R.A~HA" . R })I = 0 . 

[~o te that in the LagrOlngian 0.2) there i s no ki ne t ic t erm 
of t he field S, and consequently, this field is considered as 
the Lagrange mult i pl i er . Taking t he d i ve r gence of eq . (4 . 1) , we 
get 

I. ~ ~ I ' 1 "[[ ] v]- 2 a R I (J [A , aI1 A,. -iJ"A ,t .. a A".AIl·A 

- ~J"la~~[ Ov<R]A,, - a l·SAv[OwRJ+a VS [R .[AwAvl1 

v[ r\2p. v (4.4)
,.J S J , . A,,-J~AF.R ll t{-) v la Sa" S([R< a~RI, 

.\<:Ip. v 
d[R. A ~l.RI)I+ (T"fd la~Sa S([avR.Ri 

+l[ A", R I. RJ) I = 0. 

Uulikc. the aht.! lian C..Lse whe re t he f i eld R sati sf ie s the 
f ree-f i eld equa tion oiR ,.." O/ l' . he re t hi s field s ati sf ies eq. 
(4. 4 ) . De t e rmi ning o2R f ro~ (4. 4) and su bs titut ing i t into eq. 
(4.2 ) we fi nd 

5l(A, R,S )= : "a~A " _+ a"S I[OV ,[ AW A"lJ 

, [ A" . a~A v -avA~ll- ( ~}aVla" S a"s l A v ' R] 

+ a~sa"s[ R, A" I I + ( ; )21 a" sa" s[ AV• [ R, Avll + 

2 
~ v I. (1 - c) ~ " 

+a sa SlAv .[ R,A~IlI+ 2 (a [A . a~Av-avA~] 

~[[ v I. ~ " . v [ 1+a A v, A~J.A l-Ta l a~ s [o ,R]A,, -J SA" O~,R 

V (4,5)
+ avS [ R, [A ~ ' A.,l ] + a S[ a" A~ - a~ Av' RJ 
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).. 2 P. v+c.,) ala SavS([R. apR) d[ R. A"l. R)I 

).. . 2 Ii v 
+ ( .,) a la"sa S([avR.R] + [[Av,Rl.Rl)I)=O. 

Consequentl y , f or the nontr i vial conformal- invariant Yang
Mills mod e l considered here t he f i e l d equat ions a re given by 
(4 . 1) and eqs. (4. 3) and (4 .4) are subsidiary condi t i ons fixing 
the ga uge . As a consequence of t he conformal inv a r i a nce of the 
act ion (3 .2 ) eqs. (4.1 - 5) a re conf ormal-covariant also. 

A canoni cal-quantiza t ion procedure f or the nontriv i al confor 
mal- i nvar i ant mode l d if f erin g from t he corr es po inding procedure 
considered in paper / 61 wi ll be conside r ed in the t hird par t of 
the pr e s ent paper. Not i ce t ha t the subs i diary conditions (4 . 4) 
and (4. 5), by wh ich the phys ica l subspace in t he sta t e s pace is 
separated, are compa tible wi t h the equat ions of motion (4 .1 ) . 
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3aHKOB p. n. 	 E2-83-44 
o KOHIPoPMHOti HHBapHaHTHOCTH B K8.JIH6pOBOI.lHbIX TeopHRX. 
nonR HHra-MJiJlJ1Ca 

B 3TOH pa60Te ,qaeTcn 0606~eHHe pe3ynbT3ToB npepp~y
w;ei1 pa6oTb/ 1/ ,IJ,JlR Hea6eneBoro cnyt{3R. H3 npMOOnO}l(eHHR , "lTO 
nonR RHra-MHnnca BMeCTe co cKanRPHb~ noneM HYneBoH MacmTaOHoH 
pa3MepHocTH npeo6paSYWTCR no HeoCHOBHOMY npe,qcTasneHH~ KOH~PM 
HOH rpymlbl, nonY"laeM, t{TO HHBapHaHTHbIH nponaraTOp HMeeT HeHY
neB~o nOnepeQHym t{aCTb. Bb~eYKa3aHl~e nonR npe05pa3YIDTCR 
TalOKe no npHcoewmeilHOMY npeAcTaBnemuo nOK8.JIbHoH KaJIH5pOBO"lHOH 
rpynITbJ SU(N).AnR nOCTpoeHHR HHBapHaHTHoro AeHcTBHR Heo5xoAHMO 
BBeCTH BTopoe CK3nRpHOe none c HYneBOH pa3MepHOCTb~ , RBnR~

m;eecR SU(N) HHBapHaHTOM. TIonyt{eHbl ypaBHeHHft ABWKeHHR H COOTBeT
CTBYlOIIUie AOnOJlHHTenbHble ycnoBHR, KOTOpbJe COBMeCTHMbJ c ypaBHe-
HHRMH ABHJiteHHR. 

Pa60Ta BbmOJlHeHa B na6opaTopHH TeopeTHqeCKoH ¢H3HKH OHRH. 

npenpHHT 06~eAHHeHHoro HHC THTYTa AAepH~x HccneAoB aHH~. Ay5 Ha 1983 

Za ikov R.I' . E2-83-44 
On Conformal Invariance i n the Gauge Theor i es. 
Yang-Hills Theory 

In the pr esent paper the r esults of t he fi r st part I I I 
a r e generalized t o the nonabeli an c ase . From the assumption 
t ha t t he Yang- t1ills fie lds t oge t her wit h t he one scal ar zer o 
dimen sional fields are t r ansformed by the nonbasic represen 
tation of the conformal group, i t follows t ha t t he covar ian t 
propagato r has a nonzero transversa l part. These fi e ld s are 
t ran s forme d also by an adjoint r epresentation of a local gauge 
group SU(N) . For the construc t ion of an invariant act ion i. t 
i s neces s.ary to i nt r oduce a second ze r o-dimensional sca lar 
field whi.ch i.s SU(N) i.nvariant. There are derived the corres
pondinf~ equ3tions or motion as we ll as subsidiary condi.tions 
which nr c cornplitibl c with the equations of motion. 
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