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1. Statement of the ProЬlem • 

In the recent years а remarkaЫe progress has been ach1eved 1n 
calculating higher-order correctionв to various quantit1es. D1ffarent 
and very involved methods of шult1loop calculations have been deve­
loped/1•2•3/. Тhеу enaЬle us to advance 1n а nuшber of loops 1n 
Feynшan diagraшs 1ntegrated Ьу these aethods. Nevertheless new ap­
proaches ariвe which not only вiшplify the calculations consideraЬly 
but allow us to evaluate more camplioated diagrams. Тhе present 
paper presents the description and development of one of these ap­
proaches based on the so-called "uniqueness" relation. 

Тhе me t hod 1в a1aed at calculat1ng Dl8sslese Feynman 1ntegra]s of 
the propagator type dependant on one externa1 momentum or one external 
coord1nate. All the calculat i ons ar e perforшed w1thin the d1aens1ona l 
regularization and МS scheme. Тhе dependence on а s1ngle d1aens1onal 
paraшeter 1s deterш1ned Ьу pure d1mens1onal consideretionв and iв 

power-like. Тhе а1и of the calculat1on is the coeffio1ent f unction 
depend1ng on а D :d1aenв1on of врасе-t1ше. P'or ])='t-2E 1t is the Lau­
rent ser1eв in Е , and of 1nterest are the coeff1c1ents of negative 
and of few firвt pos1t1ve powarв of Е • 

2. P'orшulation of the М8thod 

Jor the ooapleteness we g1ve hera all the ma i n forшulae 1nclud­
ing already present in non-nuшerouв referancae on tha top1c /4,5/. 
Hereafter we uee the notat1on of rar. / 4/. 

All the calcula t1ons w111 Ье parforшed 1n the coordinate врасе. 
Тhе lines of graphe are associated wtth eiaple powers 11ka i/(~2)~, 
~ ba1ng callad tha 1ndax of the 11na. lor tha ordinary 11na 1t 1в 

(D-2Y2 1n а ~ -di .. ne1onal араоа dua to tha wall-known Your1er trana~ 
fora 

,. ;:· k ·.:.. 
~~~;JI)/• 

··<-4illr~t,r(r.~ 
-~·<,-Jf""' _; .; J :,."; Ci't J~ - - .....,; 



~
dDp eipx_ 

2. -
р 

l>j., })-2. 
JГ'2. 

[х~] ь;z. 

Г ( I?г-i) 
г ( i) 
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We w111 81во need the concept of the 1ndex of 8 vertex, of а tr1ang­
le and of а d1agr8m - the вum of tba 1nd1ceв of conвtituent 11nев. 
Тhе 11ne, vertex, 8nd tr18ngle w111 Ье c8lled "un1que" 1f the1r 1n­
d1caв 8ra aqual to О , .D , 8nd 1>12. , reвpect1vely. 

Calculat1one 8re carr1ed out 8ccord1ng to the follow1ng rulee1 
1. Тhе contr1but1on of 8 в1mple loop 1в en ord1nary product 

Ф= ~. t- '*о:~, (3) 

2. Chainв are 1ntegrated uв1ng the gr8ph1cal 1dent1ty 

al., d. 2. ct i. +'*-:а.- }/2. ----- = 'U"(d.,,d.:a.,d.~) _____ ..... (4) 

where 
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1J'" n , 1f(d., d..:~. о1.3)="'JТ Q(d.i.) (5) , ) . 
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and 1ndex d.!=D-~1-d.l 1в detenn1ned Ьу the un1queneвв cond1t1on. 

з. Тhе ma1n element in 1ntegr8t1on of the vertex 1в the well 
known "uniqueneвe" 1dent1ty / 6/ 

1J.1 
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connect1ng the "un1que vertex" with "unique tr1angle". 
4. For the vertex with вrb1trary index the following equвl1ty 1в 
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It can Ье obt81ned Ьу 1ntegrat1on Ьу partв. 

t~.-i 
~+i 

(7) 

5. In С8ев of the one-вtep-dev18t1on from uniquenesв, 1.е. when 
the 1nd8x of the vertex iв D- i , eq. (7) due to (6) t8keв the fonn 
given 1n ·rer.15/ 
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6. Тhere ie 8n extra uвeful relвt1on wh1ch 1в the 1nverв1on of 
(8) fo·r tha trt 8ngle one-вtep-dev18t1ng from the uniqueneвв, i.e. 
w1 th the 1ndex equ8l to ])/2. + i /5/1 
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7. In свве when the 1nd1ceв do not оЬеу the deвired propert ieв 
of un1quene~в t here ех1 вtв 8 po1nt group of tr8nefonnвt1onв allow1ng 
the ch8nge of the1r valueв. Тhе вummary of theee tranвforшat1onв 
1в g1vвn in ret./4/. Тhеу include the 1nвert1on of 8 point into 8 
11ne, tranв1t1on to 8 du8l (in 8 ввnве of the Four1er t r~nвform) 
d18graa , conforшal мa pp1ng of inverв i on. We di всuв в the appl1cat1on 
ot theвe technique в be l ow, 
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з. Illustration 

А. ТWo-loop integrals 

We illustrate the в1ар11с1tу and efficiency ot the "uniqueneвв" 
technique calculating the вelt-energy diagraa 

(10) 

Тhе шajority of our graphв ere r educed to it during the calculation. 
Hereafter the value of а diagraa аеаnв the тalue ot а coafficient 
tunction. Тhе d1-nв1on ot вpace-t'tae iв D= .lt-2E , .S1 = 3 + ~1 -t~z.+~,.. 
and 5 6 = .3 +.t~ +ol~t+.(.s- ara the 1nd1ceв ot two verticeв ot the 1ntegre­
t1on, i: 1= 3+d.1 +q~t+-IS' and ~z= 3+<\~+6.3 +-ts- ara the 1nd1ceв of the 
left and right triвngleв, d.. = 5 +d.1 +~~+с43-м.,~1в the total index of 
the diagraa. 

Let for вiaplicity all 
lower тertex we get 

d.t =О • Тhen uвing eq. (7) for the 

(н) 

:...!... + - .i - 1 ' {1}i 1{>.! ( ~i ~ ~i } 
i -2 Е. 2. 1. .i. ~ 2 ~ L 2. • 

А further calculation 1в вtraightforward due to eq. (З) and (4). Тhе 
reвult 1в 

~i =-.!. 'U'{i. 4. 2-2t.)l1f(2 ! i-~t )- U'(2 it-t t-1t.)] ( 12 ) 
с , J 1 J J # .. . 

In t he ваае шanner •• ca lculate а aore coaplicated integral 

ш
i 

=- ( 1 
tr(.t , i, z-2t.)l<н~)1Г('2.+J. ,i+~ t.-2t-.4.~ ~) 

i <k i* r.» 2E+~+f.o) ) ( 13 ) 

-(i+~)\Г(2.+<k,i+i.+f.> , i-3'i.-f>) + (al.-,.) J. 
Another character1вt1c exaaple 1• the dia~a with two triangl ea 

and one тertax one-вtep-deтiating froa the uniqueneвв, 1.е. wi th 
-!:1= ])/2+i , +z=~/z+!, 5'2.:- J>-:1. • Uaing eq. (8) f or t he lower тertex 
we get 
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t 

=-~ 
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.i.+d.3 

ot,. 

'1'1• 

+ (-t+ci 3 )(н <i .. ) tr(Hels-~ 2.+4~ ,2 +-t.,)-~ 
])/2. -i- .ts-

(14) 

Тhе firвt diagraa in eq. ( 14 ) 1 в i nt egrated now due to t he "uni que ­
neвв" ot the left triangl e , the вecond one - due t o the "uni queneвв" 

of the right triangle. The t hird diagram is trivial. 
Conвider now the greph with ordinary 11nев, 1 .е. with 1nd1cee 

equal to i-E • Тhе recurr ent re l ation ( 7 ) dоев. not produce any 1nteg­
reЫe diagraaв 1n thiв саве. One вhould aake the tranвforшat ion of 
indiceв. It 1в uвetul to go to t he duel d iagraш . For thiв purpoвe 
we carry out the Fourier tranвfor.ш ot the 1n1t1al graph and tre at the 
obtained шошеntuш diagraa ав а coordinate one with tranвforaed 1nd1ceв . 

In thiв particular севе the dual d iagraш 1в t opologicall y equiva lent 
t o the 1n1t1a l one . Ав а re вult , we have 

rlQtн: .. ) ~1 
- и< 1 

~-t. Q (~ - !. E.) 1 f 

Тhв reвulting d iвgraa hав alreвdy been conвidered вЬоте . 

We вее t hat t he Ьа в1 в of 1ntegrвЫ11ty 1 в в lwаув воше kind of the 
uniqueneвв . Тhе diagraшв with uniqueneвв are вtrв ightforwardly integ­
rated due to a q. (6 ). Тhе next сlавв ot integraЫe diagrвшв conвiвts 

ot t hose one-вtep-dev1at 1ng froш the uniquene вs. А вingle appli cetion 
ot the recuri•ent eq. (7)-(9 ) re duceв theш t o the вuш of d iagraшs wi th 
the uniqueneвs. Note, however, t hat to Ье intagraЫe the diagraш 
should Ье one-вtep-deviating t roa the uniqueness i n three paraaeters 
вiaultaneously. Por inвtance, tor diagraшs (11 ), (13) one -step-de­
viating froш the uniqueness there a r e three lineв ( d1 , ~а and c!S' ) , 
f or d iagraa ( 14 ) t hese ere {1 , -1:2 and .Sa • 

In general t or t he diagraш under conвiderвtion t here вrе four тa­
riant e ot itв coaple t e 1ntegraЫ11ty (up t o the obviouв perautat ionв)r 

I. I I. III. I V. -
c:l., = о { •= Ъ- f. -t. = 3- t. at,= о 
cta, = о ~~ = ~-f. S., = '3 - 2Е. d."= о 
<>ts =О s.2. = 3 -2.Е. .S~= 3-2f. d.=5-3E. 

cl. ~ + оl.чФ - 2f. а(~ ~ о .{ , ф о ..(.._+cs-• -2L 
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Тhree one-вtep dev1at1onв from the uniqueneвв (three lineв, two tri­
angleв, and one vertex, two verticeв and one triangle, two lineв and 
total 1ndex) enвure the 1ntegraЬ111ty of а diagrem after applying the 
recurrent eq. (7). (In the laвt саае one вhould аlво uве the 1nвart1on 
ot а point into the central lina). Тhе fultilшent of 1nequa11t1eв gua­
ranteeв that the denoшinatorв in eq.(7) are not zero. Otherwhise one 
вhould introduca the regular1zat1on keapins all the uniquaneвs cond1-
t1onв unchanged. It leadв to the der1тat1veв of Г -tunctionв in the 
tinal reвult. 

То Ье вure that the diagram (10) 1в calculaЬle, one should eetab­
liвh whether there 1в soae kind of the uniqueneвв cond1t1on (I-IV); 
It not, whether it can Ье- obtained with the help of point tranвfor­
mationв. Тhе latter 1в eaвily eвtaЬliвhed in two-three вtерв. Other­
whiвe е diagram 1в not integrated Ьу the propoвed methodв. 

Of а practical intereвt 1в the d1egraa with ci<=4.:E, where ai 
are воае nuaberв. In thiв севе we are not 1ntereвted in the exact 
expreввion for the d1agraa, rather in f1rвt few terae of the expan­
вion in Е • l"our variante of the total 1ntegraЬ111ty (I-IV) enaЬle 
ue to get four teraв of the expanвion for an arЬitrary diagram. Тhе 

reвult 1ва 

~
(".~ 

st 
:t ~ 
~~ ~~ 

е:х:р [ -2 (~Е+ ~Е.2)] t 6'l;(3) -t- 9?(4)Е -t 
(.i-2f.) 

+l.ч2 + !>O(a,+й.1f"й3 ttt.,)+ 45as-"" iO(a:""aJ+a.:+a;) +i5a~ +!5as(a,+-~ + 

+а!>+ а~)+ !О( a,11.1.+a1 t1~) + 5( а,а1 +а1а") + JO ( а,"~+аА~) J 27 (5) Е. 
2 

+ 

+[ 90 + 15(а,+й1 +С1 1+й")~ 2i5CI.s- + Z5(a:+CI:+CI~+CI~ )+ ~а: +![as-(ct.+CI1+ 

+ й~о +а~)+ 25 (a,ct~. +Q,~.Q~) + ~ l а,а) t-QJ.a.,) t 25'{ct,CI"+Q1GIJ) J ) (6 )t~-

- [ 4 & + 42 (а,+ а .. н~,~. +а.,) + .~t5 as- + "" (а.,_+ a:+aJ'"+Q~t1) -t {5"а; + 3~a.S"(a,+ 
' +lll+~+C/11 )t 50(й1Q1+й3Qtt) t !,{ {CI 1QJ+41t1.t,) t 11f {a1Qif+QLQJ) + ьаr( а,+ 

'L 1. t.) 2. { 11.\ +ti1 +Q3 +CI" + 6as- a,+a.._+Q3+йtt)+ 2.1ta,-(a,Q .. +aJa.,)+12й5'(Q,Q5 +ll1....,)+ 

+ i2( а.а .. а~ + а~а .. а~ + а, а1 а~ +а .. aJ а~)+ '12 { а;'-а .. + а1"а., + a,~.1Q~ +a:a:s)+ 

+ 6 ( Q~aj н~;а, н~;а, -н:j: ~~ ) J <] 2{3) Е,3 J . ( 45) 

6 

We uве here the well-known expreeвion for ·the Г -tunction 

t ~ (:)t\ h.! Г(~т-х)= е:х:р -{fx + ~ :_ "С7С~)х 
~=~ > 

(16) 

004 
whare '( 1в the hler conвtant and <;(11)= L К"' 1в the Riemann "2, -
funct1on. К=~ 

Practically thiв foraula 1в вutf1c1ent for four- and almoet for 
all five-loop calculationв. То Ье preciвe, we keep the exponential 
in front of the Ьrасев. It can Ье oшitted beins abвorbed into the re­
def1n1tion of the angular 1ntegrat1on and giveв no contr1but1on to 
the final reeult. 

в. Тhree-loop 1ntegralв 

Conвider now ехаарlев of three-loop calculatione. Тhе character1-
вt1c sreph now 1в 

.i+~a 
(17) 

Let for e11Rpl1c1ty all d.t=O. Appl;rins eq. (7) to the left upper 
vertex we get 

L 

У\1\= <1>.. <;1>2. 1 ~1 ~2. ] ~L + 1 1 - 2. , - 1 , 1 

2Е. 1 1 1 -1 • 1 

(18) 
i. L 

~1 <1>.-1 =- 2
4
t.[v(2 , f , i -2i) - l.Г(2,-1+Н~4-Н) 1 1 

1 1 • 

Тhе re881n1ns two-loop 41agreaв are eaвily integrated appl;ring eq. 
(7) to the upper vertax. 

We have вucceedad 1n rcduc1nc the three-loop diagraa to the 
two-loop оnев due to the preвence of three lineв ( d.'S' , ~, , d~ ) 
one-вtep-dev1et1nc fr011 the un1queneвв. In senerel it ie аl•аув 
neoeввar;r to heve three вuch con41t1onв. ТЬе;r 887 Ьеа one vertex and 
two adjo1ne4 triancleв, three triangleв, three 11nев. If there 1в no 
вuch con41t1onв, one вhould uве the po1nt tranвforaationв of 1nd1caв. 

Conв14er, for inвtance, the diasra• with ordinary lineв. It 
hав no k1nd of the uniqueneвв. Howe·'"er, the tranв1t1on to the dual 
diasrea g1veв 

7 



1- 1:. 

~ "' 1-f. ~ 
1-i_ 1- ~ 

1 n й..(1-~) 
L~1 

* 1 
1 

-
а. ( 1- "~) 

Applying now eq. (7) to the centr8l var tex we immediately reduoe this 
d18gram t o 8 sum of t wo-loop оnвв . 

In genar8l, th8 d18grem ( 17) can Ъв reduced i f there 8re t hree 
p8remeter s one-stap-deviating from t he uniquenass or if they can Ъе 
obt81ned Ъу transforming indices. Тhе lattar is a8s11y eetaЫishad 

in e8ch part icular саее. Otherwise the diagram cannot Ъе oalcula­
t ad Ъу proposed methods. However, like in the prev.ious севе we c8n 
get f ew terms of its axpanвion in Е • J.i'or ~t= ll..:E we oan get two 
terms of tha expanвion for arЫtrary а, that correeponde to the 
expanвion up to €3 i n eq. ( 15 ) . The result 1st 

i +Q• €. 

ехр[-3(~Е + 1~)С.1)] i 
- 20<)(5) t 

~ +Q,-t 1+ Q~~ (_i-2f.) 

+Е [ 5 0')( 6) t ( 20 + 6( а., + as- + а, + a~)J'5 1(~)] } ( 19) 

Notice that t ha coefficient <7<6) lika coefficient ~{4 ) in eq. (15) 
iв indepandent of ai • An analogoue axpaneion 08n Ъв obtained for 
the dual d1agr8m 

.,Р.•'с, ~"<2 
'> jt/lyt tl<l, t ~ ~ = ехр[-ь( ~Е+1f}\~2.)] \ 2 о1 (5) + Е [ 50<)(6)-

(J -2E) t 
- ( Ц. + 6 ( а 3 + а., + as- + а1)) ~ 2 

l3)] 1. (20) 

Pr8c t1cally t hesa formulas 8r a sufficient for f our and even f or t ha 
moвt of five-loop C8loulat1ons. Тhе o8loulat1on of any one di agram 
non1ntagr8Ьla Ъу the rule s (1) - (7) allows ue to extant t ha expansionв 
(15) , (1 9 ) and (20 ) Ъу ona ordar for arЫtrary i ndioas. 

Hence t he ganeral oonclusion of our oonaidar8t ion i s the f ollo• 
wing. Тhе 1ntegr8Ы l1ty of 8 diagrem iв aesociat ad *ith aome kind ot 
the uniquaneвa. Тhв pre senoe of ona uniquanesв or вimultaneoualy 

threa one-atap devia t iona f r om t ha uniquanesв laad to tha ona-loop 
reduct i on of а diagram. Тhе prooedure iв rapaated unti l all tha 
l oopa are reduoed . I f it is not рова1Ые at воша s t ep, the axpan-

8 
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aions lika (15), (19) are vary uвaful. Вaing obt81nad onoa thay oan 
Ъа uвad furthar 8s а tаЫа. 

4. Five-Loop Caloulationв in the tp~ Model 

Wa prasant hare tha appl1oat1on of tha deaoribad teohniqua to 
the 5-loop renorвalis8t1on group calculationa in the ер~ шodal. Ra­
oall that the four-loop anomaloua dimans1onв and ~-function in thiв 
modal in tha IS achema were caloulatad 8nalyt1oally in ref. 171 ueing 
the mathods ot ret./1•21. Тhа anoaaloua dimansion r, in. 5-loop 
вpproximation wa s c8lculatad latarf8/ with the help of integretion Ъу 
partв /3/. Now tha 5- loop oaloulation ot tha j3 -funotion iв pertor­
mad/9/. Тhis haa required to caloulata naarly 120 diagraшa. All ot 
tham Ъut four wara c8loulated analytically Ъу the intagration Ъу parta. 
Por tha remaining four.diвgraaв tha Oeganbauar polynomial axpanвion 
in х-врасе аnаЫеа uв to preeent . the anewar in tha form of three-fold 
intinite oonvergant eeries.Тha ooaputar вummation of theea вariae 
laadв to аосерtаЫа acouracy. Howavar, quita undarstandaЫa ia tha 
aвpiration tor an analytical anewer. 

То aake olaar the poea1Ыlit1ea of tha "uniquenaae" taohnique, 
wa apply it to tha oalculation ot theae four diagrams. Graphioally 
they ara 

@@$ @ 
Cl.) &) с) cL) 

Notioe that tha very fact of the caloulaЫlity, i.e. rapraaen~ation 
ot the anewer through tha "7 -funotionв for thesa diagramв ie an open 
queation. Тhа aut hore of ref./9/ aucoeadad in the analyt i cal suaaa­
tion of the вeriaa for the diagram а) and r apraaentad the 8nawar in 
t erma of (5) and (6). Whether it i s рова1Ые tor the othar diag­
raae , ie an open queвtion. 

ТЬ8 88thod of "uniquanaeв" gives the fo l lowing reeultet 
а) Por the diagram а) the proЪlem is equivalent to the oalou­

lation of the diagram -<IJ>up to О<Е). Тhia d1agram can Ъе raduoad 
to the У -11Jr:e diagrem (17) whioh вhould Ье also Jr:nown up t o О(Е) • 
ТЬе l ast taek hae alraady Ьеа~ воlтеd in вaotion )В. I n thiв ••7 the 
anewer W88 found to coincide w1th that of t he sumaation obtained in 
ret.I'JI. 
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Ь) For the d1agraш Ь) the рrоЫеш 1s aqu1valant to tha calcula­
t1on о! tha nonplanar сrовваd diagraш ~up to OlL). Тhiв taвk 
1в not во вiшрlе dua to the diagraш be1ng nonplanar. Тhе point tranв­

:t'orшationв do not g1ve the neaded "un1queneas" here. However, we шау 
uве the 1dent1ty :t'ollowing froш the 1ndependence or к~' for t he d1ag­
raи on external linaв1 

KR'@ к~'@ 

Changing the 1ndex о! tha external enveloping 11ne 1n one ot the di ­
agrВIIIв froш J.-t, to .i+~ , we craete the "uniqueneвs" 1n t he other 
diagraш where th1в 11ne 1в 1nternвl. In th1в way the 1n1t1al рrоЫеш 
1s raduced to three \Г -11ke d1agraив which вhould Ье known up to 
(){.~). Тhа latter 1в of no рrоЫеи and givaв1 

К.R' =- "<7(5) 
t2 

~<;(())- 5~(5") + ~~2l~) 
Е. 

(21) 

с) Тh~ d1agraa с) does not conta1n diverгent вubgraphв. Тh1в 
шааnв that to avaluate KR1 , one вhould know the d1agraш -@ up to 
а conвtant. Тh1в аnаЫев uв to chooea tha 1nd1ceв о! all 11nав so 
ав to oreate the neadad one-вtap dev1at1onв :t'roa t ha un1quene вв. Тhе 

ата11вЫе arЫtrar1naвв 1в вutf1c1ant to reduce al l tha lоорв. Тhе 

raвult 1в 

К R' = ~б ~г{?>) 
5Е. 

(22) 

d ) Тhе aa1n рrоЫеш 1 в tha la вt diagraш. I t does not conte1n di­
vergent вubgraphв ав well , во wa nead to know t he J{-11ka d iagraш 

~ up to а constвnt. Choos1цs t he 1nd1ceв in t he :t'orш !+~iE we 
reduce t he d1agraa to t hree 1[-lika ones which вhould Ьа known up to 
~E 2)or t o nina t wo-loop diagraaв (10) which вhould Ье known up to 
О(Е~) . Hence t he expanвionв (15) , (19) are not вutficient hare . Тhе 

availaЫa arЫtrarinaвв 1в sutf1c1ant to eva Juata e ight out о! nine 
obta i ned d 1agraшв. Тhе la вt d 1agrвa iв not c a lculaЬle Ьу thi s шethod. 
It can Ье repreeented вв 

111 

• 

<13?-~ 

i 

and we are 1ntereвtad 1n tha coer ttcient ~е~. In саве when tha d1ag­
raa 1а integraЫe, th1в coeff1c1ent conta1ne two вtructureв - ~ (7) 
and ~ (3)•47(4). Aввuшing tha ваше dependence for the diagraш of in­
tereвt, we can try to find the coef:t'1c1entв. Om1tt1ng further detailв 
we g1ve the f1nal anвwar1 

KR'::: in:l:eger <: ( 1-) 
~Ot. l 

where the 1nteger nuшber can Ье :t'ound :t'rom the comparieon w1th the 
nuшerical calculat1on. Тhiв coaparieon g1veв 

kR' = Hl >cf):.:!. ~1, нt-оsон~вs-... 
40~ t Е 

(2З) 

Тhе reeult of nuшerical calculвtion 1в- 11,11705(1). Notice that 
the dev1at1on in the 1nteger nuмber Ьу unity leadв to the diecre­
pancy in the вecond daciшal d1g1t. 

Тh1в reвult 1в equivalant to the knowladge of the diagram (10) 
up to Е~ and enaЬlae uв to axtant the expeneions (15), (19), (20) 
Ьу one order for arhitrary 1nd1ceв. 

Applying the obta1na4 raвultв (21), (22) and (2З) to the j3-
funct1on together with tha answers for other diagramв given 1n rer. 
191 we may write the final analytical anвwar 1n tha tive-loop ap­
proximation: 

( \.D н;".г 1 ") 
~ iM = - 't J h- <f> 

~.м.s (h,) = ~ h.:l- Н h3 -t ( ~Ч5" + 6 ~(3)) ~ 
2. 6 16 (24) 

( 3 ~ ~ 9 + 3 сз 1 ( ?>) - 91 ( 4 ) + ь о 1 ( 5)) ft_s-

+ ( %i-261 -т ~%s.,.l~) _ -t-111-z,{'f) + ~~ls) 
't6o& з2. l 16 4 

- тz-t?t6) t- ~--z/t ~ ) + 1~23-z,п)) k' + O(ht). 

1 1 



Note that ~(7) appears only in one diagram (ев well ев~ (J) and 
~ (5) in previouв orders) and needs а further confirmation. 

In conclusion the author ехрrеввев his deep gratitude to 
V.V.Belokurov,A. N.Vassiliev,A.A.Vladimirov ,O.V.Tarasov and D.V.Shir­
kov for numerous uвeful discussionв. I want also to thank K.G.Che­
tyrkin, S.G.Gorishny, S.A.Larin and P.V.Тkachov for kind informa­
tion on the reвultв of paper/9/ prior to puЬlication and useful 
discusвions. 
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Казаков Д.И. Е2-В3-323 

Вычисление фейнмановских интегралов методом 11уникальностеЙ11 

Дано развитие и обсуждаются nриложения нетода расчета безмассовых 
фейннановских интегралов на основе соотношения "уникальности". Процедура 
nолучения ответа состоит из нескольких алгебраических шагов и не содержит 
ни взятия интегралов от элементарных или сnециальных функций, ни разложения 
в бесконечные ряды и их суммирования . Простота и эффективность нетода 

иллюстрируется на nримере вычисления двух- и трехnетлевых разнернорегуляри­

эованных интегралов. В качестве nриложения предложенной техники дано анали­
тическое вычисление nоследних диаграмм , завершающих nятиnетлевые ренорн­

груnnовые вычисления в теории ф4 • 

Работа выnолнена в Лаборатории теоретической физики ОИЯИ . 

Преnринт Объединенного инстмтута ядерных ис следован1о1й. Дубна 1983 

Kazakov O.I. Е2-83-323 

Calculation of Feym~an Integrals Ьу the Мethod of "Uniqueness" 

We develop and discuss the application of the method to calculate 
massless Feynman integrals based on the "uniqueness" relation. The procedure 
consists of several algebraic steps and involves neither integration of 
elementary, special or any other functions , nor expansions in and summation 
of inf i nite series of any kind. The simplicity and efficiency of the method 
are illustrated Ьу the calculation of two- and three-loop dimensionally 
regularized integrals. As an application of the proposed technique we give 
the analytical calculation of the remaining diagrams completing the five­
loop renormalization group calculations in the Ф4 model . 

The investigation has been performed at the Laboratory of Theoretical 
Physics, JINR. 

Preprint of the Joi nt lns ti t ute for Nuc l ear Resea rch. Dubna 1983 


