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1. The вtartiпg point of the inverвe scatterinl": method ( ISM) 
deвcriptioп of попliпеаr differeпtial equationв iв the definition of 
а proper 1-М pair/11. Uпfortunately, the forт of thiв pair iв ав а 
rule вiтрlу guessed. Only after that, ISM сотев iпto play . The treat­
тeпt of ISM iп the AКNS-approach/2 / allowed one to analyze froт the 
соттоп вtandpoiпt товt of the iпtegraЬle two-diтeпsional equati-
опв kпown to date (KdV, вine-Gordoп, Li ouville, etc. ). Nevertheless, 
thiв approach provides ав before по answer te the queвtion what iв 
the priтary priпciple defiпiпg , iп one or aпother вpecific caвe,the 
concrete structure of the Ьавiс differential 1-form (l., for whic h the 
zero-curvature representation is written down 

olc.~tt.a. = t.!l.,л.D., (1) 

(the вуmЬоlв clc.Jtt апd Л mean exterior diffe r enti,ation апd multi­
plicatioп). The опlу requireтeпt to Ье вatiвfied Ьу !2., is thвt it 
вhould belong to the algebra sf(2,R)(in generalizations of t he AKNS­
method, .Q.., takes values iп variouв algebraв/3/ and вuperвlr;ebraв 
/4/ ). 

ln the present paper we argue that в тоrе general approach iв 
ров в iЬlе, within which the necesвary parametrizat i on of (l., emerges 
in а пatural way. It relies uроп the idea of eтbedding of the(вuper) 
algebra ~ to which .0., belongв into а more extenвive infini te dimen­
sional (вuper) algebra У . Wi th . thiв 'procedure, the fieldв entering 
into!l., and вatiвfyiпg а given integrab~e equвtion acquire the mea­
ning of coordiпates of а certain совеt врасе of the infinite para­
meter group G. conвtructed Ьу У . Thuв, they вupport а пonliпear 
realization of G • The 1-form .О.,iв identified wi th the ~ -compo­
neпt of the whole Cartaп form fl on t he algebra У . The zero-cur­
vature conditioп for fio and the вpecific parametrizвtioп of !lo 
follow from the Мaurer-Cвrtan equation for !l and ad ditional dyna­
mical constraiпtв which covariantly reduce the original coset врасе 
to itв certain connected fully geodeвic вuЬврасе. 

The mai n advantage of the вuggeвted вcheme в h ould Ье seen in 
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the possibility of reducing the proЫem of searching for the new equa­
tions posвessing the zero-curvature representation to the clasвifica­
tion task of listing proper (super) algebras ~ and ~ • For the time 
being,we have managed to understand in this language the Liouville 
equation and its super~ymmetric extensions / 5/ but it is plauвiЬle 
that other integraЬle syвtems can Ъе interpreted in а similar way (th~ 

principal queвtion here is · which algebras У are connected wi th 
these syst~ms). The constructivi t y of the method has been already de­
·monstrated Ьу us in ref.lб/ where t he N=2 superвymmetric .extension of 
the Liouville equation has been set up with its help. 

The present paper contains а more detailed description of our 
approac h Ьу the simplest example of ordinary Liouvi.lle equation 

•' = m1. ё2.u. (2) 
"'-+- 1 

wh ere U.+-!! 'Э2.:э~- , and ,:х.!: = .х. 0 :t ж. 4 -are the light cone coordi­
Rates of (1:.;) - Minkowski врасе, and(m2.J,.C~ In this case, !f.=sl(;l.Jl.' 

ш ... *) • ·1 
and .7 is the direct sum of two contact algebras /К-(1) (.Sect. 2 ). 
The related group G is isomorphic to the conformal group in two di­
mensionв. \Уе сьооsе the basi·c coset .space to Ье G/S0(1,-1), S0(1,1) 
being the (1+1 )-Lorentz group. The field U.(Ж) is identified with 
the coset parameter aвsociated with the dilatation generator. Equa­
tion (2) appear~ ав one of the conditions of the covariant redu~tion 
of G/S0(1,1) to the pseudosphere SL(2.R)/S0(1,1). Another reduction, 
which yields the free equation forU.(.x), is to the pseudoplane 
fP ( 1,1 )/SO( 1,1 ) where !/)( 1,1 ) is the ( 1+1 ) Poincare group. We explain 
how tne relevant zero-curvature repreвentations emerge in thiв pi~tu­
re (Sect. 2) and how to conвtruct the general вolution of eq. (2) 
(Sect. 3). The Eacklund tranвformationв relating different вolutionв 
of eq. (2 ) to each other and to thoвe of the free equation are in­
terpreted ав the conвtrained right gauge вhiftв on the совеt врасе 
G/S0(1,1) preserving the reduction conditionв (Sect. 4). 

+ 
2. The contact algebraв/К-(1) are formed Ьу the infini te set of 

generators ~~ which fulfill the commutation relationв 

t[L"'t 1 L~}a(l"'-m)l";"" , i.[L".,L':']=o; (n,m=--i,O,i,2, ... ). (3) 

The algebra У= /K+(f)@ JK-(1) coincides wi th the conformal algebra of 
(1+1)-dimensional Minkowвki врасе. The standard Viraвoro algebra/8 / 

iв а central extension of Sf continued to all nega tive indices 
( n,m = -1 ,-2, ••• ). 

*) We baвically follow the terminology of refв . 171. 
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The alge bra (3) contains вeveral fini te dimens i onal s ubalge bras. 
\Ve will Ье intereвte d in the subalgebra s{(2)~) generat ed Ьу t he fo llo­
wing combinationв of L~ : . -

·f а • -• 1 L,. U '• ,о (4) R.=-L:.+rr~ t.:_ ,R.•t.:_+m +• =~.-.-~-- · 
i.LR.R_]=-2.m1 U , i.lR:t,UJ=~Rt_. . ( 5 } 

In the contraction limi t" m =о (4) and (5) go over to the algebra 
of the Poincare group 9(1,1 ). We identify U with t !1e generator of 

[
4 

the corresponding Lorentz. group S0(1,1) and :!: with t he trans la-
tion generatorв. 

Let ив conвider the nonlinear realiza t i on of group G wi t h the 
algebra !/ in t he совеt врасе G/H,where H=S0 (1,1) is t he a bove Loren­
tz group. An element of the left совеt G/S0() ,1) can Ье parametri zed 
ав followв ~ 

· . ·с4 . ±' )'• . .".:!:, >'а . (:с)('• ,. ) r ~-"- + ~ z. ~ L + L ""1 -" '-+ L СА. 1- + + '-- · 
o='O!tl=e -е ·е -е ( б ) d- /li ... 

Here, .:x;:t are ( 1+1 )-Minkowski в расе coordinates, and (,<.{,с), 'l~(:c), z:(x:}~ 
conвtitute an infini te array of coord inates-f i el d в. The group G асtв 
оп the coset (6) f rom t he left: 

~.().)~(~.ц.,~f>"')= ~(~',ц.', ~;, ... )·h(.:t,.r.) 1 (7 ) . 

v1here g.~)is an arЬi trary element of G: 

~.(Л):: e>'p(f А~ 1.\) ( 8 ) .., __ ,. 
and h belongв to t he subgroup Н. The dep endenc e of h :m t he gr::шp 
parameterв А;' and the coset врасе coordi nates . is uni quely fixe d Ьу 
the commutation rela.t i ons (3 ). The arranr,ement of t he group-factors 
as in (6) is convenient in that the transfo·rmat i o-n la1v of c oordi nate s 
coincide 1vith the ordi nary (1+1)-conformal tra nsf ormat i on : 

•...о 

~.Xt = )_!:(х.) = L. (.r.!)"H ).~ ( 9 ) ,.,._,. 
while the group vari ation of Ц{.Х) and t he element h depend onl y 

on the Mi nkow Aki space c oordinateA ,х! , but not on t he c oordi nate s ­
f ield в: 

1 
S'c..c.<.x.)= !.(.'(:с')- с.с.(х) = i (Э._А.+ + Э_,l-) 

h(~,.x)= ехр{•l!(э • .l+-э_,Г)+ &O~)}v} · 
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Тhе geometry of the coset sрвсе G/H is described Ьу the Cвrtan 
forms which are · introduced Ьу the fвmiliвr relвtion/9 / 

+ОС> 

s-\A3="L t..J~L~ :;..Qa ц.Q 0 +.Q.,). 
"•-1 

(11) 

The forms flo вnd fl. вrе defined во thвt they lie in the вlgebra 
's 1(2,R) (4) and its orthogonal complement.reвpectively (the latter iв 

[
1 1 4 -of . 1 

spвnned Ьу the infini te set of generatorв + -т1 L. _ , [ _- .":~. L+' 
Lo.•L"_, L\' L!!:, ... ). 

The whole 1-form fl trвnвformв under the вhifts (7) according 
to the вtandard lвw of nonlinear realizвtionв/9/ 

il':.-i.l,-"(ol+i..Q)J,. (12) 

All the componentв of J1 ' • except for that. of the generator, U 
transform homogeneously. Let uв quote severвl first components ex­
plic itly 

-1 -ц + 
ш:t =е d.:s:..-

ш~ =Jи-2~~Jx.:!:. 
( 1 з) 

1 1.( + .. 1 .. + 1 +) ш± =е (ol~:; +(~.;-) o4z.--3~iocx.-

a.. - 2.ц( 1 t /, t ± t :t 1 :!:.) Ц):!:. -е 011 ~2. + 'f ~1 ls ol.:x -4 ~! 01/Х. • 

We will вlво need to know the structure of components of the form 

.Q = (!Jil .. R + "'Q_ R + с..> 11 U: . 
о . о -+ о- о 

4. -i ( а. -.f .. ) 
t..J• =2m" rn c.J+ + "'-

ll- -1 ( а. _,. 1) 
"'· :. --... tr1 t..J_ + ц)+ 

2.rn 

1. ,тl - ol - + 1 + ...... = :l f .ж. - ')(_, О'\ .Ж. • 

Note that the componentв of the 
,-1 :~.,1 [" al1 rвtors,_+-ml..- 1 _-m + 

change ."а._... -ma. . 

Ву conвtruction, the 1-form 
tan equвtion on the full вlge brв 

( 14) 

fonn i2 1 вввосiвtеd -, ith the ge ne­
reвult from t..JQ+, t..JQ_ through the 

Д ( 11) sat i вfieв the Мaurвr-Cвr-
Y 

d ll.}'.t {L = L. .а л .n. . (15) 
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Let uв вtreвs that at this stage eq. (15) iв sat isf i ed i dent i cally 
and has no any dynamical content. The dynamics ari ses a s а re sul t 
of covвriвnt reduction of the совеt врвсе G/S0 (1,1) to itв subspa ce 
SL(2,R)/S0(1,1) • Thiв reduction iв effected Ьу s etting the G/SL ( 2 ,R)­
component of fl equal to zero 

(l-t:O. ( 16 ) 

Тhе constraint ( 1 б) iв manifestly covari ant under t he act ion of the 
group & • Expanding .n-1 in generвtorв L:- ,."2. L1

_. с~ - ""а. L1 
+. 

[' + L0 L 2.+ LJ+ L 1\ ••• we obta i~ the i nfini te seque nce 
о _, -1 -1 _, 

of the relations 

:t 2. -
Ы1 = m с.>_~ ' ( 17~ 

u.Jt+-t.J;•o, ( 18в) 

· (IJ~.o (n~2). (18Ь ) 

Each of them y ields two equations,for the c oefficientв of Jx.+and 
Jx.- in the correвponding uJ • The equations for the coeff i cient s 
of J::r. + in (А)~ вnd for those of olx.- i n w,.- express the higher pa­
rвmeters-fields )!: (ж.), ~:(::х.) 1 ... in termв of t he Ringle object, 
the dilaton Ц(Х.): ) 

~:(х.) = 'Э± U(.%,)' (1 9 а) 

~;(:;r.) = f { d; UC.:t.) + l ~± U(X.) )2. J 1 еЬ. . ( 1 9Ь ) 

Тhе dynamics is concentrated in the rela ti ons (17:!:); u pon in -
+ 

serting t~e expre ssions (1 9 ) in t he form UJi , ea ch of the equa-
tions obtained Ьу projecting ( 17:!:) respe c tively on ufx.- and ol.x + re­
duces to the Liouville equвtion (2). 'Ne prove i n Append ix t hat t he 
rest of еqв. (17) вnd (18) do not impose add itionвl re stric tions on 
u(::L) вnd вrе fulfilled ident icвlly. 

It can Ье еввilу seen thвt the ze·ro-curvature represent a ti on 
for eq. (2) вutomaticвlly ariвes in thi s pic ture . Ind eed , upon im­
pos i ng the constraint (16k the 1-form .Q (11) r educes to t he 
в1(2,R)-valued 1-f orm Q

0
fkl depending on the s i ngle fi eld u(.x-) 

*) The condit i on s ( 17) and ( 18 ) are the part icu l a r case of con­
s tra int s of the i nverse J! i ggs phenomenon/ 10/ having а v1ide a re a of 
application in nonl inear re a li zations . I t imrnedistely f ollows from 
the genera l theorem of ref./10/ that all paramet e rs - fi elds ~1% ~f 
ll,•·· are expressiЬle i n terms of Ut.x.) • То see thiR , it is of "'no 

1 

need to know the detailed structure of Ca rt an f orm s , it is suffi ­
c ient to analyze the c ommutвt i on relв ti on s ( З ). 
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f"\QcJ ll..l R. . ~ U т -и./ R n ) )U. 
:!:.L.. .. _а., "'<J., R .. +w.,-R_+tJ. u =е ~,J:x.+ .+J~-K- +(u_J:J(.-:.u .. Jз:! .(20) 

I nse r ting eq, (16) i nto the initial Мaurer-Cartan e~uation (15) imme­
diately y ie1d s the zero-curvature condition for floc./: 

J,иt.ffl2.,eJ'" .:..n~..JA Sl~ (21) 

It is а s imple exerci~e to verify that eq. (21) iв equivalent to the 
Li ouville equation, 

Let uв discuss вhortly the geometri c meaning of constraint (16). 
Accord i ng to Cartan/11 / equations of thiв kind (the Pfai'f equa-

tions) always correspond to extracting воmе connected fully geode s i c 

вubmanifold in а given group manifold. In the севе we are cons ide­

ring such а suЪman ifold i s the two-dimenвional pseudosphe.re 

SL(2,R)/80(1,1).Тhe field u{x) epecifies the embedding of this pseudo­
sphere into G/8 0 (1, 1 ), In order to Ье convi nced that the component s 
of the 1-form ( 20) actually descri Ье а pseudoвphere ( чJ,/4, w.(J- -
are covariant d i fferentials, fAJ.,u is the 80(1, 1 ) - connection), one 

s hould conвtruct the relevant invariant interval 

Js~ Q+ t<_ -2и L +- J -
а. = w w = е ."з:. «х. (22) 

and evaluate the curvature of the metric, i'lhen u(x) is вubje<: t to 

the Liouville equation (2) this curvature iв equal to -f m-2; 
Another connected two-dimen~ional вubspac e of the совеt space 

G/80(1,1) is the pseudo-Euclidean plane ~(1,1)/8~(1,1). One may per­

form the c ovariant reduc t i on to this subвpace too, It ie achieved 
Ьу s ingling out of the whole form fl its part aвsociated with the 

' ,-4 Poincare group generators '-:t., L11+--L"- and Ьу nullify\ ng its re-
maining piece вpanned Ьу the generators L~, L 11 

... +L~ 1 L~ 1 • • • .1 L;J ... 
Тhе relationв (17), (18) are replaced Ьу t he following ones: 

+ - ~ ) чJ., ~w .... о" м>., =-о ('1~-f (23) 

(they are e i mply the contraction limit of еqв. (17), and (18)), Тhе 

higher parametere-fielde are expreeвed in termв of u(x) Ьу the sвme 

formulaв ае before while the field u( x ) satiefie s now the free equa­
tion: 

и .. _=- о (24) 

for which the zero-cur~ture condi tion on the group ff ( 1,1) emergeв 
(the corre s ponding .О.~ i s again given Ьу the expreвsion (20 ) but 

~1 ith R+, R_ rep1a c e d Ьу the ordinary translation generators L"".4 
, 

L:4 
) • Ав :!! в expe c ted, the curvature of the metric in eq. (22) 

vani s hes in t his са ее. Тhus, i n the preвent approa ch the Liouvi l le 
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equation (2) and the free equat i on (24) are de sc r ibed in the нn iform 

manner ав the conditiqns of extracting d ifferent c onnect ed subspa ce s 

in the eame coset ерасе G/80(1,1). 
The deвcribed mechani вm of implementing the zero-curva t ure rep­

resentation i s advantageouв i n that the ne ce ssary s truc ture of t he 

Ьавiс 1-form flo is completely fixed within it s framework Ьу t he choi ­

ce of extended algebra .!/ , the etaЬility group alge bra ~ and the 
algebra !/., to whi ch .!1., belongs. Тhе choice of the t wo-dimensional 

Lorentz group 80(1,1) ав Н i n the present с а ве i s dictated Ьу the 

minimelity requirement; with any wider Н the array of e ssential, 
unremovaЫe parameters of the coeet space would include other f i eld s 

besides u (х). 
Let ue explain why the algebra f!l вhould Ье infinite e imensi o-

nal for our conв.truct ion to Ье valid, At the firs t s i ght, we might re s ­

trict ourвelveв to the maximal fi nite dimenв ionвl s ubalge bra во(2,2) 

of !!/ wi th the generators { L~ 
1 

L 0
:t 

1 
L 4:!: } , Тhе relevant Ca rtan 

forms are given Ьу the first three of expressions (13) i n which one 

hав to put ~: = О , Тhе equations Ьу whi ch the sub s pac e 
8L(2,R)/80(1,1) ie вingled out coincide with . (17) and (18a),One again 

obtainв the Liouville equation for u(x) but it iв followed now Ьу the 

additional conвtraints 

'Э~ и.<.х.) + l~± и<.х))2 :=.о (25) 

(the s e originate from the relation s (Т9Ь) after sett ing t here ~: =0}, 

Тhе conditions (25) вrе c ompatiЬle with eq, (2) but t he y stri ctly f ±x 

the coordinate dependence of u(x), вele c ting а сlвв s of pвrticu lвr 
solutionв of eq. (2), *), Тhuв, in order t o oht ain the Li ouvi lle equa ­

tion without extra restrietions the or igi na l вtructure of 1-forms 
<.J; вhould Ье the ваше ав in eqs. (13), i . e . or. e f:'hou ld inclu de 

from the begining the pвrameters яf (.r.) in the coset ,s pa ce' в nd ' 
hence, the generatorв ~+ in the alge bra !!1, Bu t a dd ing of L:Z.+ to 

l -f о - 1 -
the generators +, L +, L:t: inevitвЫy produc e s the whole alge bra 
+с ) lv- ( ) - - :t " 1 11( 1 Ф" f Ьесвuве commuting of Lt

11
with L~ give s L± ar. ~ s o on , 

Once the explicit structure of flou i e e s ta bEehed , one r.1a y re­
aiHly write the l ineвr eet for eq, (2)/5/, i ,e, t he f'ys te r.l of equa ­

ti ons for which (2) веrvе в ав the integra Ьi l i t y c ondit ion . Thi в set 

lookв 

'JC} : n:·'C) ( 26) 

* ) Тhеве so l ut i ons are of t he form ц.,()<.):("[с.,х."".х-+С..tЗС.++С,~.х.-+С:ч], 
c..tc.~-~:ic., =- ,.,.~. . 
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w ithj)~~ being the matrix 2х2 in the fundamental repreeentation of 

SL(2,R) with t he generators: 

(о ;:.".,) ( о о ) ( i. о ) R ,. R - И - _!. 
+ о о ' -- -<.1'"1'\ о ' - .2. о - ~ . 

( 27) 

Explicitly : 

'()+(tr
1)=/!u+ m1iu)(1f1

) ' 0-l1f-t) = (-~:" о ) -("..,) 
'lf2. о - t U+ 1ft. 1ft - - .!. LA V.1. • 7 :L 

(28) 

Here we have i ntroduced the spectral parameter 7 Ьу а constant right 
S0 (1,1)-rotat i on of t he coeet element (6). 

То close thie Se ction, we briefly di scuвe the Eucl i dean саее. 
S' ie now the complex algebra /Кс(1), the correeponding group G is 
i s omorphic to the conf ormal group of Euclidean plane, the generatore 
Lм+ 1* are mutually conjugated, the eame ie true for the coord i na-

' L- t: 
. tев х•,х- and the parameter-fielde '*.,(n~1). 1Л'hen н ie choeen to 
Ье the group of t wo dimeneional rotatione S0(2), the eingle eesential 
parameter of the coeet врасе G/H ie again the relevant dilaton. Тhе 
Euclidean analog of вubalgebra во(2,2) ie во(1,3) while eubalgebrв 
sl(2,R)~вo(1,2) with generatorв (4) hав two вnaloge, во(1,2) and 
во( 3), turning i nto each other with т':.-""~ ( in the pвeudoeuclidean 
саве, the change m.t~- mt. in formulaв (4) y1elde again вl(2,J!.)). 
Hence, there exiвt covariant reductione of the coeet G/H to three 
connected subspaces wi th the eame ieotropy group S0(2): ephere 
S0(3)/S0(2), the Lobachevski surface S0(1,2)/S0(2) and the Euclidean 
plane 91/S0(2). Тhese reductions yield, respectively, two Euclidean 
Liouville equations which differ in sign before ~~. and the free 
equation. 

3. I n thie Se ction, we show how to construct the general solu­
tion of eq. (2) with i n the pre s ent echeme. The method we apply ha~~ 
been ueed in refв ./ 121 a nd proceede а е followe. Once the 1-formL~~ 

=g-1J!J belonge to вl(2,R) and meet e the zero-curvature condition , 
it ie repre в entaЬle a s 

L. {l~ed = j;/ J3o 1 (29 ) 

with 3о being s ome element of SL(2,R). Taking jo in the paramet­
rization 

8 
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~ 

Q _ i.~R+_i.flR- i.YU 
do- е t::. е а 

' 
( 30 ) 

whe r e "'-, J3 1 d a r e arbitrary functionв of х:х- f or the moment, 
we e xpre вs u( x ) through the se f unc tione Ьу t he condi tion (29 ). Si nce 
t he struc t ur e of .Q~84 is fixed Ьу t he formul a ( 20), not all af the a bo­
ve funct ionв t urn out to Ье independe nt , t here a rise s ome relat i ons 
between t hem. Вe s ides , their coordinatc dependence is epe c if i ed in а 
def i ni te way . Indeed , the r.h. side of e q . ( 29 ) is as f ollowe : 

..., =е O'IJ.. 

j 
,_,li!+ -r, 

"":-= er(Jf ·~a.!/-o/J.) (31) 

t.J = Jr-- ~mpofJ... 

Comparing eqs. (31) and (20) gives r ise to the following restric t i ons 

on .J., .Р 1 d"' : 
..l: '/"(з:.+), р = (rn.t 'Ptx.+) + 'l'(х-)т: ('=и+ fn ~(х+), ( 32 ) 

"'- (:х. -) '~'+ (:х,+) 
e-xp(-Zu.)- -- (...,.t 'f/tx+) + '(J(x--))2. 

( 33) 

where 'f/{x:•) and 'f'(x-) are arЬitrary functions of .х+- and х- , 
respectively . Тhе expresвion (33) give s the desirвЬle generвl вolu­
tion of the Liouville equat i on. 

It is worth noting that the function s 'f/(x+) and 'P(.:r:.-) enter­
ing into the general solution (33) simultaneously solve the equations 

of motion of the nonlinea r \) -model on the coset SL(2,R)/S0(1, 1) 
aв sociated wi th the Liouville equation through the relat i on ( 29 )*) 
In termв of 1-forms ( 31), the s e equationв read ав 

[ 

r:l il. tl 12. 
о+ w_ + CAJ+ ц)_ ,. о 

"" 12- rJ Q. _ 
"+ ы_ - "'• ц>_ .,. о, 

( 34) 

12-t U 1 - ' + Rr (/ where t.д_ t.J+ are the coe f ficient s of orx. and or:x. in ЧJ ~ 4J • То 

see that ~qs. (34) are sat iвfied when (31) is equated to _(LR~ (20), 
о 

it вufficeв to write ( 34) in terms of u (x ). Relat i on between the Liou-
ville equation and nonlinear GO- model on t he c oeet SL(2,R)/S0(1,1) 
hав аlво been d iв cuв вe d in refв,/ 1 3/ i n context of the relativiвt ic 
вtring theory . 

* } It вееmв t hat an analogouв c orrespond ence ехiвtв between эuper­
вymmetric exte n в i onв of the Liouville equation / 5 ,6/ and nonlinear 
б"'-modelв on certain internal вupergl'Oupв. 
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4. Now we turn to com'Jidering the Eёcklund transformations. Тhе 

knowledge of them is c rucial for determining infinite series of con­

s erved currents/14{ expos ing the relevant hidden symmetries 115/ 

and so on. 

Тhе s tandard Bi:ickluшJ transformation can Ье defined as а one­

parameter family of mappings 1vhich project the solutions of в given 

integraЬle equation onto t he solutions of the same or seme other equa­

tion •. Тhese transformations do rwt affect the space coordinates and 

в rе realized on the field u(x) and its derivativeв. The Backlund tra­

nsformations for the Liouville equation are well known (see,e.g./51). 
Here we derive them 1vithin our method. 

Let us begin wi th tran ~formation s relating different solutions 

of eq. (2) to each other. In the present scheme, they are implemented 

as the right gauge shifts of the c oset element (6): 
... 1 i ~ ~", g-(.x) L. + ~ a.(:J:)(L о + Lo ) 

~=-~е - е + - (35 > 

restricted Ьу the requirement of preserving the reduction const­
raint (16): 

n. =о. 
where 

,-..; ""' ,....., :0.. =-i.(f-~olj-:.Q.)=ГL-.f'L., 

(Зб ) 

(37 ) 

a nd .fi. f s{(2,R.) • The conMtion (3(, ) results in the following 
о t 

equations for gauge parameters С (.x)and а.(.х): 

{ 

т i'\..;:+ = ео... (с/Г+ т IJ{• +т (f-)2:/J/-.,. 4J/ g-) 
-Gl. R а..!"+ fl_ '#):z R+ v 

,."е. w7-"' е 1.tжо # m IJ? +,...,{о w7 - w? t' +) 
~ (/)+ R.. - R-) ora. = m ь ЧJ? + С LcJ7 

<зв > 

il. (J_ rJ 
with ЧJ7 1 t.J'l 1 Ц)? defined Ьу eq. (20) into which the spectral para-

meter 7 is introduced. Beari ng i.n mind that the transformed field 
~(х) is connected with u(x) as 

Ц,:. U.+a.. 

one may check that eqs. ( JG ) are reduc ed to the following system: 

= 2(m r.fv (Ц-и) 

= ~ €«p[_-(Ц+u)j { ~ ... +и. 
и.. _ - и -

(39) 

It is not difficult to Ье convinc ed that the integraЬility c ondition 
of the syst em (39 ) is jus t the Liouvi lle equat i on forll( x ) 

]0 

а.+_= m~vx.r(-2_1:4) (40 ) 

во the relatrons {39) define the в8cklund transformation (the fa c t 

that 't:(x) obeys the Liouville equation follows dire c tly from the form 

of the constraint (36) to which all c onsiderations of Sect. 2 are 

applicable). ,...... 
If, instead of th.e conditions ( Зб ), one imposes ~n Д const­

rв ints of the type (2З) which single out the pseudoplane q>(1,1),S0(1,1): 

,....,. ,...,_ 
W 0 +- W 0 = Q J 

,....., ... 
(А); = о (11 ~"), ( 4I) 

the relation between 'i:i(x) and u(x) takes а slightly different fortn: 

! ~++У+ и._- и_ 

u-u. 
=I'YI7e 

...., -<u + ·«.А). 
=--е 

7 
The field u(x) iв su!эject now to the free equation 

"' u.. ... _ :::.о 

(42) 

which iв the conвistency condition for the s ystem (4 2). Тhus, the 

relatinnв (42) yield the вёcklund transformations from в~lutionв of 

the Liouville equation to those of the free one. 

Тhе preвent approach esвentially clarifies the geometric and 

group-theoretical meaning of Backlund transf'ormationв. T·hey convert 

into each other different geodeвic hype.rвurfaces of the coeet 

G/S0(1,1)(a pвeudoвphere into а pseudoвphere or pвeudoplane) and 

have а uniform representation Ьу the right cunstrained gauge tranв­

formations acting in the covering врасе. Тhе diвtinction between 

в8cklund transformations of the firвt and вecond kind has itв origin 

in the difference between the c onstraintв (36) and (41) fixing geo­

metry on the hypersurf'ace to which one раевев*). 
Note that the transformation (35) iв the moвt general right gau­

ge shift which dоев not affect the coordinates .Х :t, dоев not вpoil 
the parametrization (6) of the совеt G/S0 (1,1) and ie com~atiЬle 

with the canstraintв (J3) йr (41). Тhе first 11'/о properties agree аlвс 

wi th the gauge ehif'tв generated Ьу L ,..+ ( n;., 2) but the conвtraintв 
(36) or (4Т) force the correвponding g~uge parameterв to vanieh. 

*) In t he contrf!ction limit m 1.~0 , the tranвformationв ( 39}, 
( 42 )go over to the "Вacklund transformat ion" of the free equat ion: 

,..., "' 
Ц.:!: ± и:!:. = о J и+-~ о J и~-=- о . 

ll 



The propert i e s tha t ~! do not sh i ft unde r t he t ransformat i on 
( З5 ) and the e l ement 9"' ha s t he same appeara nce as о i mply t hat 

"""R e.ol rlLOi d 
the t ransformed 1-form По l ooks j us t а в .0. 0 (20) but wi t h 
U'(x) inвteвd ofU(z). ( in the case of the cond it i onв ( 4I ), one hав al­
so t o replв c e t he ge neratorв R.± Ьу L-1 ). So, а в f a r ав the 1-form 
Jl~~ i s con s i dere d , t he Bac klund trans format i on of the first ki nd 

is effe c t i vely reduc ed to а certain re вtricted gauge SL( 2 ,R)-trans­
formatio n . Thiв fa c t ha s been ment i one d i n refa ./161. I n the свае 
of Backlund transformat i on of the s e cond t ype, the relat i on between 
_Q~нfand Sl~prove s to Ье more c ompl ica ted; it involve s right shifts 
wi th the generatora wh i ch li e outaid e of SL(?.,R) ( in part i cular, 

wi th L".+L0
_), 

Note tha t t he r e duc t ion constraint a (1 6 ) and ( 23 ) ро вае sв f r om 
the beginn i ng an eviden t freed om with re s pe c t t o right gauge SL(2,R) 
and ~(1,1) transformat i ons , re s pectively. But t hese t re nsformat i ons 
вrе of purely k i.nematic charac ter, е в they maint a in (16), (2З) from 
t he very beginn i ng , wit h pl acing no re stri c t ions on the gauge para­
meters ( the free dom 1v e t a l k about ref lects an arЬitra rineR s i n th& 
choice of origin of coo r di na t e set s in t he coset арас е в G/SL( 2 ,R) and 
G/ .Y'(-f,-t)J. They ac t on t he f orm Sl~Ц(20 ) as ordi nary Yang-1.\i llв tra­
nsformat ions , insertin r, int o i t s component s t hree arbitrвry functions 
( the lвtter свn Ье chosen, e . g . в о a s to alte r t he u(x)-dependence 
ofil~~). The zero-curvature condi tion (21) is invariant i n the ob­
vi ous v1ay wi t h re s pec t t o such redef in i t ions and i s в l ways equ i vв lent 
to the Li ouvi lle e qua tion ( or t o t he free equat i on in t he ca s e of 
t he reduce d ~(1,1)-form). The R8cklund trans formation s rв dicвlly 
differ from the s e r ight SL( 2 ,R)-and ~(1,1)-shift s i n thвt they 
conta in , when rea l ized on t he coset (6), t he othe r generat or s of G 
beyond tho se of t he suhgroups SL( 2 , R) or ~(1,1). 

То conclude t h i s Sec t i on , we me ntion t hat i n the Eucl id ea n с е ве 

t here exis t seve ra l t ypes of Racklund transformat i ons relвting to 
each othe r the r elevant geode r.ic subs pa ce s SO ( З )/S0 ( 2 ), S0 (1,2)/so (2) 

and fP (2)/S0(2), 

5. In the present pape r we have shown t hat t he вimple s t integ ­
rв b le system, the Liouvi lle e quat i on, hвs в n adequate de sc r i pt i on 
in t he un ive rsal language of non linea r real iza tions and CPrtan forms. 
Actually , one ma y tre в t t he t he or y of th i в equa t ion е в в kind of 
nonl i near 5" -mode l eвs oci ated wi th the c onf ormal gr oup in tw o dime n­
вions (the coord i nate s ,х_! snd paramet ers -fie l ds ~; (I) вre direct 
ana logs of Gold s tone f i elds of ord i nary а- -models ). The zero -curvв­

tur e r epre sentati on and Bac kl und t ra n sformв ti ons natura ~ly a ri вe in 
thiв pic t ur e в nd admit в t r anepa ren t gnxp-theoret i c i nterpretв tion . 
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It provides grounda for belief that the other propertie s of the 
Liouville equat i on connec ted with it s c omplete i ntegrabi lity , вuch 

ев the exiвtence of infinite serieв of conservв t i on law в (different 
from those c ~uвed Ьу G-invariance), the ex i s tence of tranвform re­
ducing eq. (2) to а вувtеm of l inear equations , etc., will вlso ge t 
в вimple explenation in the pre вent approach. \Ve note, in pвrticular, 
that the linearization of eqa. (17), (18) i s achieved Ьу paвsing to 
s ome new вpe c ial parametrization of t he coset elements G/30 (1,1). 
Тhе ве рrоЫеmв wi ll Ье di вcuввed elsewhere. 

In conclueion, let ua indicвte воmе further line в of thinking . 
An intereвting ta вk iв to generвlize t he pre s ent conвtruction to 
other integreЫe вувtеmв and the i r euperвymmetric extenвionв *). Ав 
have been alreвdy mentioned, the mein que вtion one facea in cвrrying 
out this progrem iв ав to what are the correвponding (вuper) a r geb­
ras 9 , analogs of the algebra (3). '•Ve know which вuperalgebraв are 
connected with variouв вuperвymmetric extenв ionв of the Li ouville 
equation; theвe are the contact вuperвlgebras 1((1\N) (an explicit 
conвtruction Ъвв been given yet only for the св веs of N=1 and N=2 
/б/), 'Ne have вlво verif i ed that the s imple вt bo вonic extenвion of 

' /18/ eq. (2), the complex Liouville equation , вriseв when chooвing 

g to Ье the complexifica t ion/1(:(4)~ /J(~(i) of the algebra (3), 

It вtill remainв to learn. which !1 corre s pond to more intereвting 
boвonic вувtеmв such ав the aine-Gordon and KdV equations,chirвl 

modelв , the Leznov-Saveliev вyвtems/ 12~ etc. One mey hope to obtain, 
in perвpective, в kind of group-theoret ic clв sвificetion of comple­
tely integraЬle syвtemв according to their (super) algebra в ~ • 

We believe that t he preвented method , being algorithmic enough, 
will allow one to underвtand on а common ground the connections bet­
ween different two-dimensional integraЫe modelв, their relation to 
realiвtic four-dimenвional theories and will help in searching for 
integraЫe вувtеmв in dimensions higher than 2, In particular it 
wou: d Ье intereвting to interpret in th i в spiri t the вelf-dual вес- • 
tor of the Yang-Mills t heory. Let uв emphasi ze that the Yang-Millв 
theory, analogouвly to the Liouville equat i on, can Ье treated ев а 
nonlinear realization of а certвin i nfinite parameter вymmetryf 1 9/, 
Bearing in mind в poвsiЬle integrвЬility of gauge theorieв, this 
·analogy вееmв to d e вerve attention. 

IVe are thankful to P.P.Kulish, D .A,Leite в and V.I.Ogievetsky 
for valuaЬle discuввionв. 

*) Тhе в tatement thвt any integrвЬle вувtеm i s connected with во­
те nonlinearly real ized infinite pвrвmeter вymmetry hвв been formula­
ted ев the exiвtence theorem in ref./17/. 
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Appendix 

·.ve prove here the self-c ons is tenc y of the redu c tion c onditions 

(17) a nd (1 В ). At first g l ance, t he i nfinite sequence of equa tions 

(1 7 ) and (1 В ) might constrain the f i eld u(x) more s tri ctly than the 

LJ.ouvJ.lle equa tion a lone . However, it does not соте about. То demon­

s trate th i s , we wri te d ovm the Мaurer-Certan equat i on ( 15) in terms 
of the 1-forms w; : 

,j 
_., _., tJ 

t.J~:: ~;tЛ W:t 

1 • -1 " 
aW.t.:: -2t.V:t Л t.J!:. 

1 1 ., • _{ t. 
tJft.J+ = -tAJ+ J'\ ""'" ~JtJ .. л и .. - - - - -

L L D 1. -4 J "w ~ = - .z 14).! /\ t.J :t +- "1 "'!: /\ t.J!: 
.. • :. •• ;..~· • • • • • • • • • • • С' """ 

,/t.J;t: Z (,..,-к)W;tЛW;t. 
N1 llfll•-t,~ 1(,.,., • 11,,., ;11( 

Let u s repre s ent w; 88 

.. " - '( .. --t 
LJ.! = ~ w.! w.! +- Р_. ~ w_ 1 

( А 1а) 

(А1 Ь ) 

( А 1 с ) 

(А 1d} 

(А 1n) 

(А2) 

whe-re V! "'" are c ovariant derivative s . Then , thвt part of eqs. (1ВЬ) 
whose r ole iБ to eliminate higher parameters-fields ~!(n~З) can Ье 
covariantly written ав 

v.!: "'~ "'"о ( .. ~.е) (АЗ) 

whence 

" ") -~ W.t. :.(li"+t.J~ "':t (А4) 

Insert ing of the c onditione (17t), (1 Вв) into ( А1с ) yields 

--1 -.<f D _., .t. 
o/14J- :=. w_ .;'\ W- +JW;t лW~ • 

~ ~ + 
( А 5) 

Comparing (А4) with ( А 1а), we find 

--t 1. 
W:t А W.! ;: О. ( Аб ) 

2 1.) _., 
Since W;t ==( ~ "':! t.J::;:. i n virtue of eq. ( А З), i t follow s from ( Аб) 
that 

V"_ w~ =-О, ( А7) 
i .e. 
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L 
u.J~ =-0. ( АВ) 

Analogously, taking int o account (АВ) one obtains from (A1d ): 

J 
W:t.:.O. 

Proceeding further Ьу induction, it i s possiЫe to prove 

( .. #2) . 
.. 

GcJ:t:=O 

{А') ) 

( А10 ) 

Thus, the whole system of the re duction c ond it i ons (17~), a nd 

(1В) is satisfied provided the equations (17!), (1Ва) and (АЗ) hold. 

Тhese equations have no other consequences apart fr.om elimiпation 

of parameter-fields ~: (.х.) ("')Jr.() and t he Li ouv i lle equation for 
u (х) • 
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Иванов Е . А., Кривонос С.О. Е2-ВЗ-286 

Нелинейная реализация конформной группы двумерия 
и уравнение Лиувилля 

Показано, что уравнение Лиувилля u+- =m2e-2u имеет адекватное описа­
ние на языке нелинейной реализации бесконечнопараметрической конформной 

группы двумерия С • Координаты двумерного пространства Минковского х + , х-
. и поле u(~ отождествляются с оnределенными параметрами фактор-простран­
ства С/Н. где Н -~ S0(1. 1) - группа Лоренца двумерия. Уравнение Лиувилля 
возникает как одно из ковариантных условий редукции фактор-пространства 

С/Н к его связному геодезичес.кому подпространству SL(2. R) /Н. Альтер-
нативная редукция к подпространству 9'(1, 1) / Н, где Р (1. 1) - двумерная 
группа Пуанкаре, приводит к свободному уравнению на ~х). Соответствующие 
представления нулевой кривизны и преобразования Бэклунда приобретают в дан­
ном подходе простой теоретико-групnовой смысл . Обсуждается воз·можность 

обобщения предложенной конструкции на другие интегрируемые сис~емы. 

Работа выполнена в Лаборатории теоретической физики ОИЯИ. 

Преnринт Объединенного института ядерных исс ледован~.оtй. Дубна 1983 

Ivanov Е.А., Krivonos S.O. Е2-83-28б 

Nonlinear Realization of the Conformal Group in Two Dimensions 
and the Liouville Equation 

The Liouville equation u+- - rn2e-2u is showr1 to ha-ve an adequate des­
cription in terms of the nonlinear realization of infinite parameter con­
formal group а in (1 + 1) dimensions. The (1 + 1) -Min.kowski space coordi-
nates х+, х- and the field u(x) are identified with certain parameters 
of the caset С/Н , н~ 80(1, 1) being the (1 + 1) -Lorentz group. The L iou­
vi1le equation appears as one of the covariant constraints reducing this 
coset space to its cor1nected geodesic subspace SL(2, R) / Н .. An alternative 
reduction to the subspace ~(1 , 1) /Н (9'(1, 1) is (1+ 1)-Poincare' group), 
yields the free equation for u(x). . We demonstrate that the relevant 
zero-curvature representations and Backlund transformations get а simple 
group-theoretic interpretation within this approach and discuss а possibi­
lity of its extension to other integraЫe systems. 

. The investigation has been performed at the Laboratory of Theoretical 
1 P~ysics, JINR. 

1 Preprint of the Jo i nt ln st i tute for Nu c lear Research. Dubna 1983 
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