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t. Introduction 

More than twenty years quant um electrodynamics in two di

menвionв QED( 1+1) 11 iв an example where new mathemat i ca l and phy

в ical ideaв in quantum field theory are checked/2- 71. In the laвt 

years th e interest i n t he Schwinger mode l hав even grown becaus e 

thiв iв an infrared-unвtaЬle theory with topologically degenerate d 

vacuum, which giveв an example of confinement /б /. That is why 

the phyвical interpretation of the results i n QED ( 1+1 ) f r om а new 

point of view and the вtudy of the methods of t heir deriva t i on 

are very important for understanding analogous proЬlemв in quan -

t um chromodynamics. 

The aim of th i s paper iв: the inveвtigation of воmе purel y 

quantum effects of motionв of the fermionic and boвonic vacua 

i n the maввless Schwinger model. We would like to emphaвiz e that 

t his model giveв an exampl e of dependence of th e physical reвults 

in quantum theory on t he choi ce of t he vacuum and on the global 

pr operties of t he gauge field configurat i on врас е . 

In the laвt workв on the Schwinger model its вolution iв 

obtaine d generally Ьу t he operator method/3/. It iв not reвtric

ted to the phyвical вector only. Thiв makes the underвtanding 

of the role of the vacuum more complicated and l ea ds to а вlightly 

formal interpretation of phyвical reвultв. 

In вection 2 the Dirac vacuum collective mot i onв are inveв-

tigated. 
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Section 3 is devo ted to the topological degeneration of the 
• 

gauge field vacuum. 

',Ve keep in the theory the Plank constant ~ ае а parameter 

to eliminate the incorrect interpretation of quantum effecte via 

claв sical mechaniвms/4/. 

2. The Jordan effect 

We'll start with the Hamiltonian of the maeeleвe Schwinger 

model in Coulomb gauge (А 1 :0) /4,7/: 

н~ ) dx [ 1J. ifitf а. lf - ~
2

i~ ( a.-a)jo]) 
where (Э;

2

) iв а formal notation for the Coulomb interaction. 

The two-component epinore: 

(
(/)2.) ... ( + +) ЧJ(х): 't'~ J Ч' (х)= ЧJ2., 'fl1 

вatiefy anticommutation relationв 

{ 4J i ) 4Jj } : { lfJ z ) ЧJi} : о 
{ 4Ji (х), lfli (~)}:: БijБ (х-~) 

Currentв are defined ае ueual 

j}" (х):: 4J (х) ~}А 'f (~) 

js.f (х): 'f (х) ts(t-l.fl(x)-= E.y-\)Jv(x) , .f•v :0,1 

and t -matricee are 

(о= ( ~ ~ ) {о -~) 
ti= \-1 о И·f•'(~ ~) 

( 1) 

(2) 

( З) 

(4) 

Let ue perform fermionic oper8tora 88 plane wave exp8neione: 

2 

lf( х) = \ГТ ( dp е. ipx (а2 Ср)) 
fu J а., ер> 

+ \fi. \ _1 -ipx ( +- + ) 
ЧJ (х)-:: ~ь )()ре а,.ср>,а.ср> 

( 5) 

where р iв t he we.ve number and operatorв ai • ai? оЬеу t he 

following relat i onв 

{ aL (р), a/?>J:: {а: <р>, а]с9> }=-о 
{ а.<р), o)(q>J = Б~.БСр-9) , 1-,J= 1,2. 

( б ) 

The Hamiltonian (1) becomes 
оО . 

Н = ~ dp [ ~p(a:<p>a,Cf>)- a;cp)Q1 <p>)+ ( iл )
2 

;2j:Cp">J<-p)] (7) 

-оо . 00 

. ( LPX • "' ( d k + ~(р)= Jdx е J•<x)=?- ) Qi(K+p)Qi(K) 

о~.•1 

(8) 

In 8 theory with vacuum 

О.;./0) -=-0 

all ourrents j,...(p),J.sf'(p)commute with each other. In вuch а theory 

one can find gauge tranвformation operatorв, entirely eliminatin~ 

the interaction f~om the Нamiltonian(7) 181. Тhе theory (6)-(8) 

Ьесоmев equivalent to the free one, where currents j.JA , jsf< are 

conвerved 

a~j~ = э,. isr =о (9) 

But the repreвentation (б) of commutation relationв (2) 

Ьав one esвential phyвical flaw: the Нamiltonian (7) is not po

вitive definite во there is no ground fermionic вtate with mini-

mal energy (oper8tcrв a,(-p),Q 1 (р) , р >0 
negative energieв). 

create etateв with 

It'в well known how to proceed in thie саее1 we define the 
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ground stat e of the fermi ons accor ding to the Dirac prescription, 

i . e . consider all s tates with negat i ve energies to Ье occupied. 

Let uв redefine the oper ators (5) in the follow ing way : 

а. (р) = ~ Ср> д<р> + cip> В(-р) 

аа (р) = б <р> ВС-р) + стер) В<р) 

а: (р)= е/ер> В<р> + ССр> 8<-р) 

а; (р)= f/cp>8(-p)+ с<р)8(р) 

(10) 

where operators 8(р), 8(f), C<p>,c(o)зatisfy the anticommutation rela-

tions 

{ B<p>,B<q>} ::{B~<p),B+c9>j=D {8<р~8+щ>J = БСр- 9> 

{c(p),c~(q>}= Б(р-q) { с(р>, с <q> }={ с+ср), c+<q>J:o 

Here 8 (р) is the step-function 

е <р> =- { 4 , 
о) 

Р ~о 

р~о 

( 11 ) 

It acts as а projection operator on the states with poвitive 

(8 (р)) and negative (д (-р>) energies for the вolutionв of the 

free Dirac equation for~(x). Thus, we estaЫish the ground state 

for the free Нaшiltonian 

81J!o=C~=0 
Thiв iв simultaneously а ground state for the total Нamiltonian 

because of the positive definiteness of its interaction part. 

It is the Dirac filling of the negative energy states whicb 

causes the well-known anaomaly in the axial current commutator: 

[iso<x>,j 51 (~)]= 7
/;. Э~о(х-~) (12) 

This was first shown in the thirties in several works Ьу Jordan, 

Born, Socolov, and others/9/, later recovered Ьу Mattis and Lieь/10/ 

4 

The commutator (12) coincides with the comrnutator for а 

scalar field (pion) 

j5f (х): f* af4 ф (х) ( 13 ) 

We may directly obtain anomalous divergence of t he axial 

current from the Heisenberg equation of motion for the component 

jso (х) and uв ing (12) 

d . .;_ r~ . 1 di Jso =Т ,Jso 
With (12) and (13) (see Appe ndix А), we obtain 

д . -~~~· " 
ф ( 14) 

JA}sf'- :f"it }"~ 
It'в easy to find the spectrum of the model from (13) and (14) 

2 " е2 л 
а ,1.,-- Ф }" 't' - }i t. 

It consists of а scalar particle (pion) with the mass 

2 e2 h 
т=--

li 

( 15 ) 

It becomes now evident that the appearance of the mass for 

the scalar field ф is an entirely quantum effec t. 

It •в interesting to note that t!Je importance of Dirac vacuum 

in the anomalous axial-current divergence in four-dimenвional 

space-t!me has been recently discovered Ьу Gribov 111 1. 

So, а physical reaвon for the axial anomaly апd nonconser

vation of the chiral charge 

Q
5

= J dx j 50 (x) 

is the Dirac vacuum "polarization" induced Ьу gauge (Coulomb ) 

f i eld. From this point of view claввical and quantum theories 
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represent different physical theorieв with different sym-

met ries although they в tart with the same Нamiltonian. 

Note , that in s uch а treating of thiв proЬlem there is no 

t opological vacuum degeneration at all (we think that the intro

duct i on of suc h а degeneration i n paper /З/ is based on the in

correct underвtanding of the physical reas ons for chiral inva

riance breaking), 

З. Th e Josephson effect 

We ' ll show here that the transition from the ~lassical 

action 

.$ ~ j dx dt.i(Jt)= )dt L(t:) 

i ~ f<-.1 - ( . ~ ) (х) = --z; F,._,,F + Ч!Сх) 1-hJO- е~ tf(x) 
( 16 ) 

FJ'"~~ . "' Э_,.А\1 - д-.~Л,. , f'-·)).,0,.f 
to t he Coulomb Hamil tonian ( 1) ·ie not unique and depends on topo-

logical properties of the configuration врасе of the gauge field, 

We 1 ll begin with the simple case of а free gauge field in 

а gauge Ао=О: 

L = _!_ (З А )2. 
em 2 ° 1 (17) 

The Lagrangian (1 7 ) is still invariant under the stationary gauge 

transformation 

А , ~ 
tt

1 
(x.t) = А. Сх .t:) -4- е э . .лсх> (18) 

. . /12/ In the ploneerlng works of Fock and Weyl these transfor-

mations were introduced as (}(4) phase transformatiom in quantum 

theory 
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11 

. ~(.х) . л (.11) 

А: (x,t): е tт (A
1

Cx ,-t)+ ~ inд1)e -1-т ( 19 ) 

The expresвion in bracketв iв just the Fock r edef ini tion of t he 

quantum-mechanical momentum ih3~ in the preвence of an external 

f ield , Transformations (1 9 ) are defined оп the class of s mooth 

funct ions vanishing at infinity ( or periodical ), thus t hey c ould n 't 

influence trJe physical resultв of t he t heory : 

eim ехр{ 1- Л'n'cx)/"ft J = 1 
/Х/-+00 ( 20) 

[ .Лtn>(ao)- _л<r~>(-оо): 27in"tt] 
Smoot h transformations (1 9 ), (20 ) det ermi ne а map of the 

line R(1) into the circle U(1), characterized Ьу t hc d e ~ree of 

mapping n , It вhоwв how many timeв the line R(1) has t urne d 

around the circle U(1). Ву infiniteвimal tranв formation в only it ' s 

imposв iЬle to translate а fie l d А,(х} fro m а class of the degr ee 

n to а ClSBS Of degree (n+1 ), ln other \VOrds t he transforma

tion group (19), and conвequently , the confi guration spa ce {A 1 (x)J 

are nJt simply connected and are topologically equivalent to а 

ring ( Jr1 (U<fJ) = Z). In вuch а theory there mi[ф t exiвt conвtant 
vacuum fields wi thout 'any external воurсев due to а purely quan

tum effect that appears as а field analogy of the Josephson 

effect 114 • 151, • 

Let us f i n<i t he вtationa 1·y-вtateв вpectrum usiщ:; the Schro-

dinger equation solution for the theo ry (17), (1 9 ): 

Но 'tfe (А) : Е lff (А) ) 

~ ) "'2 1-Jo ~ z Е. dx ( 21 ) 

,. ,. 'h Б 
Е= 3аА. = -. -Б- (22 ) 

-t. Л,(х) 
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The вoluti on of (21), (22) iв juвt given Ьу the eigenfunc

t ional of th e moment um operator (22 ), i.e. t he plane wave in 

{А,()()}врасе: . 

V""exp{~ )E(JI)A~lx)dxj, с 23 > 
А 

Е l.!' = Е Сх)~ (24) 

Бесаиве of the invari ance of ~ under topologically trivi 

a l infiniteвimal tranвformationв (with n=O) 

Б(О)~ :0 :::;> o~f()()1f=O :::::::=;> E(x):con"t (25) 

f i eld exc i t ationв in [А, (11)} -врасе are collect i ve: there exiвts 
onl y one (co l lective) momentum for all A~(k). That'в why the func

ti onal (23 ) dependв on the collective variaЬle N[AJ only: 

N[A]= 2~h )dxA4 Cx) 

Thi в is j uвt а continuous generalization of the Pontryagin 

index/131 

~ = _е_ ( dx dt E.J"v FJA
11 

= JJi N = Nf - NJ 
itJГh ) t=oO i:~QO 

Finally we obtain the solution (23) in the form 

"!"' ~ е ipN 

iVi 
Е~=~ -уг 

2:1 

(26) 

(27) 

(28) 

The theory iв аlво invariant under topologically nontrivial 

transformationв. So, the points N ,/11+4,/1+2., . ... are physically 

identical: 
i8 

1[(tJ+4) =е 'l.i'(N) 

8 

/вl ,;,-
(29) 

·{ 

This boundary condit i on determines the conв tant electri c-

field в pec trum 

p-=27f'K+i3 k =о, 1) 2, . . . (30 ) 

The f i eld sta te funct i ona l ( 28 ) h ав а fi nit e ener gy d enвity 

2. 

Е = ..i.. (Е!-) V 
2 \2ft' 

V = )dx (31) 

The рhаве of the вtate functional iв not homogene ouв in the 

whole configuration врасе. Thiв leadв to а nonvaniвhing eigen

value of the electric f ield i n the ground вtate of thiв "ring" 

(when k:O) 

Е = ее 
2.7i 

(32) 

Thiв iв а field analogy of t he Joвephвon ef fect which соn

вiвtв in the exiвtence of undamped currentв wh en the wave func

tion рhаве iв not homogeneous. Thiв nontrivial gauge-f i eld dy

namicв i n the two-dimenвional вpace-time leadв to nontrivial 

Green'в function conвi d ered in Append i x Б. 

We'll now вhow that collective motionв of t hiв gauge field 

are directly connected with the infrared dynamicв. Conвider the 

action (16) wi thout gauge fixing . The time component А 0 hав 

no canonical conjugated momentum. So we 1 ll treat it ав а сlаввi-

cal quantity. Its equat1on ot motion 

~=0 
БАо 

which for (16) giveв 

Э 2 А : o.30Af- eio 
~ о d 
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ts , in fac t, а const r aint. I t s genera l solut i on is 

Ао= Сх + до(о,- ')А,-е(д,- 2)jо +С0 <:33) 

Неге С is а f unc t iona l over dynamical variaЬles. Тhе solution 

( 33 ) i nc lude s t he ze r o inode of t he di fferent ia l operator al 2 ::.0 
t aking in t o ac c ount co l le ctive d yr:вmics of the syвtem. '.Ve hвve 

a l r eady eeen tha t it is connec te d with topological propert i e s of 

t he gвuge f i eld . ~e 1 ll come to t he topological dynamics ( 31) if con

sider the Pontryagin i nd ex ( 27 ) on t he solution s ( 33) ев в conв

't r aint e qua t i on betwe eп the funct i onal С вnd independent topo

logi c вl vв r ia Ьl e N : 

. е ( 
N-= 2лtt ) dx Fo1 :: 2e1f~ [ cv -е )d х а~- ;·о ] 

or 

С= ( z:Nh + е~ dx Э,}) ~ 
It 1 s not d i f fi cult no1v to obta in the Hamil tonian i n terms 

of the tapolagical momentum ~Р = syd'f.J 

(34) 

( 35) 

2 2 "' 2 

H:)dx[;,niflt,o.~- ~ д'a(д,- 2 )ia-p 2eft"xio]+. ~ (~~jV<з6> 
"' wl1e r e р t ake s va l ues ( 30 ). 

Тhе Нamiltonian ( 36 ) repr od uce s re sult s of the gauge f i eld 

quв nt izвt i on in а gвuge А 0 ::0 ( 31) i ncluding the f je l d anвlogy 

of the quв ntum Jos ephs on effe ct ( 32). And what i s more, the col

lective motion Lagra ngiвn 

~ ( 2Xh)2 
• 

2 4 · 2. L=---N:-MN 
2V е - 2 
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make s ev id ent t ha t the region where qua ntum theory is a p p l ica Ьle 

<L 0 > i s proport t onal t o t he one-s pace "vo l ume" V ( L Q ""'м- 1 

М ..v V -' ) . Thus , infrared r egu l a r i zat i on mus t not Ье re -

moved a t the intermedia te stage of "c l ass i cal" theo r y . 

The interact i on of the current J'o wi th "ext ernal" field in 

(36) formally coincide s wi th Coleman ' s exp r ess ion / 41. Coleman 

has introduced а constant classica l f ield Е:. ~1i f or reproduc 

ing the re sult of the chirвl vacuum degene ra cy/ 31. In clas s i ca l 

theory the variational pri nc iple require s the fields and their de-

. rivative s to vani sh on the boundary of t he s pace where they are 

defined. So, the i ntroduc t i on of cons tant f i elds a lways implie s 

the existence of their s ource s . Зut in the action (16) there are 

no such sources. In t hв propose d here the ory c onstant vacuum f i elds 

exiвt due to а purely quantum effect. The me chanism, givi ng them 

r i se, is just а fie l d analogy of the Josephs on effect. 

Тhе Нamiltonian (36) i s equivalent to t he f ollowing effe ctive 

Hamiltonian fo r the sca l a r field (pion ) 

нен:: ~ )dx { ( доф)1 + (э1ФУ ~ ~ [Ф + Ш(fx)J
2

J ( 37) 

Its invariance under transformations 

n 1 t -n 11 
б нен б = нцr ' ( 38) 

6'"= ехр{ iXn (Q5 -+ 2N)} ( 39 ) 

is obvious. 

So phys ical states in the Schwinger model are indeed dege

neиated under simultaneous transformations of the Dirac and gauge 

ll 



vacua. The operator eJ асtв as а "chiral"-tranвfozmation opera-

tor i n the new theory with а Dirac vacuum. \Vi thout fezmionв 

Heff coincideв with the free gauge-field Нamiltonian, deвcribing 

collect i ve motionв of it в "real" vacuum. 

Discussion of the results 

The Schwinger model give в а good example of the dependence 

of the va cuum on the g lobal вymmetry of the quantum theory, and 

vice versa, of the influence of the choice of the ground вtate 

(vacuum) on the symmetry of t he theory . 

The model Hamiltonian may have the ground state with minimвl 

ene r gy (corre s ponding to the introduction of the Dira c vacuum) 

or шву not hвve it. Thi s i s the reaвon for di fferent вymmetrieв 

i n both the саве в . Тhе gauge field induc e в the physical mвnifeв

t ati on of t he Dirac vвcuum t hrough the ax ial anomaly and chiral 

topological invariance brea king for t he posit i ve definite На-

milt on i an. Тhuв, i t bec ome s evident t ha t compari ng вymmetries 

of the i nitial сlвв в i саl lagrangian в nd effect ive quвntum Нamil

tonian ~е fвll into miвtake . These might Ье theorieв with the 

sвme locвl dynami c в вnd different vacua. Unders tand i ng of the phy

sical rеввоn for the ch i r a l symmetry breaking mвke s unne c e ssвry 

i ts resti tut i on Ьу the 8- va cuum cons truction / 3 ' б/. 

We've shown thвt the t opologicвl vвcuum degeneration i n 

QED(i+f) iв conne cted with topological propertiee of the gвuge 

f i eld itвelf (regard i ng the gвuge i nvвriвnce principle в в в quвn

tum theory eymmetry following Fock and Weyl). Then the gвuge

-field configurвtion врв с е ie not eimply connected вnd hвв the 

topology of в ring. Тhie leвd e to the nontrivial i nfrвred dyna-

12 

mics and to t he exis tence of conetant electric f i elds (в field 

в nвlogy of t he Joвephвon effe ct). The ехвс t в olution of the Sch

winger model ind ic в teв the phys ica l r ole of t he gauge field 

topology i n the i nfrared dynвmicв colle c t iviza tion (врвrt from 

the inвtanton вpproach). Ав iв shown in papere/ 14 • 151, а genera 

lization of t he J ose phвon f i eld effect to quantum chromodynamicв 

giveв riвe to а phyвical pic tнre of t he "infrared vacuum" ев в 

quantum liquid wi th вingularitie s fo zmi ng Ьаgв . 

The authors would like t o t hank B . M . Barbaвhov, A.V.Efremov, 

A. V.Radyushkin , V.S.Gerdj ikov and Ya. A . Smorodinвky for di scu

ввionв. One of the authorв (N. I .) iв gratefu l to prof. V.A.Meвh

cheryakov for the po ввiЬility to work in the La boratory of Theore 

tical Phys ic в of JINR . 

Appendix А 

The вxial current d i vergence iв 

':}l.t · -а · э · . и J't'-- oJso ~ •J'~ 
(А.1) 

The f irвt tezm in (А.1) may Ье evaluated with the use of the Hei-

вenberg equation of motion for iso : 
ooJ"so"' ~ [~,jso]: ~ [H)N.-N,_J (А.2) 

where Н iв the total Нamiltonian. On the other hвnd, it' в еаву 

to obtain the commutation relвtion between j 51 вnd Н 0 , Н 0 being 

the free Нamil tonian 

(H 0 ,J,1 ]=- i~ Э1 (N,-N2.), 
Ni (к) ·:. 41i.\x)'fJx) 

J:i 

(А.З) 

i ~ 1,2. 
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From ( А . 2 ) and ( А . 3 ) we e \ s i l y find 

а'" · 4 [н N N ] е 2 

1 ГТ i 
J!'!J-< = i h J ) 2.- i = JГh v ~ 'f 

whe r e 

Н 1 :: -~
2 J)dx d~ jo<x>/x-~lio<d) 

is the int erac t i on part of t he Hamiltonian. 

Ap pend i x В 

Us i ng the exp l ic it so l ution of t he Schrodinger equa t i on ( 21) 

with spect r um ( 31), we obt ain the spectral repre вenta t i on of 

Gr een 1 s f unction of the f ree gauge fi e ld : 

i h (21fK + Э)~( ta-Ц i (2.1r1< +8)(N.a -N,) 
2.М ( в . 1) 

е G{N(-t~)Jщц)-=-4 I е 
2 }i k 

whe r e 

м= ~ ( 2;~у Ni =. N(ti) 

It can Ье transformed into а sum ove r homot opy c la sses/ 16/ 

in the configurat i on s pac e: 

. м (N,_ -N, +n? 
G(Щt,)jN(Ч) .=\1 М L:. е -i.n8 '\.- · 

е 2.'- tt:a- t:,) 
= 

2Ji11(t~-i,) n 

= 2:_ е ~ne )БN ехр{ 1-S., [ t,, t.a; tJ]/n) 
n 

Не ге 
tJ. 

~rt t -N]= \dtЦt):~(N,.-N,+n)~ 
nl •' ~, J 2 ta--tt 

-t • (n) 
i s t he effective c laв sical action for an n-th homotopy cla sв . 
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