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I . INTRODUCTION 

A cons i stent descript i on Df the composite syst em in QeD re­
quires the usage of the wave function defined in a gauge- inva­
riant way . Th i s follows from the (act that the wave functio n i s 
directly connected with such mea surable quantities as the 7T "/-L V 

and ~ .. 3y decay wi dths. Moreover , the gauge-noninvari ant 
va l ues do not exist in QeD in thy ~7"cra l case because of the 
presence of inf rared divergences 1._ . 

A mes on, that can be considered as a bound s t ate of qua rk Q 
and ant~quark Ii interact i ng wi th cllch other via the gluon gauge 
field A~(x) can be described by 3 gauge- invariant wave func­
tion· 

'2 

Xp(xI '''2) =Sp<0ITlq(xl) Q(x2)expl ;g(dx/1j. (x)JiII'> ( I ) 
'I ~ 

whe r e the spur i s calculated by the co lour indices, a nd I P> i s 
the state vector of a colourl ess meson wLt h the 4-momen tum P . 
In t he gene r al case the presence of the exponent ial facto r in 
( 1), wh ich makes the standard Dcthe-Salpeter wave func t ion to 
be a gauge- invariant object, hinders I-he derivat i on of a dyna­
mi ca l equation for the wave function \ !'(x l .x~). 

The choice of the light-cone gauge A . .. AO ~ A.'l " 0 allows one 
to l eave in the gauge exponent ill ( I ) on ly transrer variables 
that are considered to be smFl ll lit large momen t um transfe r Q. 
Thus, it is poss ib l e to get rid of the exponential facto r in ( I) 
up t o the power corrections Q~2. This method o( rlllin~ out the 
gauge exponent has been used, (or example , in papers 4,5, 1/ . 

Nowadays it becomes clear that while describing the dynamical 
quantities an essential r ole can be played by the interactions 
at large distances , for which such an approximalion is irre le­
vant. Besides , the descr iption of the properties o f compos i le 
systems , of the form factors,for example,on the hasi5 of the dyna­
mical equations of quantum field theory without .:my <.:omplemcn­
tary suppositions like factorization hypothesls, requlres the 
knowledge of the wave function at small and 1.1rge dlslances. 

'? 

*The di scussion of the role of the opera lor ""plig ( dx~A (x)1 
' I ~ 

can be found, fo r example , in/ 3/ . 

In the present paper we s ha l l der i ve t he Be t he-Salpeter equa­
tion f or the gauge- invariant wave f unction (I) wit hout us ing 
any approximations. 

The star t ing point in our cons i deration wi ll be the analysis 
of express i on (1) i n the Fock gauge* 

~.r 
(x - x o) A~ (x ; xo) ~ o. (2) 

whe re Xo is some f ixed po in t in the 4-d imens ional space- time . 
In contrast with wi de l y used. gauges such as the Lorentz gauge 
~ -, . 

a~ Ii._ (x) . 0 • the Coulomb ai A ( x)=O , (i =1.2.3) and anal gauge 
nj'L AJI. (x) "" 0, condition ( 2 ) has no translation invariance. Thi s 
f act wil l be reflec t ep in an exp l i cit form of" the Green function 
of the gauge field All (x), which will contain in the momen t um 
space ( as we s1all s e e b elow (see ( 25 » the ordinary t erm pr o­
portiona l t o a 4) (p + k ) and additiona l ter ms of a diffe rent 
st ructure . 

An i mportant f e a ture of the Fock gauge (2) consists i n the 
Pf esence of a s imple formula that co~nects t ?e potential 
A~ (X; xo ) with the fi e l d strength Gv~ (y) / 6 (see Appendix ) 

... F I v A 

A~ (x;"o) - r da(x - '0) d o,,~[a(x - xo) • Xo J. (3) 
o 

Because o f the gauge invariance of the field strength GVj'L(Y) , 
it foll ows from (3) that the behayiour of A~ (x. xo ) at t rans la­
ti ons is g i v e n by the formula ( U-;- Gv~ ( Y ) U. = G v~ ( y - a» 

-I, - .F - F 
U . 1\ ~ (x; x 0) u. = A~ (x ; x 0) = A~ (x - a ; x 0 - a) . (4 ) 

Let us mention also that the theory does not contain ghos t s in 
gauge (2 ). 

2 . THE WAVE FUNCTION 

For s implic ity l et us consider that quarks have equa l masses 
and define the fo llowing va riabl es: a coordina te of the center 

x I + %2 
of mas s of the sys tem of two part ic les X = 2 and a relat i ve 

coor dinate x - x2-xl.Let us choose f or t he contour of integr a­
tion i n ( 1) an i n terval of a st ra i gh t line t ha t connects the 
po i nts x I and :12 ' I n this case the integral in ( 1) can be re­
pr esented in the form 

* Gauge (2) has been consi"de red also i n ref s .17- 11 1 where i t is 
named " f ixed point gauge" or Schwinger gauge 171 

~--
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'2 

r -F


rd~Ar(CXO ) = I(x, x; .o ) 
:\ i ( 5 ) y, 

~ .r
J d{3x A ~({3 x +X;x o), 
-X 

The behav iour of express ion (5) at translations is evidently 
given by t he f ormula 

- J 
U.l(x,X; x o )U . I(x,X-a ; xo - a), (6) 

i. e ., th e t r ans l ations do not influence tlle r e l a tive coo rd i na t e. 
Le t u s t ak e now fo r a f i xed point Xo in ( 2) a coo rdinate 

of the center of mass o f th e system xo= X , i .e . , we s hall 
choose a gauge condit i on 

r • F 
(x - X ) AI' (x ) = 0 (7) 

F 
fo r the potentia l fi~ (x ) (in "hat f ollo"s "e sha ll omit t he 
~ifed point XO = ~ from a se~ of ~a~i~ble~ of th e potenti~l 
AI' (x; Xo : X ) = A~(x) . Wh lle d,vld,ng 1n ( I) t he relat1ve mo ­
t l on and the motion of the system as a who l e , we use t he t rans l a­
tion operator U X • Formula (6) allows one t o represent the wave 
funct i on (I) i n the form 

- iPX 
X p(z, ,x 2 ) : e Xp (x), (8 ) 

where the wav e f unc t i on of t he relative mo ti on IS 

I - X A

xp( x) = Sp < OI T lq( -r)q ('2)exp l i gl (x , O;O)lI I P' . 

But from (5 ) with the use of inve r s ion formu l a ( ) f or a gauge 
(7), we f i nd ., 

" J I v ... I! 
I (x,O;O) . r d/l. /l . r da . a· x O"I'(oOx) x ~ O. (9) 

- !~ 0 

It is easy to see that in a mor e genera l case, we have al so 

l( x, X;X): O. ( 10) 

Thus, for the wave function X p (x ) i n th e gauge (7) , we have 
finally 

x - x ( I I ) Xp(X) Sp < 0 I T I q ( - - ) q ( -) liP> 
2 2 

4 

3. EQUATION FOR THE WAVE FUNCTION 

It is obv ious th a t in the Fock gauge due to f ormul a e (8) and 
(II) the wave function (I) in the case o f absence o f an inter­
ac t ion sa t is f i es the equation 

a m)( i ~-m)x (xl,x,):O. ( 12 ) liTxI ox, p 

In the framework o f th e Fock gauge the Bethe- Sal pete r equation 
i n t he l adder appro xima tion is 

r i L - mlf i~ - ml Xp (xl,x,) = 

aXJ ax, 


(13) 

. 2 (J)r F (2)" ( )
: - l g y D (x J 'X' )Y X p Xl' X, , 

~v 

F 
where (XI . x 2 ) i s the Green function of t he vector fi e ld inDJLI" 

t he gau ge (7). 
Pass ing t o a Fourier trans fo rm with re s pect to a rel a tive 

corrdina t e " "" "2 -xl.we obtain from (13) 

- iPX 1 -. 1 ­
e [('2P - q) - m][(2 P + ii) - ml x p (q) " 

(14 ) 

2 (J)ttF X x (2)l/-iqx-iPX 
- i g rd x y Drv (X - '2' X + '2) y e e X p ( x) . 

I n the case o f t ransla tional ly invar i a n t gauges t he Green 
f unction DI-w (x.y) depends on the diffe r ence o f argument s x and 
Y. i. e ., in equation (14) Dl-'v( X - ; .X+ ~)depends on a re la tive 

coo rdinate x , and the separation of t he mo ti on of the system 
as a who l e f r om (1 4) can be done in an evident way . I n the 
transla t ional l y noninvariant Fock gauge ( 2) D~v ( x.y ) does no t 
depend on x-yy:>nly. Nevertheless, it wi ll be shown in the next 
section t hat DILI/ (X - ;.x+~) does not depend on X in t he gauge 

(7) . Taking into account t h i s fac t the Bethe - Salpeter equa tion 
we are l ooki ng for will be 

1 - 1 •
I (-P - oj) -m l[(- P + oj) -ml x (q)

2 2 p (IS) 

d 4 , 

: -ig' J--q 

ylJ)~ D (q ~ q') y(2)" X (q'), 

( 2 ") 4 ]W P 
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w~er e the f unction D~v ( q) is connected with the Green funct i on 
D~ in the gauge ( 7) as fo llows: 

- 4 iqx r x x 
D~v (q ) = f d xe D~ (- 2 ' 2 ) = 

4
• d k F (16)

:2 f --4- D~v(2q + k,k) . 
(2" ) 

From (16) one can easily s ee that in the case of translationally 
invariant conditions D~v(q) is an ordinary propagator of a 
vector particle. 

4. GREEN FUNCTION 

We s hall consider here some different ways of deriving the 
Green function of a vector boson in the Fock gauge. Th, first 
of them is a standard method for the gauge theori es/ 12 .The others 
use the specific fea tures of the Fock gauge , namely t he presen­
ce of the inversion formula (3). 

Let us put for simplicity a f ixed point at the origin of the 
coordinate sys tem (i.e., we pass to c .m. s. ) and consider an Abe­
lian case. The potential in this case obeys t he gauge condition 

x~ A~ (x) : O. ( 17 ) 

The generating functional of the free Green f unction is writ­
ten i n the form of the functional integral 

Zo[ Jl = N-I rOAr;8(X~A~(X»x 

( 18) 
1 2 ~ 

x exp I i [d x [ - 4' (a ~ A" - av A~ ) • J ~ (x) A (x )]1. 

Let us use a representation 

~ 8[ x P Ap (x)1 ~ rOA exp[ - i [dx. ./ AIL (x)A (x)1. ( 19) 

Then Zo [J1 can be rewritten as 

.. I 	 1 ~ 
ZorJI : N fOA.OAe.pli[dX[-2A (x), 

(20) 

2 v Jl IS 
. (-gl", ( -a +iO)+ aIL aV) A (x)+J/,A +xpA A(x)]I. 

6 

Let us pe rform the translat ion 
o 	 0 

Ap ( x) ~ A/,( x ) - A p ( ' ); A(. ) ~ A (t) - A (x) , 	 ( 2 1 ) 

o 
where All and A sa t i sfy t he equat i ons 

2 	 °v o
[ (-a + i 0 ) gpv + a av ] A + -x~ A 0 , p Jp 

(2 2 ) 
x All 0 

P 

in t he coordi nate s pace and th.e equat ions 

2 	 all a 
0,[ ( p + iO)g pv- Pp p) A + J~ + i arf A 

o 
(23)~ o 

ap~ 

in the momentum space. We s ha l l then have 
. p 0 


Zo [ J] = exp I - ~ f d x J ( x ) Ap (x) 1 = 


. P. F v ( 24) 
=exp l -;rdX dy J (X ) Opv(t, y) J ( y ) l. 

F 
Here D Jill (x. y ) is the Gr een f Ufc ti on l;.,7 e a r e l ooki ng f or . 

Thus, t o f i nd t he functi on DilL' (x.y ) , one ha s t o solve equa­
t ions (22) and (2 3) . Afte r solving them ( see Append i x ) ~e f ind 
in the momentum s pace 

(.) 
g ~ v8 ( p + k ) F o 	 (p, k ) , +
pv p - + iO 


a ~ (4)
+ 1 	 (2 5)1- -pv [ d(3 8 «(3p + k) + 

p 2 + iO d p~ 1 

~ 2 I 00a j+ Pp -- da8 (4) (ap + k ) + p~ ~ Pv r da f d(3 S (4) (a(3 p + k) I. 
a pv 0 ap 0 1 

T7~ f irst t erm in t he r ight-hand si de of ( 25 ) i s proport i ona l 
to 0 ( p +k ).l ike i n t he case of translationally i nvar i ant 
gauges . 

7 



In the coordinate space we find 	 Let us mul ti p l y b o th parts o f (29) by ( x - X )I', As a result we 
get the f ol lowing equat ion fo r the A( x )- f unction: 

2 F 1 
(2.) O!,v (x\ ,1 2 ) ( x - X)I' al' II (x) = (x ,- X)!' A 1'( 1 ) , (30)g 2 0

I'V (x I 	 - X2 ) - I 

I 1 	 I 1 i-al x iv i d a 2 - a2V X21' J dfj 2 + (2 6 ) 
I' 0 (a x i -' 2) - 10 0 (x - fjx ) -iOl 2 

I J x III X 211 
+ aJ a2 ( da (dfj ,!J. 1I (a xl - fj x2 ) - iOo 0 

From 	 ( 26) i t is cl ear that on l y the first term in (26) d e ­
pends on the difference o f x I and x2 , whi l e the others as well 
as the D~v ( 11, x2) funct i on as a whole have a more c ompli cated 
st ruc t ure . 

Le t us present he re ano t her way o f der i ving the Green f unction , 
wh ich i s bas ed on the inve rs io n formul a (3). For t he gauge (17), 
we have 

1 p
AI' ( x ) = fda [ y 0 PI' (y) l yma • ' ( 2 7) 


o 

where f r om we find 

1 F 
TO"v(x l ' x 2 ) - <OI T IAI' (xl )A v(x2)1I0> = 

(28) 

I I p 0 


=fdal (da2 [YI Y2 < 0 1 TIOp l'(Y I)Ooy(Y2) 11 . 

o 0 

The f i eld s trength GIJV (x) is a gauge invariant value. Thus. t he 
t erm <O I T IOpl' (Y1)OovlY2 ) 110 > can be easily ca l culated i n any 
su itable gauge like the diagonal gauge. + 

Let us considef now the third me thod of deri vation of t he 
Green function Dilil (x , y) and prove the statemen t of the previ ­

ous section that D~II(X -.!.; X + ~ ) is i ndependent of X 

in the gauge (7). The pote;tial A: in the Fock gauge ( 7) i sd)
related with the potential A,l (x) in the diagona l gauge by 

F 

A" (x) = AI' (x) - a,,11 (x). (2 9) 


8 

whose solution has the form ( s ee Appendix) 

lI(x) : 	 f
1 

da(x - X) 
I' 

AI' [ax + (1 - a ) X ) + A (0) . (3 1) 
o 

F 
Thus, 	 the T-produc t of the ope rat ors AjJ in t h e Fock gauge 
(7 ) can be easily expressed through t he known T-product of th e 
operat ors Ap. in t he. dia gonal gauge 

F 	 F 
A I' ( x)Ay ( Y) = AI'(x ) A y (Y) ­

a ' 	 a ~ 
--A (x ) lI(y) - - 1I ( x)Av ( Y) + 	 (32)ay y I' axl' 

a2 ,-----. 
lI(x)lI( y),+ jJ v ax a y 

where the operator "(x) j 5 connected wi th the operator AIJ.(x) 
acco rdi ng to (31) . 

The fi rst t e rm in the r . h. s. of ( 32) is t he Gr een funct ion i n 
t he d iagonal gauge. Let us cons ide r i n de t ail t he s econd t e rm in 
( 32). Simple ca lculations give 

aT1' AI' (x)lI(y) : 

a ll 	 1 
f da ~ (Y - X ) .,-----;;-:-;)~X:;-)1:2::;100ayr; 0 4"< I' [ X - a y - (1 - a 

C" - ' 

1 1 
-g,UI(da 	 2 . + 
4"2 	 0 [x-ay-(l-a)X)-iO 

1 2o [x-ay - (1-a)X)1 
+ -- fda (y - X)I' v 


40 t o !f x-aY- (1 -a)X] 2_ i OI2 


'J 



While subs titut ing (32) and (33) into equa tion ( 14 ) , one In our next publ i cations we shal l study in more deta i l equa­
should change the variables tion (15) with 8n in teraction kernel ( 37 ) and (38) . 

The authors express the ir gratitude to S.P.Kuleshov, V.A.Ma t ­x _ 2'.x • veev, S . N.Nicko l aev , A. V. Radyushkln and V. I. Savrin for valuab l e 
2 discussions. The autho rs are gra teful also to N.V . Maksimenko 

(34) who drew our attention to the work of V.A . Pock . 

y .... X + 	 x 

2 
 ., APPENDI X 

The expressions that enter (3) should change accord ing to th e 
rule Here we shall consider the so lutions of equations (22 ) and 

(23) . By differentiating the first equation, we obta in an equa­
y - X .... ~ tion ~o r a fUllct ion 

2 

a 0
(35 ) 	 axp rx~ A (x) ] _ aJ~ ( x) 

( A. I ) 
x - ay - (1 -0) X • - (1 + a )-

x ax~ 
2 

or 
Thus , we see that expression (33) becomes independent of th e 
variabl e X and after cal cul ating the in t egr als over a , it takes aJ~ (x)
the form : [4 + x~ a: lX(x) = (A .2)ax;:­~ 

XIJ. Xv_l_f ~ + 	 ."...=-~" 1 . (3 6 ) 2 	 Equations of the (A.2) type appear often in using the Pock gauge.4"' x	 - iO (x ' - ;0) 
For examp l e , they appear at deriving an inversion formula (3 ) . 
Let us study the equat ions of such a type in more detail. The 

Analogously the independence of the t hird and f ourth t erms genera l form of this equat i on is f o l l ows! as 
in (32) can be shown i n changing x and y in (32 ) accr oding to 
(34). . F x x . 

x ~Thus , the ve c tor fleld pr opaga tor DJlV (X - 2" ; X + 2) ~n [K + ~ ax 1rex) ¢ (x) • 	 (A . 3) 

equat ion (14) can be cal culat ed with any va l ue o f X ; wi th t he 	 I' 

use of (26) (gauge ( 7) at X = 0) this leads to the fo llowing form 
From (A . 3) it fo llowsof an i nteraction kerne l in equations ( 14 ) and (I S): 

x x 
g~v-~ 	 K 

a - ) fK + Y -au 1 r(yly =o,F x . x - F _ x - 10 
D (X--. X + -) = D (x) = ----;;----- (37 ) 	 yp 

11 11 2 2 /111 x2 _ iO 

(A.4) 

K-) [ d 1j'j~ v (Q ) f d 4xeiQ'o:v( x ) . 	 = a K + a - C(a x) ~[oKr (o x)l = OK- ) <p(ax) .(38) da da 

From (3 7) it i s c lear that the Fock gauge in the coo rdinate re­

pre sentat i on has the s ame form as the Lor entz gauge in t he mo­ From (A.4) we find 

mentum space , and the f orm of t he (x) funct i on (37) is ana­
0:11 	 1 K- l 
l ogous to t hat of t he Green funct ion i n the diagona l gauge in 	 f (x) - fda 0 <p(ax ) + canst , (A . 5 ) 
the momentum representatio n. o 

]0 11 



where 

K-I 
canst = f! [!) a ¢ ( a x ). 


a ~ 0 


Thus, the s o lut ion of equa ti on ( A. 2) has t he fo rm 

o I 
fda. a 3 a Jp ( Y) A (x) ( A. 6)o aY.. Iy =a x 

or 	 in the momentum s pace 

o I I P
A (p) -i f do. (a )- -.l! JP(. 2. ) 

o a a 

( A. 7)
- ijdfJ Pp JP (fJp ) . 

I 

Fr o~ ( 23) it f o l lows t ha t a general representation o f the func ti­
on All (p ) can be WTi tt en i n t he fo l l owing form: 

o 

o I [ J (p ) + I aA ( p ) A 	 (p)~- -2- P - ppf(p ) l ( A.B )
P P +!0 apP 

An equation for th e func tion (p) can be obt~jned if we 
choose a gauge conditi on all AP- (p) = a for the potenti a l (A.B ) . 
As a result, we have 

2a A(p) [2 + Pp _a_ l rep) ~ + i (A.9 ) 
app apI' aT 

where we have taken into account that 

o 


aA (p) 0 • 

PPJ (p) + i Pp ap (A. IO) 

p p 

The solution of (A. 9) according to (A.S ) has the form 

I P 2
fda . af aJ (q) a A (q) J

f(p) = 	 ( A. I I)o ~ + i aqr q· ap 

12 

o 
By suhSLi Lul in!) Lhe (ound va l ues of A ( p) and rep) i nto 
(A.8), we oblo i n 

d "p 11. 0

f :::-::r J (p)A" ( p ) 
(2.) 

_ 1 4 4 1 141 

- (2 .)4 fd pd kJP(pll- pr-:lO[gpvo (p + k) + 


( A.1 2) 

. a ~ (4) 	 a I (4) 

+ -ap Pv f d fJo ( p!3 + k ) - Pp -:-JT f dao lap ' k)­
p I op 0 


a2 1 000 (4) v 
p,,--,;-z-J pv f dafdfJ8 ( afJp+k )IJ I-k). 


( P 0 0 


The expression in fi gure brackets has the s ense of t he Green 
f unction of the gauge fi eld in t he Fock ga uge. 
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KamU3H B. H. , CKa4KoB H.o. , ConoBuoB H.n. E2-83-26 
YpaBHeHHe oeTe- CanneTepa)lJIR CHCTeMbI ABYX KBapKOB 
B KanHopoBKe ~oKa 

r 
KHJII I 6pO BOl.IHOe Y CJlOBHe B , A. CPOKa (x - XC ) A Jl (x) = 0 Hcnonb30naHO 

ASI H Ubll}Og8 yp3BHeHH R neTe- CanneTepa AJUI KanH6pOB0'4HO-HHSapHaHT 
110(1 1l0SIII OTJOJ1 Q>YHKU,HH ABYX1.laCTH4HoH C OCTaSHOH C HCTeMW , Y CTal-IOB ­

nell 	JlI IH (bYJ II(IJ,11H rpHH3 aeKTOpHOf'O nOJlR B ¢OKO BCKOH KaJIH6poBKe . 

PnO(yl';\ I)l.... I OJll l e Il Ci B na6opaTopHH TeOpeTH1.leCKOii q,H3HKH OlUUL 

npt'npHII'f O«heAHlu~Hllor(,J IotIlCTMTYTa " ,AepHblX MccneAollaHHH. ,Qy6Ha 1983 

Kap s ll.l Y V.N . , Sknc l1 kov N. H., So lovtsov I . L. E2-83-26 
Bellll' SlIljH'l er 1':qll.lLioli for Two-Quark System 
in I he F(')ck (;f1U AC 

Th~' gltUgl' ('o l1dilion of Fo(' k (x 
I' 

- x o ) A/I(x) 0 is used to 
dcriv(' t he 1~l'LIl(>-Sn lpeu~1" l\Q uf1LlOn (or .:l gauge-invariant wave 
fUllction of the two-part i c le system. The Green functio n of t he 
vCCLor field. i s l OUlld ill lhp Fock gauge . 

The invcstig.:llion has been performed at lhe Laboratory 
of Theoretical Physics, JINR. 
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