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Pierz identitieв / 1/ 8re of gre8t uee for different purpoeeв. 
Тhеу 8re moвt eвeenti8l for вupereymmetric theories 121. But Pierz 
reorderingв of epinor indicee 8llow Ш8nу eimplific8tione in perfor
ming the 2r-m8trix 8lgebr8 for non-euperвymmetric theorieв 88 well. 
Due to thie very reeвon, Siegel'в regul8riz8tion Ьу dimeneion81 re
duction (RDR), propoeed /З/ 88 8 вupereymmetric modificвtion of di
meneion81 regul8riz8tion, h8в been 8pplied to non-superвymmetric com
put8tionв/41. Вut 8В вhown in ref./5/, it iв the four-dimenвionвl 
Fierz identitiee th8t m8ke thiв regul8riz8tion echeme m8them8ticвlly 
inconeietent 161. However, m8ybe, 8 more generвl form of Fierz re

orderinge ехiвtв th8t c8n Ье formul8ted in 8 conвiвtent fввhion for 
~ mвtricee in dimenвion8l regul8risвtion. Kennedy 171 hвв proposed 
а vвri8nt of euch reorderingв for вcal8r direct products of Jr Ш8tri
cee. In the present p8per thiв poввiЬility ie sys tem8tically вtudied. 

The condit i one are formulated, under which the Pierz i dentitiee do 
not contradict commutation rel8tions for Jr matriceв, and hence, can 
Ье uвed in 8ctu8l C8lcul8tionв. Conвequenceв eвsential for eupereym
metric dimenвional regu~arization are emphaвi zed. 

Pirвt, it ie worth mentioning some important propertieв of the 
formal space ueed in dimeneional regularization. Itв "metric teneor" 
JZ~~ i s defined Ьу the rel8tions: 

fl~" = ?~". • J_,. ... j.o. =/_,.л , J,.,. = d .. ( 1) 

The врасе hae а non-integer "dimeneion8lity" d=4-2c. Вut ав argued 
i n ref./B/, вuch а ер8се вhould Ье inf i nite-dimensional because the 
number of diвtinct valuee of itв Lorent z indicee cannot Ье finite. 
Тhie follows from the fact that the 8ntis~etrizat i on operator over 
any number f.n of indiceв ie not identical zero, 

"' = j_ L (-)Р(3\) =10 
j".~ - т! S /.~<,"'a<1i .. . !!" ... ~-.! .. > , 

se "' 
(2) 

- - - · 1 ··· - ---
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i ~ . OC:t'JI(Щ~) 
' ";J.H; J~~ ~ ,r:. т'7ц ~ 



since for non- integer d and any integer т eq s . ( 1) imply t hat 

j~ =(~)= ~! f],Cd-м+n) 1 О. 
Operator (2) i в normali ze d so that it i s в proje c t i on operator: 

il'": j';,. = !1'~ . (3) 

Let us make в comment on the quasi-D-d i mens i onal space (QDS) 
/5, 8 / used in the cons i stent version of RDR. Ву definition, this ера
с е has в non-integer-dimensional subspace. Тherefore, nevertheless 
i t s own "d i mensionali ty" d =D in eq. ( 1) is. а finite integer num
ber, QDS must Ье infinite-dimenвional in the sense of relation (2). 
Our formulae will include QDS as а special севе when af is set equal 
to the integer number D. 

The definition of О matriceв in d dimensionв is the following: 

{~.tv}+=2j,.. .. i, н;.=r)'t=r,.. t 2•1,· Jl' .. 't,.=~. (4) 

It is convenient to expand any Jt~atrix product over the basis of 
antisymmetrized productв 

м ",_ 1 (J"' у, \" = r;;;r ~ 1'1'' . ~: • • • ol';. , (m•O,I,2, ... ). (5) 

This expansion is always pO'ssiЬle because of the commutation relation 
(4). And the trace·· formula, following /9/ from eqs. (4) and the cycli-
c ity of the traces, 

т,. (M"'N")=S"'"~ ... ~I'~ т,.t, ~ ... :{-)м(м-t>/2 , (6) 

makes the expansion unamЬiguous . Тhе basis (5) is irifinite if rela
tion (2) holds for all т. 

Due to Lorentz covariance, the most general form of Fierz reor
derings for scalar (with no free Lorentz indices) direct products of 
basic elements (5) is 

", ", ~ - "'" . " ". МДВМСЕ =т,. t L f" NAENCB (7) 

11=0 
' ~~"' where the repeated indice s JA ... ·JA". of the basic elements IVI in the 

l.h. s ., as well ав v1 ... '11
11 

in the r.h.s., are· contracted. 
Тhе following ne ce s sary condition can Ье formulated for this 

rearrangement to Ье true: Eq. (7) should become an i dentity after 
any contraction of s pi nor indices А,В,С,Е to trace s through 1-
matrix products when both s i des of the equat i on can Ье compute d us ing 
the trace formula (6). 
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~<- л' Multiply eq. (7) Ьу the product К 8С ЕА of basic element s 
of the form (5). Using еqв. (6) and (З), we get 

Tr ( М"'К*м•л') .. ::S* f~* ir ( КkЛ1). С8> 
1 

Весаиве l is arЬitrary and the basic elementв Л (5) are linearly in-
dependent, eq. (8) implies that 

М"'К'*М"'• :Skf~~c К*. (9) ' 

t"'k Formula (9) fixeв the values of the Fierz coeff :j. cientв Т tf be cause 
the calculation of the contraction over р. 1 ... у.. in the l.h.s. with 
the uве of еqв. ( 1) and (4) is а purely comЬinatorial proЫem. It 

hав been solved in ref / 101 for any integer even d ~ Jn
1 

k : 

· lllill(м,lc) l ( )(d k) {:*=.,",.".'[(-) ; ",~1 . (10) 

/=О 
Тhis formula also holds for non-integer d: It is obvious from eq. ( 9 ) 

that · f':-* is always а polynomial in d of de gree 111; hence ,to fix itв 
coefficients, integer even pointв вге enough. Thuв , the form (7) and 
(10) of the Fierz reorderings / 7 / is determined unamЬiguous ly . 

Now contract eq. (7) wi th к;дКrс , to obta in в product of two 
traces i n the l.h. s . With eqs. ( 9 ), (6) and (3) the re яult i в reducerJ 
to 

дmk 0/(/ k (1',. jl / = ОН J: f" {mnfnk j.>. ffll,. L « d 
n=O 

( 11 ) 

Bec8use of 

" ?•>. in 
dition for 

relation (2), we C8n cancel 8 non - zero 1 ore nt z вt ruc ture 
both в ides of eq. (11). Th iF lPa ~ F to 8 conвistency con

t he Fierz identit y (7): 

д"'*(Тr11/= i {:" f:k · ( 12 ) 

n=O 

Since t he basi s (5) i s complete, any contraction of в p inor i n
d iceв in eq. (7) through Jr-matri x produc t s , whi ch is ca l c u l 8 Ьl e with 
the use of eqs. (4) and ( 1), i s reduced to t he t v1 o rP.ses cons idere d , 
(8) a_nd (11). Тhus , if anrJ on l y if eq. (12) i s sв t iR f ied for the 
coeffic ient s (10), the re :з rra ngement (7) i s compati1J l e with eq s . 
(1) and (4). 

Setting m=k=O in eq, ( 12) 8nd URing t he reяu lt s of formu-

la (10), f0~"=_,n and {;
0= 1

11 
(~) , immediate l y .vie l ds : 

(T,.f)~=!(~)"'2a'. (1 З ) 
n=O 
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Conвequently, t he Fierz rearrвngement (7) i в imposв iЬle for the 
uвual choice Tr11.=4 when d"'4-2E. 

So, we are left wi th Tr i\. = 2r/./2.. For infini te-d imensionвl ера
се в (2), any non-negative integer numberв /.n and К are allowed in 
the consistency condition (12). And there are савев when the вeries 
in the r.h.в. of eq. (12) iв divergent. Consider, for exвmple, the 
се ве of Q4S ( Tr:tl=d=4 ) with ln=O and k=5. Due to eq. (10), r:s =~11 f(5) . Hence, the r.h.в. of ~q. (12) takes the form 

(=О { 
00 .. 

ros = 2. fon f"s = ~O+L.2.5, 
4 n•O 4 4 11•5 

( 14) 

whereвв the l.h.s. muвt Ье zero. Тhе ваmе divergent веriев (14) is 
obtained for d=4-2E to zeroth order in t (eq. (12) muвt Ье 
ввtisfied identically in l ). Of courвe, in finite-dimensional ера
сев, where d is integer and р)'"'.,=О for !n>d, there is no вuch dif
ficulty: In eq. ( 11) one cannot cancel р;,. for k >d, во the con
вistency condition (12) includes only ~Jk ~о(, and the вums in еqв. 
(7), (11) and (12) termin8te 8t n =d. Вut in non-integer or quaвi
integer dimensionв the re8rrangement {7) neceввarily requireв 8 вpe
cial procedure of вumming up divergent series. 

An8lytic continu8tion in d iв the moвt nвtur8l W8Y to 8chieve 
it. Uвing the expreвsion {10) for the Fierz coefficients, one c8n re
duce the r.h.s. of eq. {12) to 

k - м 
r'"*:: 1 5 '\' (-/lk) \ (-)t~(м+k) (d-~) l;(->'(")(d-n) 

t1 "' 1< ~ t1 L n-1 l m-l • 
/"о n•J ff •О 

(15) 

The вum over / in formula ( 15) is 8 polynomial both in а вnd in n 
of the whole degree т. Hence, the use of the rel8tion n (~) = d • 
• (~:~) allows one to reduce t he веriев over n in formu:ta ( 15) to 

8 limited number of tbe following вumв: 

б(= р". (d) i (-((m+k) («'-;-/), (16) 

n•O 
where {-.O, ... ,m, 8nd p".{d) are polynomi81s in d of degree 8t mo
вt equ81 to т. For 8ny complex d wi th Re d ;> k + l , the вeries in 
eq. (16) 8bsolutely converge/11 1, 8nd for m+k even, (J(=p,.,(d)2tl-l-l, 
else о;•О. Conвequently, for Re d > m+k, formu18 (15) repreвentв 8n 
en8lytic funct i on of d of the form 

rl/f*= pщ(d)2d 
d ", • {17) ' 
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(/r.) 
where f+m coefficient в of the polynom18l Pm (d) вomehow depend 
on т and k. . 

On the other h8nd, in ref./ 10/ it h8e been вhown th8t the condi
tion {12) is a8ti afied for any integer even d~m,k. For fixed т 
and k the polynomial in eq. ( 17) is hence determined in 8n infini te 

(1<) d ~"'" number of points. It muet Ье Рт ()=о , and the consistency con-
dition t8kes place for non-integer d >tn+k ав well. 

Тhue, provided Tr il is normalized in accordance with eq. {13), 
the Fierz rearrangement (7) with the coefficients (10) will never con
tradict the definit i one {1) and (4) if вeries like {12) will Ье eum
med Ьу an81ytic continu8t i on from Re d >lrl+k • Treвted во, the Fi erz 
identities (7) свn Ьв added in the definitione of J' matriceв and 
uвed in practical calculatione. 

However, for any choice of Tr i\., irreepective of whether rela
tion {7) i в ров в !Ьlе or not, the contraction formula {9) rem8ins al
wayв true, since it is в direct conse quence of eqe. {1) and {4). It 
is worth mentioning thвt formula {9 ) i s sufficient to perform вctuвl 
cвlculati0ne cвrried out in ref./7/ with the uee of Fierz identitieв. 

Coneider an exвmple: 

L\.(M,N)='Тr(~:лM)Tr(t~N)tTг(oA[M-(-)101 M]t)N), (18) 

where М and N are products of т and t'l 't m8triceв, reвpectively, 
вnd М is М in t he reverвe order. The quantitiee of t he form (18) 
repre sent multiplicative fвctorв for contributions to вupersymmetry 
Wвrd identities f ;.·om the variation 

tS = J dx f ia&c ( i 1>. '('~')(~ 8 4;, у/) {19) 

of the vector-eupermultiplet act i on regulari zed Ьу the consietent RDR 
version in terme of component fields / 5 ' 81. In eq. { 19) cjt ara Majo-

.L а4~ 
rвnв spinorв in the 8djo1nt repreвent8t ion of the gauge group, ~ 

8re the 8ntieymmetric etructure conet8nte of the group, f:л 8re the 
Dirac matrice s in Q4S. Тhе productв М and N in eq. { 18) are de
termined Ьу particular diagrame. It is intereвting to know whether 
the contributionв (18) are equal to zero, 8nd if they 8re not, to 
find minimum numьerв т and n, ror whi ch .А(М,N)ФО. тьtв will 
вllow one to point out l owe s t-order di8grams which can bre8k euper
eymmetry Ward identitieв in the RDR scheme. 

It is вufficient to subst i tute the Ьввiс elementв (5)into eq. ..... ", 
(18). Since М •:SмМ"', 
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6 (М"", N") • Tr( ~М'") Т,..(1) N") + ( i- ~ .... 
1
) Tr(1AM110 l~N")"' 

=[Б'" 1 
Tr ~ + ( i -~ ... .,){~"'] Б"',.J,.: Trt, 

(20) 

wheгe we u sed the tгасе вnd contraction formulae (6) and ( 9 ). Due to 
eq. (10), f:"'·~",+,(d-2m) . Hence, eq. (20) yields 

.6(М"' N")=[S"''Trt+(1-1 )(Zm-d)]o 11111q"'Trt <21> 
' Mtf ({J' ~ • 

Accoгding to formula (21), fог Trt=d=4 we have .1=0 
if lrl о г n ~ Lf. In the usual four -dimensional в расе theвe аге all 
the ca se e po ssiЫe. But i n Q4S also m,n >4 аге allowed, and we 
get the s implest non-zero exвmple of the form 

Д( М5, N5
) = 48 j;" , (22) 

in agгeement wi th refs. /S, 81. Тhе same гesult is obtained if in eq. 

(20) we Fieгz гeaгrange the direct pгoduct of two rA's Ьу formula (7). 
То reveal thia, it is sufficient to use eq s . ( 9 ), (12) and (6), гe
membeгing that т .. t sвtisfies eq. ( 13). 

It i s quantitie s like (22), unequal to zero in Q4S, that cause 
non-invari ance of RDR disc oveгed explicitly in геr./ 12~ The Q4S 
Fieг z identitie s do not help to ргоvе invвriвnce Ьесвuве the y in
volve вd d it i onвl higheг terms вв соmрвгеd with the usual four-di
mensionвl identities. Тhus, the cons istent RDR veгsion pгove s to Ье 
superinva riant only in several f i гst огdеге of peгtuгbat ion theoгy 

1
8

•
12

•
1

31. То get в гeally supeгsymmetгic dimen s ional гegulвгization, 
one ргоЬвЫу hвв to a b в nd on the use of the infinite-dimensionвl вl
ge brв of covвгiвnts (1), (4). 

Fог the We ss-Zumino model this ргоgгвm has been accomplished 
(uaing the о( гepгesentation fог Feynmвn diagгams ) i n геf / 14/, in 
which one dевlв with the Loгentz вnd spinoг algebrв i n four dimen
sions only . When rewгitten i n the mome ntum гepгe sentвt i on, this ге
сiре implieв t hat thв ( i nf i nite-dimensional) врвсе (1) with а'а4-2Е., 

nесевеагу for regulвrizat i on of momentum i ntegгal s , haa в subвpa c e 

of fouг dimensions, and вll fвсtогв in numeгвtors of supeгgгвphs 

belong to thia f i nite-d i mens ional subspв c e. Неге the fouг-d imen s io

nвl Fieгz identities ensuгe в mвnife s t вupeгinvвгiвnc e, while spi
noг соvвгiвnt в i n d dimen s ions do neveг с оте into play. But tгвn s
format ionв of auЬintegгвl expгessions , such as cancellвtion of the 
(fouг-dimenв i onal) squвгed c omЬinat ions of momentв in numeгвtoгs 
with the Gf-dimens ionвl one s in denominвtoгs, аге impo ssiЫe in this 

6 

scheme. Ав а re sult, theorieв with local gauge aymmetгies cannot Ье 

regularized in an invвгiant faвhion with the uве of such а ге е iре: 

One is unaЫe to ргоvе the gauge-invвriance Wвгd identitieв in the 
uaual form. Therefoгe, the scheme fвila fог the most inteгeвting свsе 
of superвymmetгic gauge theorieв. 

Another modification of dimenвionвl regularizвtion uвing no 
infinite-dimensional аlgеЬгв hвs been ргоровеd in геf./ 151. Тhе idea 
consists in generalizing supeгsymmetry to еvегу integer even dimen
sionality d and then peгforming analytic continuation just as in 
the conventional dimenaional regulaгization. Неге, the lagrangian ex
plicitly depends on d and fог every finite-dimenвional севе is au
peгвymmetric due to вppropгiate Fierz identities. But in вctuвl cal
culationв the acheme ргоvев to Ье extremely cumbeгвome because of 
the neceвaity to perform complicвted alge bгaic manipulationв wi th 
aupercovariant derivativea in d dimensions fог агЬitгвгу cir_. Fu
thermore, theгe аге doubtв /3, 6/ of whether auch а scheme ргевегvев 
unitarity. 

Тhuв, the proЬlem of вuperвymmetric dimensional regularizвtion 

has во far no aatiвfactory вolution, and difficultieв ariвing are 
fundamentвl. 

I вm grвteful to A.A.Vladimirov for the discussion of the work. 
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А8Деев Л.В. 
О то.дествах Фирца в nространствах нецелой размерности 

Е2-83-259 

. «зучаются nреобразования Фирца, меняющие nорядок сnинорных, индексов 
у nрямых nроизведений у-матриц. Показано, что особенности тождеств Фирца 
в бесконечномерных nространствах /к числу которых следует относить nрост 
ранство не целой ''размерности'' d • 4 -2Е 1 сильно ограничивают возможности 
построения суnерсимметричной размерной регуляризации. 
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Flerz reordeгings of spinor indices for diгect products of у mat
rlces are studied. lt is shown that special features of Fierz identities 
ln in.flnlte-dimensional spaces (such as one of d · 4-2E dimensions) stгong
ly restrict the possibilities of constructing supersymmetric dimensional 
regularlzat ion. 

The lnvestlgatlon has been perfoгmed at the Laboratory of Theoretical 
Physlcs, JINR. 

Preprlnt of the Joint lnstltute for Nuclear Research . Dubna 1983 


