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INТRODUCTION AND SUIOIARY OF RESULTS 

1. In the tiret part ot thie paper /t/we hвve conetructed в сlвее ot 
infinite-dimeneional repreeentatione ot the Lie superalgebra osp(1 1 4) 
оп· the vector ерасе 1"N: .. С 00(11)е ~11 , where 11 ie eome open aubeet ot 
,_з,{о!. The generatore X;jlc' У1 (;j 1k 1 la-2,-1 1 1 1 2 1 ;j~lc) вrе repreeen
ted in terшe ot three paire ot operвtore р~ ,~ on С 00 (11) given Ьу 

(р~ 'f )(t) :• ~: (~) 1 <<~е'Р )(t) :• ~ v (t)' 
t1 N 

tive operatore A± 1 H,V± & Endct and one nUIIerical parameter ~ 

л 2 
х-2-2 • iq2' 

л л "" 1 
х_,_2 • iq1q2' х,_2 • P1q2, х2-2 • q2p2+ ~· 

л 2 
х_ 1 _ 1 • i(q1 

2 
+ qз>, 

~ 

х2-1 
1 -1) • q1{p2- 2Ч2 

А 

х,_, • q,p, + qзРз + 1• 

-1 . i _, 
- q2 qз;э2 - q2 qз • в, 

л 2 2 -2 
х11 • -i(p1 + Рз> + iq3 с т, 

л i ( 1 -1 ) -1 . -2 i -1 ) 
х2, •- Pt р2+ ~2 +iq2 <;э2рз+iрj1Н -q,qз е т- ~з ev' 

" i 2 i -2 ( .2 12 ;j i -1 ( 2 -2) 1 ) х22 • - Р2- ~2 ;э2- 4+2i 2• н- q1qЗ е V+ 1-q,qз е т - ·~·· ' 
л "' . " i -1 У_2 • ~q2eA, У_ 1 • E(q1 eA-iq3 •в>, У 1 • -ie<p1eA-ip1eВ+ ~3 • z>, 

Л ( -1 i -1 -1 1 _, N 

у2 • -i' P28A+iq2 ;1288- ~1q2 qЗ 8 z- ~2 8Z), 

with ;12:• q1p
3 

-p1q3, €:• exp(ilt/4) 1 '1:• W+~-4, .v:•(V+ + V_)/2, 

W:• C~t 1EAt(V_tAt+2A_tН)" Т:• t<W+8-2a2-v++V_), А:• А++А_, 

в:• .&.-.&_, Z:• ~f [v~.,.&_t.1, Zс•{е< .{и,~!+ ~[vE,A_J>. 
... л 

Тhе aapping Q. 1 x;jltн x;jlt' yl ...... yl detined in thie way haa. the 
rollowing baeic teaturea: 

(а) 1l. ia а homoaorphiea ot оар( 1 1 4) into End С11 ,it the oper.atora 

A;t 1 H,V~ aatiaty 

{A1 ,.&,_J• it+'t' (И,A&J•tA11 (vi:,At1• 0 1 (н,vЕ1• 2EVt. 1 

(v+,VJ• 4Н(2н2-W-8) 1 (vt,('vi:,A-t11 • 8tAlVl' 
(1(.1) 

and it а pro;jection ~ ~ End ( N exiate auch that 

(1(2) (:в:,н] • (:в,v:tJ • 0 1 EA;t • А~·, Е':• ~-Е. 
Remarlc: Ву uaing Е we can expreaa g: N а; direct eum ot f" ~: ~ (11)8кl' 

and f:~:• C00 (11)8:1'(.N ; with the help ot thia decompoaition 



N • 
the врасе End~ beeomes graded in the standard way: 
elements map each or~~. ~f into itselr, whereas the 

ones map~ into ~~ and vice ve~sa. The conditio~s 
obviously guarantee that all the Xjk are even and У1 

even 
odd 

(1(. 2) 

odd. 

(Ь) The second-order Casimir operator equals ~; the other indepen
dent Casimir element or osp(1 ,4) is represented Ьу а multiple or uni

ty, if the set ~:= [A± 1 H,V±! is irreduciЬle. 

(с) Let us derine involution on polyпomials in p~,q~,q:1 Ьу the 

usual extension or q::= q•N р~:= -Ре+>. Ву combining it with her
mitian conjugation оп End~ we get involution on the subalgebra or 

N л .-. л 
End ;t ~ontaining aU the Xjk and У1 • Then all the Xjk satisry 
~k = -x.k, ir 
~ ~ . 
< ~3) -at е- ~ , н* = н, ~ = -v , i* .. i . 

.. -Е 

2. All the mappings that fulril (~1 -~3) constitute а class /: of 
Schurean representations or osp(1 ,4) whose even part is rormally 

skew-symaetric. The adverb "rormally" rerlects the ract that we have 
not derined any scalar product on jrN and, consequently the relation 
~ л t 

or Xjk to Xjk dirrers rrom what iв usual in the representation 
theory. Inвtead~ the rollowing holds 

Х .kp. ф - ~·х\ф ,. div ;jf 
~ ф ;) ... и . 

Here P=L.'f' ... •:l!.c' =I..'f,.eg[1' 1'ot•f,4 €: с (М), f~,g~.O:' the ь~nary 

operation • • • шаре !F N х ;:-N into с•( м) and is derined via the вcalar 
product in~N Ьу !Р•Ф :•.E~~(r.,.,~}. Finally iif.~ <y1 ,'f2 ,oz.3 > dependa 
linearly on tf.,_, у>(! and their derivatives. 

Ir we want а gi ven .Q е ~ to Ье "actually" skew-вymmetric , we ha
ve to introduce а вcalar product on а sufriciently large subset ~C1N 

л л " ""'* invariant w.r.t. all the Xjk' У1 such that (Xjk~,ф) =- (~,XjkФ> . 
for any ~ , ф ~ ~ • Thiв proЬlem is dealt with in our next paper. 

3. Each representation in Е. is rully вpeciried Ьу ~ and the eet 1(, 

satisrying (1l1 -tt3). Thuв the proЬlem of giving the complete de
scription of Е. can Ье rormulated as foliows: 

(i) For each N=1,2, •• rind Х5 с~ euch that :~t~5 irr there exists 
at least one irreduciЬle set ~ С End (tN satisfying the condi tions 
(1<.1 -К-3) ror some projection Е EEnd~N. 
Each such веt will Ье denoted 3(.1t: {А~,., и, Vz1~ and called "solution" 
( ror the gi ven 9', Е ) • 

+)Jiotice that the definition is consietent with ·the commutation rela

tions .which are fulrilled Ьу p«,qc ,i.e. [р~ 1 ~}= o•-~kq~- 1 ,k= ~~ • 

2 

(ii) For each ~6 :1<N find all the non-equivalent вolutions. 

The . proЬlem is completely solved Ьу the rol!owing 

Theorem: (а) If N is odd., then:7<'N• ~. i.e~1 no solution exiets. 
(Ь) Ir N=4M, М=1 ,2, •• , then ~N = (2М(М-1)-4,+-оо) and for each ~~:J(N 

there is just one solution. 

(с) If N=4M-2, then ~ 2:: ( 'd(t ,+оо), :Ц.N= [et11 , ~~~+! ) , М=2,3, •• , 

~м== 2М(М-1 )- ~ • There ie just one solution for filt =~м and just 

two non-equivalent solutions ror all other values ~~~N" 

(d) Let n=1 2 •• ~6-!1( and (А± н V;t;f cEndd:
2

n Ье а solution with 
1 • ' 2n • • 1t. 2 

the corresponding projection Е. Then а regular RD'Endd: n exists 
-и -1-u(D) -1 (D) 

such that cr~:lt= RD n._,. RD' Е= Rn Е RD' where 

{} 
Q J -at ••• JF2m t 

•v<n,~):= L;t; 12<~-~m) ••• n=2m-om=1 ,2, •• • (1а) 

The set ~<.J>~fл1D~н<D~v1D)~ and the E(D)have the following properties: 

(iJ Тhere are four projections F"' onto subвpaces 1t~a:.2n orthogonal 
• n~.C 

to each other, d~mv = n"", 

n1 :=Е(~ +1) 1 n2 := Е(~), n
3

:= Е(~), n4 := Et~) +) ( 1 Ь) 

such that I: F"' = I 2 and Е ( D) = F 1 + F2• Further the set 
n . 

111{D).-! (D) (D) (D)} (D)."'(D) 11. 
.г .- 1..Н ,V;t; ,W , W .=W +at-4, is reduced Ьу F ,01.•1 , •• ,4. 

(ii) Ir n."> о, then the rest.riction :P.,.(D) := !Р (D)~V'"'is irredu
ci Ьlе and W( D)~ 'rcl = (w.., -+1t-4) I , where 

n.,. 2 1/2 
,..., ,..,. { n .... { ( 41C+20-n ) • • • n=2, 4, •• 
w = -w = u. : • w • -'W = JJ...... • = 1 2 со n-6 • 3 4 ~-1· n+~ ••• n•1,3, •• 

Further an orthonormвl basis С01 С rt« exists вuch that the matrices of 
operators н<,р>: = H(D)t'V'OC. (VlD) )ot: = viD)~'V'01 w.r. t. ё« satisf'y 

f г, (D)J [ (D) ] 1 [){1 (n.,,w-.+Ot-4) ••• n=2,4, •• 
1;. LH , ( V + >.с, j = 1 11 Е( ol/2) «. - J(2 <n.c.,~(".-(-1) ) ••• n•1 ,3, •• 

the sets J{r being given . in / 1/Eq.(2.9). 

(iii) A~D)• (Ai~))*, н<DJ=(H(D))*, V(D)= -(V+(D))*, W(D)•(W(D))*. 
\ - ~ 

(iv) Let А al~ Ье the operator from 'lf~ to 'lf that is obtained 
• Ьу restricting i~ fult

1
' F•лiD)F/) to 'ftP. Then Aot~ •Aat+2 ,P+2., 

о, 41( 1t' 8 1,2, and ror the remainig eight pairs rt,~ the matrices of 
лdР w.r.t. tье ьвsеs or (ii) ьаvе tье rollowing elements : 

+}Тhе -d-erinition or E:J. .. Z!!{o,:t1 , •• 3 reads Е(х) :•sup{njn~ 7l,n!.x!. 

3 



·~i .. &1+1-k ~ 21 'tc"1-ti ) • а~~ .. -~1+1-kv 21t]. • 

a~i = s1-k V<(Aa-21 ><~1-"i> • a~i = -f1-k ~1>'{;1 •• 

8~~- = b1-k V(f~-a+2-,21 )'C'1' aii = -~1+1-k~ 211:J.+1• • 
·~i =S1-k~<~o+2-21)(~1-т:1) • 8~~= -~1+1-k~ 21(tt1-t:1+1) • 

1!!k~nol.., 1~1fn(!o, -z:-1 := 21-1+(('1-1-fo)/2. 

The reвt of the paper iв devoted to pгoving this theorem. The 
notation introduced in 7 1 /iв used most1y without explainig it anew. 
New. formulae, lemmas,etc.,are numbered Ьу вing1e araЬic numera1s 
whi1e decima1 numbering indicates reference to 11 1 

PRELDПNARIES 

4. For each pair of unit vectors f,gE~n 1et Un(f,g) Ье the opera
tor on ~n (that iв вupposed to Ье equipped with the uвua1 вса1аr 
product <., .)) whose action on any hEitn is given Ьу 

uj <t,g) h := <ь,g) t • (2а) 
This operator is а partia1 isometry 12/whose initia1 and f'ina1 sub
spaces are the one-dimensiona1 ерасев epamиed Ьу the veetors g and 
t, reвpectively. From (2а) fo11ow 

U:<-r,g) = Un(g,f), UD(f',g)Un(-r;g') = <-r;g)Un(-r,g'), (2Ь) 

which further imp1y that Un(f',g) is an orthonorma1 projection, i~ 
-r:g; 

Let {:rfn~ •• ,-r~n)}be the standard orthonorma1 baeis in ~n, 
rfn>:• (1,о, •• ,о), -r~n>:= (О,1,о, •• ,О) etc. The f'ollowing specia1 no
tation will Ье used: +) 

л8 (n),. U (.-(n) ,.(n)) 11 _ f'(2) r _ ~(2) ""в .. 1 2 jk • n ~j '~k ' ~= ~ ' ~~~ ~ ' '' ' (3) 
Е..+ = f21• ,- = Е'12' бз• ~11-l'22•~o= t."11+~2 = 12· 

~. Consider ((. 2n = ((.n е{.2 , the ordered orthonormal Ьasis 
(n) J · t i ".2n 
~ :•tf'18'f'p t 1eCf2 , •• ,tne~1 , tne'f2 J n"' andexpress 

TEIEnd ([.2n via its matrix eleшents w.r.t. 13(n): 

any 

2 n of(3 л . Л-t.l1 
'f • ~ L.. t.k: ejk8E'c~8 •Z: t гetl<(i. 

IIC,(!=1 j,k-1 ;) г ~ 
(4) 

+Jн t i · · ence orth the upper ndex ~ w~ll Ье most1y om~tted. 

4 

Besides the basis ~ (n) and the correspon.ding decomposi tion (4) we 
sha11 consider another basis l(Cn)that differs trom ~(n) in the or

dering of vectors f j е У'с( • The e1ements of $ (n) are ordered accord

ing to increasi~ va1ues of r: =j+IIC-2, О .f r .б. n. If r iв gi ven, 
ranges from ~<: := max(1 ,r+2-n)= 1+S to «(r):= min(2,r+1)= 

m~n r-n max 
More convenient iв worki~ wi th ~: = ot (r) +1- о( , whose range iв 
1-f ~!,.u.(r):= «(r)+1- о(<: = 2-о -о ~a~hue we have .._- max m~n r r-n 

$(n):=f'Prt-lr=0,1, •• ,n, 1~~~~(r)}, where 

'Ч'rf- := fr+Бr+f-1Ф!fз-t--8r , 
the inverвe relation being 

fjat У'С(, = lJI j+lt-2, З-.«-Б'j+к-2 

then С( 

2- sr. 

(5а) 

(5Ь) 

Let Pr Ье the projection onto the subspace spanned Ьу the vectors 

"/J~, 1~~~~(r), i.e ., dimP0= dim Pn =1, dim Pr=2, 1~r~n-1. Ву using 
(2а) and introducing 

. Prs;~v== u2n < ~rt!-' ~sv > • (ба) 
one obta~ns 

~(r) n 
Р=...--Р ~P=I РР=8 Р 

r ~ rr·~· '- r 2n • r • r-s r• ~1 ·~\ r=O 
Тhese re1ations determine а "Ьlock structure" in End <t2n: f'or any 
Т ~ End (. 2n one has 

n 
Т = L. Trs ' 

r,s=O 
Т := Р ТР • rs r в 

Тhе Ьlocks can Ье expressed via matrix e1ements in Eq.(4): 

(7а) 

• ~ir.) ~s) г ,. 
Т "'~ 'Е. tЗ-,ц-о,.,З-11-~ Р (7Ь) 
rs ~1 1.1=1 r+5r~-1 ,s+~s-+V-1 rs;f\J • 

This formu1a ensues ffrom (2Ь) and 

Р - ~ Е rs;~~- r+Бr+~-1,s+08+v-1Ф з~-&r,З-1.1-~8 , (бЬ) 

-;-. е t.n = Р • <б с> ;зk ~ ;з~2,k~-2;3-~-Бj+«-2 ,з-@-dk~-2 ' 

the latter re1ations being а consequence of (5а,Ь). 

NECESSARY CONDIТIONS 

In this section we derive some necessary conditions that must satisty 

the set ~В. and any so1ution 1f.a_ С End ctN, :~t•:J<N. first we wi11 consider 
the f'o11nwing auкi1iary proЬlems: 

(i) for n=1 ,2, •• f'ind Jnc ~ such that etEJn iff there exists at 

5 



1east one irreduciЬle зеt tl.aa{h,~:!:!;tcEnd (tn satis:fying 

[л л ] + 
h, v't = 2"lv,_, t~t• -1 • 

{л л 1 1"2 9 
v+,v-J = ~h - (~+ ~) 1 

d(h)CIR+). 

Each such ~ wi11 Ье ca11ed "sma11 so1ution". 

(ii) :for each Q(t::J-n :find а11 non-equiva1ent sma11 so1utions. 

6. ~: (а) If n=2m, m=1,2, •• , then 

1 J:, 2 2 
= :='-\{(m-21+1) +m -5/1=1,2, •• ,m} n n · 

and there is just one sma11 so1ution for each ~~Jn• 

(8а) 

(8Ь) 

(8с) 

(9а) 

(Ь) If n=2m-1, m=1,2, •• , then 

:J-n = ;J~:=[эem, -t-oo) '{ 2m(m-1) +21(1-1 )-4 11=1 ,2, •• ,m-1 j ++) (9Ь) 
and ther.e is just one sma11 so1ution for ?(=~, and just two sma11 

вo1utionв for g( Е- 'Jъ' {~m1• 

(с) Each вmа11 so1ution is equiva1ent to в tл в л в J 
.U: ,?(n, ~) iв defined Ьу Eq. ( 1 а) and 

tt.~ : h , v:t (J. , where 

"в ~ n л ++) ( 1 Оа) h :=Е (2k-1-~0 > ekk, 
k=1 

лв n-1 л лв n л ( 1 ОЪ) v+:= L. ck ek+1 k' v : = L ck 1 8 k 1 k • 
k=1 ' - k=2 - - ' 

the ck, k=1,2, •• ,n-1 being non-zero comp1ex numberв given Ьу 

.г;- S k(k- ~) •• k even 
ck:= ~~· О .Sarg ck<"l-' dk:• t 1 2 2 • 

. ~(k +<e-0-k) )-;t -5 •• k odd 
( 1 Ос) 

~: Let~k;~ь.~:t1~ Ье а вmall so1ution, ~ Ье the minima1 eigen
va1ue of f: ((!>Е 1R a~rcording to ( 8с)) and 1et g1 ~ (tn, g1 1" О, satiвfy 
hg1 = ~ g1 • Ву introducing 

л 

gk:zz v+~-1 
and using (8а), we get 

л 

k=2,З, •• ,n <•> 

hgk. (~+2(k-1))gk, "" "' hv _g1 • <p-2)v _g1 • (**) 

" Thuв the vectors gk sre either eigenvectors of h or equa1 zero. 

+) ~<t> denotes ~he веt of а11 eigenva1ueв of h, i.e.,the вpectrum. 
++) . j 

~ai· 2m(m-1 )- ~· f'd"'n (if n iв even) or n-.$ (if n is odd) - cf. 

the Theorem. 
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Now {?, iв the minimal eigenv81ue of h 8nd hence 

~-g1 = о • (+) 

Suppose g1 , •• ,~ are non-zero and ~ «k~ =о. Then (**) imp1ies 
-р k=1 . 

~ k~kgk ~О and from theвe two equa1itieв one eaвily conc1udeв 
k=1 
that -~=· !g1 , •• ,~J is 8 1inear1y independent веt. Thuв there is 
воmе р, 1 ~ р ~n, such that g1 , •• ,~ are non-zero and 

~+1. ~+~ = о. '***) 
- л -

Consider the subspace ~~in• Cle8r)y, h 8nd ~+ map ~~in into itself 
and Ьу uвing (+) and (8Ь) one findв for k=1,2, •• ,p 

л 1 k-1 5::) . . 2 
v_gk = <\-1 ~-1' dk:= ~(-1) }=ъ(-1);э[(~+2;э) -2gc-9]. (++) 

Thiв meane that ~in is 8n invarlant вuЬвр8се of ?ta., and irreduciЬi
li ty of 1!.х.. then implieв р • n. 

Hence g1 , • • , ~ is а Ьавiв in С[ n and the above equations com-. "' ,.. . ~ p1etely determ~ne the operators h,v+ except for relat~ng 1~ to"8nd n. 
In order to find this re1ation арр1у both sides of Eq.(8b) to ~: 

1 2 ] n-1 j [ 2 :1 dn- 1 ~ = ~ [<(3+2n-2)- 2К-9 ~· i.e. f=
0

(-1) (~+2j) -2ft-9J=-O. 

After performing the summation one h88 f.J =1-n and ~=1-n+.,. ~r n even 
and odd, respective1y, which, with the he1p of the notation introdu
ced in ( d-ii) o:f the Theoreм, gi vев 

(3= 1-f-o~ ~Е~ • 

Simi18rly, the expression (++) for dk yie1ds Eq.(10c). ,. 
Suppose ck=O for some k, 1 !k{n-1. Ву (++) one h8e v .. gk+1•0 

which, together with (*)- (***), вhows that {gk+1 , •• ,~ie 8n iвv8-
ri8nt eubspace of 'lf..:t.. Ав ?l.k is irreduciЬle, we conclude с~О, i.e.~ 
also d~ О for k•1,2, •• ,n-1. After subвtituting ~0·n or n~(8ccord
ing to the p8rity of n) in the formu18e (10с) :for dk 8nd re81izing 

that '11-t: IЦ 8s е- о'~ ) , we get 9t& d~· 

We h8ve thus proven 'J n С 1 ~; for proving the oppoei te inc1usion 

we only need to show th8t the eet ~м ) given Ьу (10) iв irreduciЬ-
... ~,n lf' 

1е and ful:rilв the conditionв (8) for any ~'"crn • Verific8tioa. of the 
firвt of (8) is str8ightforward; for getting the вecond one first de

rivee :from (10с) the equ81itiee 

dk_1+ dk • i [<2k-1-c_'l.o)2-2x.-9), k=1,2, •• ,n-1, d0 :•dn:=o. 

Further, i:f~&:f~, then d~ о, k•1,2, •• ,n-1 8nd .J.~;~. Тhiв imp1ies 
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on· the one hand (Вс) and1 on the other hand 1 irreducibility of ~~: 
suppose ~ с:: (tn 1 а~ {о~ is an invariant вuЬврасе of 11~ 1 let g. Ье а 
non-zero element of ). 1 g= r,r,+ •• + rnrnl and let J:=meз:fj)1~j~nl 

t:# о}; then f1=<'lj ~Ac.)-1 (;~)J- 1 gl i.e.,f1t=~. Similarlyl one getв 
~ k-1 j:\ ~ 

fk=<.Пc.>- 1 <~:>k- 1 r1 a ~ 1 k=2 1 З, •• 1n. Thus -n_.: has no non-trivial 
~=1 ;) 

invariant subвpaces and the equality dn= 1~ is hereby proven. 

One turther веев that for n=2m-1 1 ~>~ 1 the вets .f?~+) 1 n~-) 1 
~(±):= ~~2Qt-~) are non-equivalent: they differ,e.g.,in the вpectrum 
ot ~8 • 

For proving (с) introduce ~ : =1 1 o(k+ 1 : =ck~ во t hat ~ 1 ~ • 1 ~ о. 
Then а regular operator ~Е End <t n is defined Ьу ~gk: = c:(k:rk and i t s 
inverse satis:ries ~- 1 :rk = 8kf~k (see весt.4 for the definition of 
r:r:r~n>). !'rom (*)-(***)1(+),(++) one then findstr.k=~ 1 -n.; ~ •• 
7. Ву using this lешша one gets the following partial answer to 

the proЬlemв :rormulated in sect.3. 

Proposition: (а) I:r N is odd 1 then ~N= ~ • 

(Ь) If !f=2n1n=1 12 1 •• , then 'l<Nc;}~ (see Eqs.(9)) and any solution 

~at!! tA• 1~V±}x iв equivalent to 1(:: fЛt 1 H8 1Vц,, where f•i(s1'iC) 
i8 given Ьу Eq.(1a) 1 

• .в 1 "'8 л 
.11 := 2(h •~о- Incd3>1 

8 Л а 4L 
A'f.: = In w . f , 1, • ± 1 , 

8. л в 't , .... s 2 ... 
v".= 2v,eE: -1 v"") •Qo' 

( 11 а) 

( 11 Ь) 

( 11 с) 

and the ее~ {.~8 1 ;;J. С End q:n is de:!ined Ьу Eqs. ( 1 О). The correspond-

ing i 8
; ~11л;, (V~tA~ + 2А~~ Н8 ) reads 

WВ= 2 ~~~,eE4t- ~8ес13 + I 2n. (11d) 

(с) I:r n is eyen1 then for each~~n there i8 ju8t one solution1 
whereas :ror n=2ш-1 1 m=1 12 1 •• 1 there are at mo8t two non-equiva

lent 80lutions if «,4i ~2n' {1Сш\ and just one solution if ~·'t8 • 

~ Ву using {A 11A4t]= ~(+t one easily proves (а) and existence of 
, -1 

а regular R such that At= RA\R 1 where 

А1_:= Inee't. (+) 

Let н'= lii ~~ее,. and v~ =~ ~~Qtd.f6 Ье the decompositions (4) 

:ror н•:• н-1 НR and v;:= j\•R1 respectively. The second and third o:r 
.. л~ " ,.. л ~ д+ ,.._ л" л "t 

(~1) and (+) then iшply ь12=ь21 =О 1 ь22= ь11 +In 1 v12= v21 =01 v11 -v22 , 

8 

~ 

+ . л л "" "' 1 ""+ л 1 л- л л fL 1= -1. Ву denot~ng h:=2h11 + In1 v+:= 2 v21 , v_:= 2 v12 , y"'L := v 11 , 
we get 1 л л 

н• .. 2<ь•~о- 1n8 ~3> ' (++) 

v~= 29tt • t:1 + 9"l. е 11 о· <*> 

The fourth of (1t1) now yield8 

tЬ,;.z.J. 21ft~tt , r~~~, 1 = 4t~". <**> 

With the help of (+) and (*) we turther obtain 

, [' '] л , , .... .,_ z"t.:• V"t 1 Л_t = -21!f.vte ~ 3 • л,_ v"L = y"t CD! 

and substi tuting into the last of ( 1(.1 ) gi ves у "t. = - "t ;i . Hence 
the · first of (**) implies t .he second one and turther one ha s from (*) 

, ·л ~ "-2 ~ (+++) v"t. • 2v,4!1t - "tV"'L е <о~ о• 
~t usлnow expres s f':• R"'1i'R • ~"tA~(V~"t л~ +2Л~"tН ') i n t.erms of 
h and v..,_: 

if•,. 2 ftt~_"e .t"L- ~еб3 + 12n • 
Then the :!ifth o:r (3l1) implies 

(++++) 

л л t 1~ 2 9 +) 
fv+ 1v_.) • 2h . - (gc+ ~) • (***) 

· We thus s ee tha t ~or any ~e'l2n t-he set ?l. :={h,~±} :f'ulfils the 
conditions ( 8а 1 Ь). We will show t hat ~ is irreduciЬle and fulfils 
(8с) as well . Suppose ft. has an invariant subspace and let ~ (i End ~n 
Ье the corresponding projection. Thea;, Ьу using (+)-(+++) , one finds 
that ре~0~ i s an invariant sub8pace o:r 1('1( . Hence irreduciЬili t y 
o:r ltat.. implies irreduciЬility o:r 11.. Finally1 (++) gives 

{ ~(~: 1) I.AE <S ·(~) 1 с ~(Н') = cS ( Н). 
l\ 

Now 1 Ьу (~3) one has о'(Н)<~ 1 i .e.,any ..A• ~Hh) шust Ье real. 

Thus :ror any -к•" t he set {~~~+ \ is в sшall solution. Ву the 
"'2n - "' n 

lешша one the11. has 1(~'1' and a lso existence o:r в regular r 4iEnd([ 1 
1 On "" ~ 

such that ?1. • ~- -~ )~ 1 i s guaranteed. Now R
8
:• r er2•R is regu-

' F\DI. 
lar and 1 Ьу sett ing Х3 :• R

8
1{atR: 1

1 one gets t'rom (+)-(++++) the 
Eqs.(11). Froш (1 0а ) and (3) one further :rinds 

н8 :rkef. • (k+a(-2-N2) :r~c•f.,· k=1 12 1 •• 1n 1 a€•1 12 9 

and ао the spectrua o:r Н8 reads 

~(Н8 ) • fr-e-c/2Jr=0 11 1 •• 1nJ. 

-:::+'")rn--:r-a_c_t_,-i:t-A-~':",,-H-:,:-,-v·~ are given Ьу ( +) -(+++) and i:t (**) holds 1 
then [v;1vJ• 4Н'(2Н'2- i'-;t-4) i s equivalent to <***>· Тhia can 
Ье easi l y veri:ried Ьу usiцg t he identi ty 

[~ltt. .~~.J· [{~ .~_t} 1~_,]. 
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If n=2m-1,~>et.".,laeeuaee two va1ues Qo(±):= ±V2(~-~ ) and, as m 
~0= n-~, one sees that б(Н~С+)) ~ ~ (Н8"с-]>, i.e., the sets 1(~(+1' 
Х4~) are .non-equi va1ent. 8 
8. Up to now we were concerned most1y with imp1ications of (К1) and 
irreduci Ьili ty, whereas of ( 1(.3) on1y the requirement d (Н)С:. Щ hae 
been used. In the rest of this section we are going to show that ~З) 
imp1iee much stronger conditions on ~2n than those given in the Pro
position; in fact, it wi11 Ье shown that ~2n cannot Ье 1arger than 
the eets mentioned in (Ь) and (с) of the Theorem. 

Ana1yzing conditions (НЗ) is comp1icated Ьу the fact that the 
star re1ations imp1ied Ьу them for operators H8 ,w8 ,v: invo1ve the 
operators R ,R* whose interre1ation is not known. On-the other hand, 
working with 

8
H8 ,w8 ,v: is convenient as these operators are exp1ici

te1y determined Ьу Eqs:(10 1 11). We must therefore start with those 
properties imp1ied Ьу (~3) that are invariant w.r.t. equiva1ence 
transformations. 

As Н and W are hermitian and commute (see the proof of Lemma 
IV.1), there exists а basis in~2n such that the matrices of Н8 and 
i 8 are diagona1 ~d rea1. For finding it 1et ~в decompose Н8 and W8 

according to Eq.(7a). With the he1p of (бЬ,с),(7Ь) one has 

я8 , •' ,(r-.llf._/2)P , -rr r-r ~-а r 

w~, = Бr-r•wr t Wo:""~_A-oPo, Wn:• (2n-t'o>Pn, (+) 

wr:= (2r- foHP rr; 11-Р rr;22)+2cr(Prr; 12-Р rr;21)' 1srin-1 • 

Since Tr W • О for 1~r,n-1, the eigenva1ues of Wr aretLr·-~·More
over, JL Е { as each eigenva1ue of W ie a1so an eigenvalue of W8

; 
~~ r 

this fo11ows from (+) which turther showe that W is diagona1izaЫe 
-в r 2 ( because W is). In other words, there exists а regu1ar .!l.r Е- Endct 

such that 
(D) "-1 

wr :•.1o.'"r wr.n.r • ~r(Prr;11 - Prr;22·). ( 12а) 

Ву taking into account that the cr ocaurring in the 
ia non-zero (see Lemma 6), one eaei1y concludes that 

~r ~ О, 1 Е r ~ n-1 • 

The secular equation for Wr reade 
2 2 2 

~r = (2r-~0) - 4cr 

Ьу using (10с) one finds 

formu1a for wr 

( 12Ь) 

<*> 

f7.j""(!-c• j•1,2, •• ,E(~), ~;j-1 •~, j=1,2, .•• ,E(~) (12с) 

.... 
10 

with (cf.(•-ii) of the Theorem) 

·= tn ~ := r~4~+20-n2 ••• n even 
~о· n-"-' 1 1 { n+-8 ••• n odd 

(12d) 

~: These formulae hold for r=n &8 wel1 ~ this can Ье checked, 
if one substitutes for ~О into~n= 2n-~0 ( see (+) and notice that 
Pn is one-dimensiona~ However, the condition (12Ь) app1ies only if 
n~2; if n=1, then<"'o• ~1 may equa1 zero. 

Fo~ finding ~ one makes use of the decomposition (cf.(7b}) 
!lr"' 1д Gc.)~ Prr;oф and rewrites (12а) а8 Wr.ftr=~w;D}. This equation 
determinee the ~-th co1umn ( c..)f(3 , t<!~(J ) , ~ =1 ,2, unique1y up to one 
multip1icative constant that wi11 Ье fixed Ьу requiring /wf~t 2 + 
[eJ~~\ 2 = 1 • .Qr can Ье written down in а compact form with the 
he1p of auxi1iary quantities 

1 1 +) 1' 
fr:= ~( t!'r+ f'o>-r = ~( t.'-r- ~n}+n-r • dz.:= ~<rr-~)+r • e-r- Pr• 

jr:= (lc/+~;>-112 , "Zr:=(fcrf 2+p;>-112 , 1 ~r~n-1. (1За} 
Notice that а11 these quantities are real and non-zero. This is due 
to cr~ о, ~rE lt and the equality 

fr fSr = -с~, ( 1 ЗЬ} 

which fo11ows from (*)• One then has 

.Qr = fr( fS rprr•11-crPrr•21) + "'lr( Prprr•12+crPrr•22) 
t ' t t 

JL -1
8 

crPrr;11- frPrr;12 
r crrrlr 

+ crPrr;21+ ~rprr;22 
c~r'rz. 

Let us summarize the results concerning the diagonalization. 

9. ~: (а} For m=1 ,2, •• one has :R4m С ~~m () (m2-5,+00}, 

~2cd~ 

( 14} 

{1(4mf.2C Э~m+ 1 ' t4m(m+1 }-4}=[ar8 ..,1 ,+оо >' {2m(m+1 )+21(1-1 )-4j1'1'm+~. 
(Ь) If n•2,З •• ,'ХЕ~ , then У8 has four non-zero eigenva1ues fo•-l."o• 

n в 
~ 1 ,-t-1 (see (12d). For n•1 the eigenva1ues of 'i are ~·Ь and 

t~~Y may aeeume а11 rea1 va1uee. Let n1 ,n2,n
3

,n4 Ье the multip1ici
ties ,of ~0·-tь·~~-~· reepectively; then Eq.(1b) ho1ds (~IIJ14ao if n=1). · 

(с) Coneider !l~End~2n whoee Ыосk etructure (7а} reade 

д.r8 :• ~r-efix.• r,e=1,2, •• ,n-1, дd=tUif'o• .O.t=o.lnPn J 

+J 
This equality follows from ~0+ ~fn= 2n, n=1 ,2, •• (вее (12c,JL)) • 
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where w 0 , 6J are arbitrary non-zero complex nuшbers and the opera
tors .Q r Б En~ <t 2 are gi ven Ьу Eq.. ( 14) • Ву 'introducing 

x<D) :• .а.-1ха.О.. • xs:= на ,ws • v~ • 

one has 
H(D)= Н8= f. (r-~-12)P 1 r=O (.1 r 
W(D)•t"o(F1-F2) + e-1<F3-F4), 

( 15а) 

(15Ь) 

where F~ are orthogonal projections that are deflned via 
onal projections protL:= Р .~as ~oliows 

n ~~~- n 

one-dimensi-

F1 :• ~ p2r-2,1 
1 

F2:=l: P2r1 2 
1 

F3:=i?P2r-1.1 1, 
r•1 r=1 r=1 

n4 
F4:= L,. p2r-1 ,2 

r•1 • ( 15с) 
Due to the properties о~ ~•fone has 

t(d.r" t( 4 с( 
F FГ =о.." А F 1 1: F • I 2 о 

~-г d•1 n 
Finally, the Ьlock structure о~ viD) reads: 

(V(D)) = ~ у{+) (V(D))- = d v<-) O~r~n-2 
+ sr s-r-2 r 1 - ra s-r-2 r 1 1 (15d) 

(+) ~-1 (-) -11 
Vo :• c1"'os2 Р2О·11' Vo :• 2c1.L1o~o 2РО2·11 

' <.. t ' 

v<+> •• -:t с IL (&)-1j: Р 
n-2· n-1 n-2{n n n-2 nn-2;11 

v<-> :• -2с с- 1 (А) t:1 р n-2 n-1 n-2 n n-2 n-2n;11 , 
n•3,4, ••• 

( +) ( j \-1 -1 ) 
vr :• -crcr+1 rlr+~r+2r; 11 + ~r1r+2pr+2r;22 • 1 ~r ~n-3 

(-) ( ~ '--lj ..,-1 ifJ .,-ID -1 ) 
Vr :• crcr+1 ~r+21r 0 r+2 чr Prr+2;11+ ~+2~lr+2fr Prr+2;22 • 

~:(а) ~ollows ~о111 (12b 1 d) and~rE~, (Ь) and (15Ь 1 с) ~0111 

(12а). Тhе ~ormulae (15d) have been obtained Ьу usiч (11с),(10Ь), 
(бс) 1 (14) and soae properties о~ р,б which ~ol1ow directly froa 
(1)а 1 Ь). All the rell18ining asaertions have just been proven· aЬove.ll 

10. The operators н<D>,i<D>,v!D) are related to the starting н,i,v± 
via the regular trans~o1'1118tiol!'. ~: 

В• RJI(D)Rj)1 , etc. RD:• н;1д. +) (!ба) 
Ву introducing the poaitive regular 

S:• ~D (1бЬ) 
and- reali•iч that н<D~f(D) are herшitian, we ~i~d that the conditi
iona (JLЗ) are equivalell!t. to 

* [н<D>s]. о [t<D>s] • о v<D> s • sv<D> (tбс) • • • • + - - • 
+ 
. 8

8 
haa Ьееn introduced in the proo~ о~ Propoaitioв 7. 

12 

Ву analyzing these relations we arrive at the ~ol!owing ~inal ~orm о~ 
necessary conditions. 

Proposition: (а) ~or 111=1 ,2, •• ont has 

~с~~111 := (2m(m-1)-4,+ao), 

:1(2с ~:=[~,.+оо). ~m+2c ~:m+~= r~m+1•~m+1+ !>. 

(Ь) То any so:'lution 1iae,CEndd::2n, n=l ,2, ••• ~~~n• there exist ~our 
positive numbers ~ and а regular operator RD that obeys 

4 
~D = ~ s~F· (16d) 

.,(:1 

and trans~orms '3f.8C.to ~~>: ·= {A~D~ ~(D) v~D)1, according to (16а). 
Here H(D) and the auxiliary oper;tor W(D~.~~A(D)(V(D)A(D)+2A(D)H(D)) -t· ~ -~ ~ -~ 
are hermitian and the ~inвi. ~ora о~ ~~D) is given Ьу Eqs.(15a-c) and 

(D) n-2 ,г;::-:;-- (D) (D)* 
v+ =~0Vfr+1dr+1<vfrdr+2Pr+~~11+~fr+2drPr+~;22)' v_ = -v+ , 

r- ( 15е) 
(D)= (D) _ 

А+ -iP10;11' А_ = iP01;11 ••• n-1, 
А (D) -i 1!t ,r;---т-

+ '"'~f:iЦ6rPr-1 Prr-1;11-Ydrdr-1Prr-1;12 + (15~)1 
О • г;:-;:-- .г::-;- ( D) ( D) * 

ту .Prf'r-1Prr-1 ;21-1Pr~-1 Prr-1 ;22> • А_ =А+ • n~2, 

where fr• 6r are given Ьу Eqa. ( 13) and eatis~y fr> o,tr> о, 1 = r ~n-1; 
in additioa1 we set 

+) 

do==fn:•O, fo==t:o• ftn==f-n • (13с) 

~: Ву Proposition 7 and Lemma 9 there is а regular RD such that 
(D) -1 /"о# • 

Х ~= RD Х~, X•H,W,V+ are expressed via the partial ~sometrie s 

Prs;~~ according to Eqe.(15a-d). Тhеп the ~irst two or conditions 
(lбс) determine the Ьlock structure (7а) о~ S;, R~D: 

а 2 
Sz У" Sr 1 s0:,. tf!o• Sn:= tnP , Sr:a2: trмprr·ШA.' t~r~n-1.(+) 

r-tl n ~·1 <. ''-' 

As S is regular and positive, one has 

t 0 ,tn,tr1 ,t.-2 >о,. 

+} 
In (15е,~) occur the operators P20 . 22 ,Pn2•22 and P10•22 ,PI0·1 2 , 

Pnn-1;21' Pnn-!; 22 ~or which the de~iriftion lба) does n~t 1118ke
1
eense. 

In ~act, these operators сап Ье de~iвed arЬitrarily, as they are al
ways aultiplied Ьу zero quantities 60 or р • We have introduced thea 
tor bringing ~ormulae ~or v~D),A~D)into th~ above compact ~ora. • 
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Now (15d) and the third of (16с) give 

( (+) >* - (-) - 1 2 ( ) vr sr+2- -srvr , r-0, , •• ,n-. * 

In particular, for r=O we get ё'1 щ0 ~2 1 t 21 = -2t0c1tt0 GII 01 j 2 • Since 
t 21 , t 0 and .}2 are posi ti ve, i t must hoid с~~<. о. Now for n=2a: one' 
has ~=n and (10с) then implies 2Q(.+9')-(1-2a) 2 , which is SCfr~:ш• For 
n=З,5, •• (notice that (*) does not make sense for n=1) one gets 

c..J.+t)(n-.,)>0 4Ф -1<"<n. 

Similarly, Ьу setting r=n-2 in (*) and using (12d), the relation 
-n<".<-1 is obtained for n=З,5, ••• Altogether one has h'-1<1, i.e., 

О~~- Qt(n+l )/2 .&:: ~. which is ~6~~n' and thus (а) is proven. 

The inclusions ~nc::~n imply Re ck ~о, ~ ck)O, 1 !:k~n-1 and 
е- r> О, О ~r ~ n, n~ 2. This can easily Ье verified wi th the 1\elp of 
Eqs.(10c),(12d). Then the relations (13) give 

fr '>о, 6r> о, O~r~n, , 

}r=<rrdr)-1/2, ~r=(~rPr>-1/2, cr=i(fr~r)1/~ 1~r~-1. (13d) 

Ву substituting .into ( 15d) and :fixing the hi therto arЬi trary "'о• "'n 
ц>о:= '5- • c.Jn:=t • 

the relations ( 15е) are obtained. Similarly, one get's from: 

() rrr . .г;;; "-1 n* 
..l.t.r=~ ~( (Р rr; 11 +iP rr;22> +V ~(Prr; 12-iP rr;21 > ,-~.~.r =J.Lr• 

Further Eqs.(11b),(бc) yield 

s .;._ s s* 
А+"' Р10;11+ r~Prr-1;12' А_=(А+) 

( 14) 

1 S r ~n-1. 
( 14 ') 

and then (15f) imaediately follows from the definition (16а). Finally, 

substituting (15е) and (+) into (*) gives t 0=t 21 , tn=tn-2 , 1 , 

tr+2 1= trt• tr+2 , 2= tr2 ' r=1 ,2, •• ,n-З. Now Eq.(16d) fol~ows froш 
(15cJ and (+), if one puts s 1:=t0 , s 2:=t22 , s

3
:=t11 , s 4 :=t12 • 11 

SUFFICIENТ CONDITIONS 

11. Proposition: For each «•~n the set t~~,a.)li 1(~D)~ {4D) ,нСD), 
CD)z 

V± Ifspecified Ьу Eqs.(15a,e,f),(1a),(12d),(1Зa,c) 
is а solution, the correspoDdiпg projection beiпg E-.r1 +~2(eee (1,е)); 
шoreover, one has 

(A(D))* • A(D) 
+ - • (D) (D) .о +- r 

If n=2ш-1,ш=1,2, •• and 'Oite~n'f~3· then ffl(+)' Х"С-)' v(_,:ay2(a-~), 
sre non-equivalent solutions. 

14 

Proof: One verifies directly with the help of the mцltiplication ru
le (2Ь) that 1C<,f> satisfies ( -at2) :for E::=F1 + F2• LetatE-~n' 

i.e., 2~)(n-1 >2-9 if n is even, \~;t)j<.t if n is odd. Ву (12d) one has 

tto•t"tE:~ and, it n;:!:2, then (10с),(1За,Ъ) yield 

~r> О, fr> О, 6r> о, 1 6_r~n-1. 

Consider!).E!End<t.2n,.Q аР (lp := Ь ..Q, wheren := -iP
0

,Q. :• Р rs r s r-s r ~~ n n 
snd дr' 1 ~r!; n-1, is defined Ьу (14'). Using t he above properties 
of ~.~.~ one sees that 1l is unitary. If the procedure that Ьroцsht 
us from Eqs.(11) to (15а,ь,е,f) is reversed, we get 

r'\ (D)()-1 в "' 
~~х ~~ = х , x=н,w,v±,A± • 

Moreover, due to unitarity ofJl, the star properties of X(D) iшply 
(Hs)*= Hs (WB)*= Ws (Vs)*= _ys • (*) 

' ' + -
Now H8 ,W8 ,v: are expressed via h8 ,~: which are defined Ьу (1Оа,Ь,с); 
as !К~n С 3-~ (see (9а, Ь)), the set t~8 .~ J~ is irreduciЬle and f'ul
fils the relation~ (8а,Ь). Ву using them,one ~ities directly that 

1tф:=!A!,н8 ,V!f~ satis:fies (а{1). For proving irreducibility of~~ 
we make use of the star properties (*) which iшply that the linear 

envelope of ~~ is а syпппetric set: ( 1t,J>~in С ( 'К3>нn• Then 1<.3 is 
irreduciЬle if its coшmutant ( ~$> 1 contains only multiples of unity. 

Let CG(ff$)
1

; Ьу using tJhe decoшposition (4) С =~~Ct.цi, 
~с; End ct.n, one finds that [с ,л:] • О iшplies ~12= ~21 =О, 15'11 =~22: 
~. i.e. с = e'ed • !'rom [с,н8]= О and [c,v~ J • о one then gets 

[Э,ь8J• о, [f',~:] .. о. Since \~8 .~~} is irreducible, we have С'• r-fn, 
i.e. С• trin' )'(;~. Thus 1(~ is a-solution and, as ..Q. is unitary, 

ff.~)·.O..~~.Q. is а solution as well. 

Itn=2ш-1, m=t,2, •• , then TrH(D)•n$.; now~(+) #.Э.(-) for 

~f'ltm. and hence the solutions к<rJ+) , ?((~~) cannot Ье equivalent •• 

REIIOCTION OF f<D)(.,.):= {H(D) ,v?) ,W(D)j$ 

12. Up to now we Ъаvе proven the •tirst three stateшen~ ({а)-(с)) of 
the Theoreш. The last atatement (d) ' concernв esaentially reduction 

of the s~t ,С D) ( ~ ) • The st.ar pro~erties of #(.~) iшply that ( ifJJ> lin 
is а ayшшetric set and hence ~D (~) is tully reduciЬle. It turther 

satisties the conditions (2.7) of aect..II.4 (аее (fi)and Le..a IY.1). 

Aceordiпg to Proposition II.4 ~(f) equals direct suш of the irre
duciЬle sete '!.. (n(•),t'('l())given Ьу Eqs.(2.8,2.9)t the corresponcHnг 

"'- r "' subepaces '1f , diш'7f "' n(ot), :f;,Cn(OC), i{~~t)) с. End~~ being orthogonal 
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to each other. In particular 1 there exist Wo~f/R such that 

"'"(D) tt/"<1. -
W tv = "• In(~)· 

It iв convenient to introduce а basiв in t 2n in such· а way that the 

matrix o~w<D>w.r.t. it equals direct sum о~ unit matrices [In(~)J 
multiplied Ьу ~~. Ву uвing (15Ь 1 с) one sees that the structure о~ 
вuch а basis should Ье 

[,t:[«=1, •• ,4, k=1, •• ,n(~)}, 
the dimensions being n(•)=nae. (see (1Ь)). The vectors :t~ can Ье oЬ
tained7e .g.1by reordering, the basis (5а) as ~ol1ows 

~:"' 'f2k:-2 1 1' ;t~:'" "/12kl2 1 ~~:= 'YJ2k-1 1 1' ;t~:= 1f2k-1 ,2· ( 17) 

The · correspondiпg partial isometries (2а) will Ье denoted F~ 1 i.e., 

F:f := u2n< ;t~. р~) • 
Then the projections (15Ь) become 

n~ 

F~= ~ F* 
'k=1 kk 

and the multiplication rule (2Ь) yields 
~ 

.. 

С( .ф' {а - ~ (\ .р 
F Fkl F - "'""'' 0{4-(!.' Fkl • ( 18) 

For the partial isometries Р •а" that occur in Eqs.(15e,~) one has 
~.., rs 1\-

P =F Р =F~+2 •"'+2 etc 
2r 1 2s;~ r+c5'~_ 11 s+Б11 _ 11 2r-1,2s-1;e~o~ rs • • 

13. The вearched decomposition of 1(D)(~) can now Ье simply obtained 

if one rewrites Eqs.(15a,e) in terms of F:f: 

н<D>.~ ~(2k:-dJ-u_/2)F~, d1 :=2, d2 :=0, d3~=d4 :•1 , (19а) 
ot.=1 k=1 .... (V 

t n...-f 
(D) Ql.o( 

v + = 
1 
~1 C(Ja~ kFk+1 k 1 r.J1 k:=! 02k-1l(f2k-2б2k' 

~= k= 1 

tJ2tk: = fc2k+11 ~ P2k+2d2k' с..>З)с: = \c2JJ~P2k-1d2k+1 1 ( 
1 9Ь) 

c.>4tk: = 1 °2Jd V f2k+1d 2k-1 

With the help of (18) . one then· finds: 
n 

.t (D) р. ос. OW 
F Н :r • oa(-~Ht(, Н~:= I:. (2k-dat -~_/2)Fkk , 

k=1 . 1 
. ~- Q(O( 

:r"viD>:r/3 = ~-~ v~+~ v~+) :• ;.;тcuce~k:+1k • 

at ( D) (3 r r-. 11 ,.... ,-~ ,.... -v 
., w F • o-<·~··F 1 w1 := -w2:•f-o• w3:=-w4:·~1· 
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Thus the set f'D)(~) is reduced Ьу all the subspacesV"\ Fct(t2n. In 

addition, the matrices [н.)J[vi+)] of operators H11 ,vi+) w.r.~. the 

basis {~: \ k=1 1 •• 1n,J in '1! are obtained: the element in the k-th 

row and 1-th column equals the coefficient at F:~ . 
Let us show that all the sets .1~D) := :p(D) (f>tV'""'are irreduciЬle. 

Notice that ( 'P~D) >нn is symmetric and во the usual argument concern-
ing the commutant ( p~D))' applies. Since [Ho~}is а diagonal matrix 

and its diagonal elementв are dif~erent from each other, one has for 
any C~End'V""',c E(i-~>) 1 

noe o(t( 

С= L TkFkk 
k=1 

further the reiation [v~+) ,с]= О yieldв f,= t 2= •• =~ (all the fi.k are 
positive). Hence С = :r•:н • "' 

n• 
Each of the sets ~~) is thus equivalent to some ~~(~ 1 },;) = 

{ r-. r" 1 v-h 1,! "t , •r~~,.!DoiJ and we need to determine rc~ and •о~. for gi ven noe , 
•r = 1t~+~-4 and Tr !}.r.._Тr Н"' • То this purpose the followiиg proper
ties of !/r(n,;) derived in aect.II.4 will Ье used: Tr _hr= 0.,. r = 1 , 

for r=1 one has 'Г= wr and 
Т'> 2(n.,_-o 2-8 +); 

v- -1 r for r=2 one has 1 "' n-. Tr h and 

o"t'f{<1 ~) 2t2+ 2n~- 10 =w r 

We shall consider separat~ly the cases of even and odd n. 

(i) n=2m, аа1,2, ••• : :Ву substitut.ingt'0 =n, e-1 =~4~+20-n2 , 
Тr Hat • n-.(n-.+1 )-n"'(a+d"') = 0 1 ot=1 1 2,3 1 4. 

<•> 

(**) 

we find 

Thus rot •1, tj= 2m+X-4,1"
2

• -2а+:ас-4, '(3=tJ-tOC-4=(~,....x-+-5---..... 2+1) 2+1112-1o, 

't4= -r1+at-4'"(J)(.+5-m2-1) 2+ а2-1о and one easi]y verifie~ that lltE-~m 
i.e.~>2m(m-1)-41 implieв (*) for all « and m. Hence 

(D) UJ ( ,..., -1 ....ot 1>., "'Т ;т 1 ~'w"' +at-4)T 1 1 ~o(S 4 1 T'"End'V" 1 regular. 

In view of the star propertin ot 1J'-D> and 1 оае finds that т*т be

longs to the coiiiD.utant of './ • Now 1 is irreduciЬle and thus one can 

вuррове ~ unitary. Consider the matrix [Ц.]; only diaconal elements 
4 

hkk are non-zero and ав they strictly increase with k, one has 

[H~]=[_h1]. Тhis further implies that the unitary matrix Т muвt Ье 
diagonal. Thea the elements [v~+)Jjk'[.Y~l;,k may differ at 11\oet in а 
phase factor, 1 ~j,k!:n~. Ilow :lqa.(19b) and (2.8Ь) show that all the-

+) Тhis need not hold if n 01 •1. 
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se elements. are non-negative and во we conclude 

tГнt~.l• (v~:t)J} =J(1 (n"_,W'"" +эt-4), ~~~4. 

(ii) n=2m-1, m=1,2, •• : In this case ~0=n-~ ,~1 =n+~1 which yields 

Tr н."= ~~.с, О, :=t4 := ~ • 't2: .. fз:= ~ • (+) 

Further one essiiy verifies that the second of (**) holds for 1 !!:о<.!; 4 1 

m=1,2, ••• If m ~2 1 then »e~~m-2~ 1-$\< 1 implies 1,, '14 Е (-'1 1 О)> 

r2 ~ € (0 1 1) and hence ro(.=2 1 1~о<.~4. For m=1 only о\.=1,3 have to Ье 
co~s1dered (~=n4=o). Now ~.ij may equal zero since ~ assumes all 
real values. However, in свsе that ~=О, the corresponding ~ = -8 

~ ~ 
and in view of the equality ~(1 1 0)= ~2 (1 ,-8) (cf.(2.8),(2.9)); we 
conclude 

:P~)"":f'2<1\tr~>, 1~ol.~4 1 m=1 1 2, ••• , 
• 

~being given Ьу(+). Ву the same argument вs in the case (i) we 
then find 

f[нc~J, [v~±>JJ=Jt12 <n,p ~<~-(-1)Е(~2 >>>, 1!:«~4. 

14. Finally, the matrix representation of AiD) given in (d-iv) of 
the Theorem is Qbtained, if one rewrites Eq.(15f) in terms of F~ 

(D) • J1 
А+ • -1F11 , n=1 

A(D),. _i_ t. t::. (<-1~ ~-2-~Ft((a + 
+ ~fo t'-t O.=t ~=З k•1 V "'k"'k: · k+2-tt,k 

+ ~ 1t,s+t1{ ar. G {!х( ) 
(-t) ~ Ьkhk~-1 Fk+(-1

1
k 'n•2 ,З, •• , 

. 1 2 2 1 
w1 th ak:=Ъk:=~k =2k, ak:=bk+t :=p2k= ~0-2k, 

а~:·Ъ~:=~k-1 8 i<f1-to>+2k-t•:~k' a~:=b~:=p2k-1,.~1-~ • 

Ву applying (18) one then finds for A~:=iVfo~t r•лiD>FP 

А~• A.t-+2 ,~+2 =О, «,~=1,2, 
вnd gets the explici t expressions for the remaining eight pairs rJ./!. 
Hereby the Тheorem is completely proven. 

APPENDIX 

Тhе matrices of operators н<D>,w<D) ,viD) ,лiD)E End4:2n w.r.t. 
the bвsis (17) will Ье given for n=1 ,2,3,4 explicitely as fUnctions 
of ~1 • V4x+2o-n2 (if n•2,4) or~•±J2~+1o-n2 (n=1,3). The remaining 
operators in ~D) are given Ьу v:D}•<-viD)>*, A~D)•<AiD)>*. &otice 
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that in the decomposition of ~D) there sre four non-trivial terms 
1~D>, i.e.,terms for which n"~1; iff n~З; for n=1,2 there are only 

two and three non-trivial terms, respectively. 

(i) For n=1 one has n1 =n3=t, n2=n4=o, ~,. ±v 2at+9 • There is just one 
solution i ff ~= -9/2 and just two non-equivalent solutions iff 
Х.)- 9/2. 

[ (D))- ((11-1 )/2 О ) Г""'(D)1_ ('-"' О ) r. (D)l/ О О) (DL 
<+> н - \ о (~+1)/2 • lw J- о t+б •!!'-+ Г\-i о • v+ -о. 
~: We have just obtained this result in our preliminary studyf3/; 
for identifying it with (+) one has to replace ~ Ьу 2с and multiply 
tthe matrices (+) on the left and right Ьу (~1 -i~2)/~. 
(ii) For n=2 one has n1=2, n2•0, n3=n4=1, ~ 1 ·2~~+4. There is just one 

solution i~X)-4 • 

1
-1 о о о] 

(н<D>] = g Ь g g ' [w<D>]. 
о о о о 

[A(D}Li 00-11 

f 
о о о о] 

+ r~ -1 о о о • 
-1 о о о 

[

2 о о о] о 2 о о 

о о ~1 о 1 

о о о-~ 
[о о о о] [V(D)J= ~О О О 

+ о о о о 
о о о о 

In the remaining cases n=З,4 rectangular n o( Ьу n~ Ыocks Х~ , 
«,~ •1,2,3,4 are given insteвd of [xJ. Let us r ecall that 

Х а{3 • d_ Х Х= H(D) W(D} y(D) 
«-~ « J ' ' + ' 

• At-! 11 А~+2 1 ll+2 О .J -1 2 
+ • + "' ' ~у- ' • 

(iii) For n=З one has n1 =n3=2, ~=n4•1, ~- ±V 2-X+t. There is ;!ust ом 
solution· iff~= -1/2 and just two non-equivalent solutioпs i f f 

1 
~Е(-'2'1 0). 

( (~-3)/2 о ) 
н, • о '"+1 )/2 ' 

4+1 (<~1 )/2 о ) .8-1 
~ • Z' Нз • о (f+З)/4! ' Н4 = 2• 

~ {' о) ~ - (' о) ~ w1 •(3-v) о 1 ' Yi2 ."-3, WЗ =0+8) о 1 ' w4 • -(3+~), 

vT •2~(3-~)(1~>(~ g), v; • v; • о, v~ = 2~(3+~)(1-~>{~ g), 
А1З. -2i (О О) А14• ~2(1+f} {О) А238 -i~2(1-6) (t О) 

+ 1/9-ft 1 о ' + 9-"t. 1 ' + 9-"2. ' 

.124. iv1_"i, АЗ1:8 -=i_(V0-f)(1+§-) О ) АЗ2.1,['"2 {о) 
+ 9-62. + ~ о ~<з+~>(1-Ь)' + УЗ-3 1' 

А~ 1 
= -i J З~~· ( 1 О ) , А~2 • О • 
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(i•) Far n=4 one haa а1 =З, n2=1, n3=n4=2, r 1 =2~~1. T~are ia Juat ene 
aol•tioa i tt Э<>О. · 

(-2 о о) {-1 о) н 1 = о о о , ~ z о , н3= н4 = 
0 1 

• 
о о 2 . 

(:1 О О 1 ,..., с- а (1 О) 
w, = 4 8 6 ~ j • w2 = -•· •з= -•4=р, о , • 

+ V 2. ( 
0 0 0 

) + + (о о) + · (о о ) v1 = 2C~f-•> , о о , v2= о, v3=<p1•2 > 1 0 • v4= <~ 1-2> 
1 0 

, · 
о 1 о . . 

A13=:kr~~·2i). А~·= kr,~~-2 g ) • А~з= -kц~,·2 о> , l о ~ 2ttt-4 [ о ~ 
А24. k(~.м. _2 О) АЗ1 = -k(f2~-4 О о) A32=k( О ) 

+ с1 .. • + О f ~1 +2 О • + ~ • 

А41 = •k(~2~+4 _Q_ О) А42= ~t(,~) kt • --1,_ 
+ о 'lt'1-2 о • + ,t'-,-2 ' 2 ·г.:-

·~, 
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