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The Poincare group :J of speciDl-rel~t1vistic space-time trans ­

formations plays undoubtedly a central role in the high-energy phy­
SiC6. In particular, its unitary irreducibl e representations may be 

used for classification of the (stable) elementary particles accor­
ding to their mass and spin A) . A re l ativistically-covariant descrip­

tion is needed f or unstable particles too . For practical purposEs, it 
I. 	 is frequently sufficient to describe them as classical point partic­

les which decay exponentially in their proper time . llaybe this is 
the reason. why some quantum aspects of the problem are not yet fully 
l..nderstood. 

One is naturHlly tempted to ger.eralize the idea of stable-par­

ticle classification and associate suitable non- ~i~ary irreducible 

representations of P with the unstable particles . Such representa­
8/tions were actually constructed and used by many authors/3 - . Typi­

cally the homogeneous Lorentz transformations are represented by 
unitary operators , while the space- time translations are non-unitary 

and characterized by some complex four- momentum ·...ector tt) . The gene­

r alization from stabl e to unotuble partic les should not be taken too 

literally, otherwise one is faced to interpretative difficulties as 

growi ng norms for negative times . It seems reasonable to associate 
the direct phySical meaning with the operators representing the sub ­

*) 	ClsEsification of the unitary irreducible representations of jD 
started from the paper by E.P.Wigner 11/ . Por their description 
and application to claseificntion of e lementary pa rt icles see. 
e.g., Ref.2 , § 17.2 . 

• x) Beside the mentioned irreducible representations, some non-unita ­
ry indecomposable represent&tions (i.e., reducible but not com­
pletely reducible) were proposed for description of unstable par ­,. ticles : see Refe . 9, 10 , and Ref.2, § 17.4 . However , these 
attempts aimed mainly to yield decay laws related to higher- order 
pol es which have been" " Ter observed. 
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set 	 ~ C Y which consis ts of the homogeneous Lorentz group end 

transla tions to the f orwurd ligh t cone; it Is called nomeLlmo$ the 
PoIncar e semigroup/9/ . Other authors tried to overpass t ho dJ fr1cu l ­
ty 	by modi fying basic postulates of the quantum theory/7 . 10/ . 

In fact , there is no a priori r eason why non-unitary rcproaenta­
tiona of ~ s hould be associated with unstable particles Explained 
in a standa rd way, the principle of relativistIc invarience means 
that the stat e Hilbert s pace of any IGol&te~ quantum system i8 curri ­

e r space of s ome unitary ( s trongly continuous) representation of J' . 
und er which dynami cal variablss of the system transform in 8 apecifjc 
way . In parti cular , SOme important observab les are identified direct­

ly with genera tors of the corre~pond ing representation of Lp , the 
Lie algebra of ~ : the t o tul Hamiltoni an H= Po with the genera t or 
of time t r anslations , compor.ente P of the momentum with the gene­

j 
rators of spac e trans l a tions, etc. 

Hence one shoul d start with s larger isolatej s ystem which con ­

tains t he unstable particle under consi deration 88 well a8 its decay 

pr oducts, and to choose on its state Hilbert s pace (f a suiteble 
unitary r epr esentation U: jO~$(?:). Thi s representation i s presu­

mably reducible but it should be charac t erized by a shary va lue of 
spin; exaQpl es of such representations Sre known/11 ,1 2/ . P.avlng de ­

termined U, one may r eturn to the s ubspace ~u C ~ wh i ch belongs 

to the uns tabl e p~rtic le alone , and study the operator- val ued func­
tion V : P -t8 (c1!u) defined by 

V(A, s) pruU(A,a) 	 ( ,) 

for 	all elements (A, a) E:P . The follo"'ing questions arise naturally 

(i) 	do the operators V(A.a) fulfil the composition lAW ot JP , at 
least for some eubgroup or Bubset o f elementa ? 

(ii) 	if s o, wha t can be Baid about the relatione ~etween ~uch 8 re­

presenta tion and the correspondine; rcst.riction of the above- men­
tioned non- unitary r epresentations? 

The only serious attempt to find an enower, ond to reconc il e thereby 
the two approache& , WDB undertaken by Williams/ I , / j but he fail ed on 

the well-known difficulty wit~ below-unbounded energy spectrum . Our 

aIm in the pres ent paper is to clurify tho m~tter . 

2 

The 	boosts sho uld no t be r epr esented unitar i ly 

To begin with, let us recall few basic facts about the Hi lbert ­

- space kinemati c9 of decay processes/ 13- 1e/ . Assume tha t the Hilber t 

spaces ~ ,t?'{ refe r ring t o the unstable parti cle and a la r ger i8018 ­

tee system , reapecti.ely , and a strongly continuous unita ry represen ­
tation U of .:P on if ere given. Let U denote the op era t orst 
which represent the one- pa r ameter subgroup of time translati ons , 

= exp( - iHt) . A natural require::n~nt implied by the non- stability isUt 

,,0u,~ '" .If'u 	 ( 2) 

or more expl1ci tly . there is no t:> 0 for .... hich ~u 1s invariant 
under U .t 

The reduced propagator is dt:fined by V == pruU =EuU ~ Cf •t t t u 
where Eu is the projection referring to .."f . It ie easy to see u 
(cf. Refo.16- 19) that the function t""""V is positive definite andt 
continuous (weakly or strongly . it smounts to the same here) , and 

ful f ils Vo== Iu . On the other hand , i t appears that theae proper­
ties of are suffi cient t o ~n6ure exist ence of so lution to t heVt 
i nverse decay problem, i. e . I to recons truct s tripp le { dr, U , Eu J 

t 
such that Vt == p r Ut for a ll t , and moreover . tha t thi s soluti on 

u / '4/ 1s essentially unique under 9 natur al minimality condi tion . 
Technica l l y , these r esults are a ch ieved by means of the un i tary-dila ­
t ions theory/19/. 

Experience suggests t hl:l t t he operators V might fu l fil thet 
semigroup condition, VtV = Vt-t s for a ll t,S i' 0 • Unfor t unately, i n s 
such a case the Hamiltonian H r eferring to the sol uti on ot the i n­
verse d ecay probl em con t v i ns t he whole rea l a xi s in its apec t r um i ) . 

Nonetheless , the semigr oup r ed uced propaga tors repres ent a very use­

f ul a ppr oximati on. The unphysical charocter of the energy spectrum 
makes no harm, since it has no observable c onaequences/1?/ ; it may 

be r emoved when prepSTaT.lon of the unstable pa rti cl e is complet ed 
by an energy-filt ering procedure/2 1 122/. I n fact. the inevi tabl e de­

viationE from the semigroup behHviour a r e likely to be unobservable 

even if they are amplified by repea ted non-d ecay r:!lese ure:nents per­
formed on the particle and an artificia l ener gy filteringi23/ . 

t ) 	 The seoigroup condition :s equivalent to a bsence of the regenera ­
t ion. The conclusion about the spec trum rema ins valid even i t t h e 
regener ation ceases after 8 fi nit e time - c f . Ret.16 • A n@ cesBary 
and sufficient c ondi tion for energy semibounded ne se wa s given in 
Ref. 18 • The pr oblem has been disc uss ed many t imes; for a more 
cooplete bibliogra phy ae e kef .20 . 
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Let ua finally mention definition at the decay law. Par 8n unsta ­ of JP , presumably some of the oneo mentioned in the introduction, 
ble particle which is described ini ti811y by s dens! ty matrix IP ' such that V(.I\,a) = VO. ,a) wi thin 80me ressonsble subset of 1> , Bay 
Rant c ~'u' the non-decay probability equale P~(t)=Tr(~V~Vt ). In ~ • Unfortunately, even thie point of view cannot be retained. The 
particular, if th~ initisl state is pure Bnd described by B unit v e c­ reason i6 that it does not respect the Euclidean invariance (the 
t or '3" G Jr ' i te decay law is f irst and maybe the mosL important among the laws on which physics 

is built - E.Yigner dixit) , It is quite natural to assume thst two 
PI'(t) = IIVtl'If = IIEuUtVD2 Do) 

u 

Observers, whoae reference frames are obtained one from the other by 

apace tranalation8 and rotstions , will determine exactly the same de­
Situation is especially simple in the case of a one-dimensional Jr cay law and other characteristics for a given unstable particle.u 
(spanned by 1 ) when 

I 
Hence, in partictllar, the operators V(I,a) with a= (O , a) should 

be unitary, and this is not true for the representations we have in 
P~(t) Iv (t) 12 v(t) = (l"U l') Db) mind.t 

Purthermore , the translational invariance impliea thst the ope­
the semigroup condition imposed on {Vt } now requires the decay Isw ~ V(A,O) referring to the pure Lorentz transformations (boarta) 
(3b) to be exponential . must not be unitary . In ordel' to see it, notice that the reletion (5) 

Now we shall return to the Poincare group. Ite space-time trans­ yields the identity 
formatjons are given by 

U(l ,Aa)U(A- 1 ,O)U{I,-a)U(1\ ,0) U(I,Aa-,,- ' a) (7) 
Xtc = 11./4 YXII + 8t" (4 ) 

Le t A="1 be a boost with a velocity ft and 8 = (O,e) , where -o 
where A belongs t o SO(3, ') and a is 0 four-vector. Por simpli­ is parallel to fo In euch a case , one has 
city, we shall consider the connected component of ~ only avoiding 
discussion of the epace and time inversions . The composition law of 1 ~ I ~ ­Ao-A- 0 = ( - 2SloI81nh Pi, 0) J = sgn p.; (8)
the t ransfor mations (4) implieu 

We have painted out that VeA,a ) ia unitary tor Bome (I\,e) itf the 
U(I\,o)U(I\ ',a') U(AA' ,a+fts ' ) ( 5) corresponding U(I\,8) commutes with Eu' Thus if th~ booste were 

represented unitarily , the 8ame would be the r hs of (7). Slnce J, 
for all 'A,a) , (A',S')EY • Unitarity of U together with the de- Ill, I;' may be chosen arbitrarily, the relation (8) shows thst Ea 
finition ( 1) yield the relation must commute with the operators representing time translations, Of 

course, this contradicts to (2) , so the conclusion is proved *). 
V(A,a)- V(I\-',_A- 1a) (6) Notice tinally tbat up to now no requirement specific for unsta­

ble particles was used. The above conSiderations apply therefore by 
for all (A,s)£P. Suppose tha t V fulfi l s the group law analogous the same right to free unstable nuclei and other decsying objects 
to (5), then V(A,a)·V(A,a) = V(A,a)V(A,a)' = Iu eo V(A,a) is uni­ for wh i ch a relatjvistically-covariant description is appropriate . 
tary . However, thia is equivalent to the fact that U(A,a) commutes 
with Eu i particul~rly for the time translations, it would mean 

The representations U related to unstable psrticles
that the condition (2) was vl018t~d. Thus the operators V(A,s) can­
not fulfil the group composition law for all (A,8)~P, 1.e., V Since the unstabl e particleB may be characterized by epin quan­
cannot be a (non-unitary) representation of P . tum numberB, the most natural choice for U ie s direct integral 

This conclusion is not yet disastrous. ~otivated by the above over mass of the unitery irreducible representations U(m,s,+) 
sketched description ot the time evolution, we are ready to accep t 

the following possibility! there la a non-unitary representation V *) A formal Lie-algebraic Version of this argument wos given in
Ref . 17 . 
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(ct. Ref. 2 . § 17. 2 ). Notice that the 8ame U wae used in Refs . 11 ,1 2 , 

but it was not acc ompanied there by an Eucl idean- invariant choice of 
:tu . The carrier epace of such 9 representation is given by 

"L- 2 ., d 3p 2s-t 1 q, = L ([mO.t<»x(l ,<1m" 2 ~2 1/ 2><' C 	 (9 ) 
2(m +p ) 

where mO is a threshold mass. It is useful sometimes to separate 
fully the kinematical variables from mass. To this end, one has t o 
employ the four-veloci ty k = p/m , 1. e . , to introduce the 1111 bert 

space 

11 = L2 «(m ' ro ) )®L2 (1l3,d3k/2kO)6C28" 	 (1 0 ) 
O 

where k 	 - (Hj{2) 1/2 the two space s ere isomorphic by meDne ofo ­
the r elation 

~j(m,k) = mr j(m,mk) 	 ( 11 ) 

valid fo r a ll j = - 6,-8+ ' , •.. ,s m IE. [mO ' oo) and k E. R" . 

The r epresentation U ac t e on the spac e (9) according to the 

fo l 10.,dng 	prescripti on 

-ip .. ~ 
( U( A,. )'f)(m, p) e S (0,8;I\) ¥A m, v,, ) 	 ( 12) 

where B.p = 8~ptt , furt her Ph is the three-vector par t of 1\-1 p , 

and the ma trix S expresse s by means of r epr eaentati ons of t he little 

gro up SU( 2) For the apace- time tronslati on on x = (t ,1) we haveI 

S = I so 

i 	 d 3 
pj dm 1 eXPl-1(t(m2+p2) 1/2 _ 

j=-s 2 (m2+ji2) 172
(I',U(1,x)'I') 

mo R' 
( 13) 

- x. p)\ ~j (m,p)~j (m,ji) 

In parti cular, f or the pure time translations and f = ~ we have 

8 ~ f 	 d 3p ( 2 ~2 1/21 • 12 
(" ,Ut~) = 	 1:.. J dm 2 ... 2 1/2 eXPl. - it(m +p ) 11j(m,p) 

j =- 8 mO )Ii' 2(m +p 
( 148) 

Changing the v~riu bl e8 (m , P) to ( -' I p) with ~ =Po = (m2+p2 ) 1/2 


we may rewrite the last express i on in the form 


6 

00 -i..lt e J d}r 
(,/" Ut'l') = J d, e t L. ( 2 .2) 1/2 i'fj« ,,2_p 2) ' /2 , p) 12 I,

mO j::-s V-, 2 ..l.-p J 

(14b ) 

where V. = fji: ipi"(.l- ..~ )1 /2 J . 

Effec tive 	one- dimensionality of ~u-

Now the crucial point lies in the choi ce of the subspace Gf u 
whi ch would bp ascribed to the uns table phr t lcle alone. If this space 

was one- dimensional ( spanned by some l' E:Jc ) , then ( 14) would yield 
according to ( }b) the non-decay amplitude . However , we h~ve argued 

above tha t £u should be invariant particularly wi th r espec t to t he 

space translations. This is impossible for a one-d i mensional Jr ' u 
because t he momentum operators P have purely continuous sp ectr a so 

1 cannot by their eigenvector. 
j 
Nevertheless, we are p'oing t o formu­

late an argument wbiph shows that in most cas es the relatione (1 4) 

may be accepted a8 expr~esions of the non-decay amplitude in a reaso­

nable ep?roxiooatlon. 
''': e shall considcr first the sca l a r pl:Irticles. 8:: 0 . Our most 

importunt hypothesis 1s thut there ia t:I state of the unstable partic­
le described by u wave function which factorizes 

~(m,p) f(m)g(p) 	 ( 15) 

r:ext we addopt various simplifying assumptions . First of all , we set 

s u.pp r (M-~ , M· r ) C [mo ' oo) 	 ( 168) 

M+'l 

J "" if(m ) 1 2 <1m= f i f(m)i2dm ~ (16b) 

mO 0-1 
where 7 i s supposed to be D positive numbe r much les8 than M . 
Further we assume 

t 6Upp g B, ={P: lpi <£ \ 	 (16c) 

so the support of g i s centered ot p= 0 Por smel l enough ~ • 
this i s practically equiv&lcnt to the Hseu.mption that the ptt r tic le 

dwells in its rest system. ,\ccording to ( 12), the space translations 
. ~) iji.8 . ) gl.ve ¥-li : '1Yii(m.p = e "f{m,p ¥ohen acting on '!f = }be . Since 

v,..... should belong to 4: fo r all ii"a J • and the exponentials form 
r a 	 2 u 
a complete set in L (Be) t WE": !Day at: t 



The relat.ions (16},(19) and (21) yield the following inequalities.;tu = f l' : ji(m,p) = f(m)g(p) , g ~ L2 (B.. ) 1 ( 17) 

2 2 1/2
[('''}) .. ) 1 .2. 

• (22)As a set, this ~ coincides with «f)®L2 (D ) • .,here t(n 1_ 1('I"u~1)'1')\" 2(~-l) 2(~~;) Ih ft2 Qg12" M-1 2(W-r)E 

the complex linear epan of f. The scalar product 1s, however, dU'/e-
Hence we may estimate the normrent: tbe norm of ~ 1s according to (9),(16) given by 

2 IIf', 2 f d 'p - 2 llEuui1)'I' II = sUP(I(~,ui1)'I')1 : 'f €)(u' 1'~=1 J ( 23)11,,11 = dm If(m)1 2.21/2 Ig(p)1 ( 188) 

M-~ B. 2(m 'P ) 


2 Since both £ , r are supposed to be much les8 thsn M , we find (23)Let U. 1I2 denote the norm in L (BE ) 
to be ~ e2t/2K the approximation mentioned above 1s therefore pos­

sible under the conditionIIgil2 
2 

J Ig(p)1 2 d'p ( 18b) 
B. 

£2.I ( 24)We may use it to estimate the norm (18a) from both the Sides, or vice 2M« 1 

veTsB, to derive the incqu~11tie8 ( 

In thAt esse, norm of the difference between E Utt = Vt~ and 
EuUiO)" is very emaIL, and we are allowed to ..·~1te Vtl' ~EuuiO)1f2(1I-2)U'Y12 ~ UgU~ ~ 2[(I1.~)2,.2Jl/21"Q2 ( 19) 

In the next step, we shall verify that the last expression is 

close to (~,uiO)~)~ • To this end, we take en arbitrary unit vectorIt shows particularly that a sequence {'1nJ c Jl 1e geuchy iff theu lfE.l ' ¥,<m,p) = f(m)h('p) which is perpendicular to l' . This ortbo­88me 1s true ~OT the corresponding sequence tgnj c L (B£) ; hence u I 

gonality together with (16b) makes 1t possible to estimate (h,g)2
~u defined by (11) is a (closed) subspace 1n dY . The inequality 

from the identity("0) below shows that ~« M and the same restriction W88 imposed 

on 't! ' eo the function g corresponding to a un! t vector ~ ... Jtu f( 11 II" 2 
fulfils "gll~ ~ (2M) 1/2 2M.(h,g)2 J Om It(m)1 2M 2(m2~p2) 1/2) h(p)g(p) d'p •11-, B. 

(25) 

Let us inspect now action of the time-translation operators on 
Since £,1 are much les8 than M , we heve the following estimate a unit ~ from the chosen subspace (17). According to (12) , they 

multiply 1(m,p) by eXP£_it(m2+p2)1/2} . This expression doee not 1 £2 ) (26)
factorize, but for £. small enough one mtty try to approximate 1t by IdM - 2(m2,p2) 1/21 ~ ;11 (~ + 2M2 
-imt .)e • Since £ « M ,.,..e 11J8y reetrict ourselves to the first two 

(up to higher order terms) . Combining it wi~h tbe R~lder inequality,
terms of the expansion 

we obtain 
~2

-imtf p texPt-1t(m2,ji2) 1/2l e 1-i- +0(p4)J . (20) t £2)2m l(h,g)21 ~ ( II' 2112 Ihl2 ngl2 
(27) 

The evolution operator ie correspondingly wri tten ss U = ui0) +u~ 1 ) )
t Now we are able to estimate the scalar product (i',U~O),,)
with neglection of the remainder . In order to estimate influence of 

the seco~d term, we teke an arbitrary unit vector 1ftE;t/u • ~(m,p) = 1 11+' 2 -imt 1I(I",U~O)'Y)I ~ 12M J d. Inm)1 e (h,g)2 + = !(m)h(p) , and express 11-, (28) 

(1 ) II!" -1mt 2 J d'p (p2t)- _ ~ 
(p,U t '/') = dm e If(m)1 2.2 1/2 -1- h(p)g(p) + Mjldm If(m)\2 J\ 2:2112 - 2~IIh(p)llg(p)ld'p


M-t B. 2(m 'p ) 2m 11-, B, 2(m.p ) 

(2 1 ) Applying (26) and (27) to the second and the first term on the rhs of 

.) According to CDa) , we heve £2« Mr , and therefore in most (28), respectively, snd using the HOlder inequality again, we get 

caaes (£/14)2<<. 10- 1' • 
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2
(0) t	 ) ,lM+, 22 (1l(f,Ut )1)1 ~ 2M M + 2 II hll211g 112 I ~( .. )I dm 

2M -? 
Rowever. 'f a nd "(I are a ss umed t o be un i t vectors so I hl2 ~ Ug U

2 
~ 

~(2lli) 1 /2 • Finally , the normaliza tion condition (16b ) yields 

1 (~,u~O)'/')1 ~ 2 ~ + 	~ (29 ) 

Since ~ 1s an arbitrary unit vector from Wu orthogonal t o 1 , 
we see t hat uiO)~ etays n early pe.re.llel to 1f Hence we may wri te 

~ 1."t 	 22 d'" Ig(.t) 1 .(V 1f)(m,p) ~ ,!,(m,il ) f 4" • -, ' I ( 0)1 Jt 
mo B£ 2(m2+..2) 1/2 ('Oa) 

Mo reover , the inequality ( 26 ) allows to replace t he denominator in 
the last integral by 2M ; the corresponding error is again at most 

comparabl e with the r hs of (27) • Thus we have also 

(Vt '!') (m, p) ~ 1'(m,p ) 	 i . -¥<t 1(0 )1 2 o/' OOb) 
mO 

Concluding t he a bove discussi on, we may s ay t hat i f the three­

- mo mentum spread of ~ i s s ufficient l y narr ow, t he decay goes effec­

t i vely a s if Xu wo uld be one-d i mens ional. In that case , the non ­
-decay amplitude is g i ven by ( 14), and it ma t be apprOXimat ed by th e 
integra l s a ppear ing i n ( 30) . Of course , t he approximation needs a leo 
1« M but i t can be achiev ed a s we s ha l l Gee in a while . 

The pr esented a r gument gen e r olizes easi l y for particles with a 
non-zero spin . One has on ly to use the rotational invar iance of ~u 

t oo , then the following choic e is nat Ural 

2Biilu ={1' ~m,in = f( m)g(p) , g£L2 (B.).!>t + 
1 J . (" ) 

Mimicking the above 	reasoni ng, ~' e ar r ive again at the approximation 
(Jab) • 

Hence we must aak under which circumstances the conditions ( 24 ) 
and ~.« M are valid. In any realistic description of unstable par­
ticles, the function If( . )1 2 aho~ld have a sharp peak of more or 
les8 Bre it-Wigner s hape. Ita pos1tion may be identifi ed with the 

mass M of the par ticle . On the other hand, the mean life 1e defi ­
ned by 

"" T 	 i P,,(t) dt ( 2 ) 

10 

its inve r s e r ch aracterizes width of' the peak . Por all r eal UIlsta b ­

I e particles, )I 1s much larger than r: the ra t i o M/r varies 

from 1. 06 x105 for 2.0 to 1 . ." )(1027 t or neutrons (wi th excep ti ­
on of ;0, V ond £0. ita lower bound 1s 10 ). Hence we can choo­" 
Be l' 80 tbe inequalities f«,, « M hold. The fi r st of them eneu­

2 res that truncation of the meSB dietribution If(. ) 1 to the inter­
val ( M-,.M~,) will CBuse a negligible change I n the decay law· ,tt >. 

Of course, the condition (24) cannot hold for a ll values at t 

but it seems reasonabl e to demand ita validity in the regIon where 

the decay law is actually measured, i.e., up to few T . Thue the 
three-momentum spread lI. P =£. muet obey (~p)2 « Mf or 

AP« e- (Mf) 1/2' 	 0'. ) 
when we return to the conventional system of unite. In order to ap~­
ciate this restriction, let us rewrite it by the uncertainty relat10n 

to the form 

bq» )le (M f} - 1I2 	 D,b) 

Thus we COme to the following resul t : the conclusion sbout the 
effectively one-dimensi onal ~u is appli cabl e provi ded t he unstable 

part icle ~ s not spatially localized too sharplY to violate ( 33b) . 
This conditi on is , however, fulfi l led almost alwaya in actual experi ­
mental arrangemente a s the below listed values showi24 / : 

*) 	Cf . t e&g., R~fB .20. 23 • Simpl e estimates similar to those per­

formed there show that for all practical purposes it i a enough 


to chOo se ! ~ 102 r • Thus we m.t:ly assume 11M ~ 10-9 in ClOst 
ca ses (see the footnote on p . e). In fact , truncation of the maas 
distTi but10n .ad8ht ch.anB:e T substantially, because the modified 

- 1 decay lay. has a power-like decrease , eventually as t ,for 
large values of t. However, ~rom the practitioneer ' s point of 
view the infinity may be replaced in the integral ( 32) by the 
range, where the decay law is actually measured, say 10 r - ' , 
so the tail effect 18 suppressed. Notice that validity of the 
condition (24) may be discussed under (j similar restriction on t. 

• .K) 	 We res trict our attention to real unstoble (metastable) particles. 
Our assumptio~s may not be fulfilled for scattering reaonances. 
However, time evolution of a resonance as a separate object can­
not be studied experimentally (ua noticed by many authors . parti ­
cularly in Ref. 1l) ond even uGBociating some ~ with it is 8 
speculative mutter. 

II 



){c(lIr)- 1/ 2 
particle 	 )(c(Mr )- 1/2 )!C(Mf)-1/2particl e 	 particle

[em] (em) [em] 

'" 
1. 11 )( 10- 4 ~. 1. 05)( 10-5 

n 0.76' 
't 1. 2 )( 10-8 ~O 6.03 J( 10- 10 

A 3.74>( 10-7 

} 1.3,( 10- 11 r' 3. 53 )(10- 7 

K± '.85 < 10-6 ZO 5 . 4 x 10- 12 

Ks 3 . 26. 10-7 r.­ 2.71 )( 10-7 

Ky, 7 . 85 >< 10-6 ~O 3. 0 >1 0 - 7 

D± 1.7 x 10-8 - 2 . 71 )( 10-7 

DO 1.2 J( 10-8 
Jl. 1.70 '('10-7 

F 8 . 0>( 10-6 A' c 5. ' x 10-9 

Notice finally that tt.e above considerations apply to the t. co_ 
ordinate" part or tbe wave function only . If the par t of the decay 

problem re l ated to internsl degrees of freedom carillot be decomposed 

fully, we have dim ~ > 1 even in the sense of the discussed appro­
ximation. So for neutral keons, e.g., the space df is effectively 

u 
t wo-dimensional provided tbe conditions (33) are valia. 

Decay of a moving particle 

We are obUged to ehow t hat the proposed description by meune 
of the r epres entation ( 12) and i t s restriction to a subspace ot the 

type (31) will yield ~ correct result for an unstable p~rticle which 
i s not at res t . Let a reference frame S belong to the observer, 
end suppose the rest aystem of the particle to move with 8 velocity

J respectively to S, 8S it is sketched on the figure . Of couree, 
we may not only sandwich the propagator between U{A±p , 0) ; simi ­

l arly as a Si mple-minded look on the factor which mul tiplies the ti ­

me variable in Lorentz transformation does not 	yield the time dila ­
tation. Prom the viewpoint of the reference frame S , we are inte ­
rested in the space time shi ft on x = (t ,fot) • If the condition 

(338) is velid, i . e., if we are allowed to characterize the particle 

by 	a :Jingle vector l' E 3t which refers to i ts r es t system, thfm the 
-1observer will ascr i be to it the vector uell; , 0) 'If . The correspon_ 

ding non-de cay amplitude equals 

12 

5' 

5 

v( t;~) (U(A:s ,0) - \y, ucr ,x )U(A; ,0) - 1~) 	 D4 ) 

Using the rela t ione (5) and ( 13), we may rewrite (34) ae follows 

v(t;$) ('j>,U(I,AV)1f) 

8 

L,
j=-e 

~ 

! dm 
mO 

J(l' 
d3p 

2(m2'jl2) 172 expf- iP.ArJ l"'j (m,illi 2 

However, the Lorentz transformation gives A~x ( t(I _~2) 1 /2,O ) 80 

v(t;~ ) • V(t( l _p2)1/2;O) 	 (35 ) 

This provides us the relation 

P,.(t;jI) • P1 (t(I -,l)'/2;ciJ 	 (36) 

which is valld as f or vs the approximation identifying the decay law 

wi th the square of DO may be use· 1. The rell:ltion (36) is, of course, 

the desired result. It Ls tested by numerous experiments; and it was 
even used f or a direct. proof of the relativistic time dilatation from 
cosmic-ray muona thirty years uga (cf.Ref.25. section IV.4.3). 
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Conclusions 

Let us c ompare the above disc ussed descripti on of unstable par­

ti c l es with the one based on non-unitary represen tat i ons of Y . We 
have a lready mentioned the Williams ' construct ion/1, / of minimal uni ­

tary dilation f or the non- uni tary repres entation proposed by Zwsnzi ­

g e rl'3! . He obtained t~e Hilbert spa~e (1 0 ) wi t h mO = - 00 and a uni ­
tary representation U of Y on ~ whi c h c oincides with (12) when 

t r ansformed by means of ( 11). The principa l difference concerns the 
choi ce of Jt~ : the Zwanziger ' s representation is r ecovered by pro ­

j ection of U to the s ubspace 

i~ 	= C(f} II L2(1l3, d 3k/2kOloH2S+ 1 (31) 

-1 /2 i -Iwhere f (m) = (21f/r ) - (m-M +'2r ) 

Williams himself regHrded the below unbounded maS6 vpec trum as 

the moin defect, but 1. t can be rectified y. a mees-f il tering proc edure 
withou t any observ~ble consequences/ 21- 23 ; essentia l ly the same ar ­

gument we hav e used through the condition ( 168) . EXcept of thet , in 
a theory pretending for comp leteness the fUnct i on f should be ob ­

t ained as a solution to the dynamical problem, with the Brei t-Wigner 

s hape of j f( . )12 resul t ing from the pole epproxi~8tion to this so­
l ution . liowever, i t seems the ! Vie w111 not have such a theory soon. 

I n spite of a substantial progr ess echieved in the perturbation theo­
ry of embedded eigenvvlues dur i ng the last decade * ) , one can hardly 

proceed beyond the Fertci golden rule since even fi nding of the "un­
pe~turbed H eigenvalues represents & difficult problem for the theory 

of strong interactions. 
1. difference between the two approaches is now obvious . In both 

of them , it is only the maes distribution which io essential for ex ­
press lor.. of the decay 1uw , .....hile effect of the momentum (veloci ty ) 

dependence of the weve function is suppressed. In the approach trea ­
ted here , this conclusi on is obtained by rea lizing that the momentum 
dist ri bution is i:tctuelly very nsrrow ti ) . On the cont rClry , with the 

choice (37) the mentioned independence i s echi e ved because it makes 
Bll velocity d is t r ibutions posS ibl e . Both th e ~pproachee 

A') 	 Cf., e. g. , Rd-s . 26,27 I end ~ more complete bi bli ogr aphy in 

Ref . 26, notes to section XII . 6 . 


t * ) 	 Tr.is fact ~'ao a lready noted , particularl y in Ref. 11 • However , 

the main problem is to use this observation to prove that t he 

decay ls 'l" defined naturally by ( ".Sa) mBy be a p prOxima t ed by the 

much more simple expre ssionB whi ch follow from ( :5b) and (30b). 
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yie ld the eame decay la w, simpl y because they have been const r uc ted 

8 0. 	 However , the first one haa the tl dvantage of producing the trans­

le t i onally-invarie nt description . 

On e migh t say , that in a 8ubopece ~u of the type (37) a l o~ of 

space is left unemployed. The present qualitative considerations show 

that one r eally n eeds only· ) 

:;; , ¢(f} e L2(B d 3k/2k )01<28' 1 	 DB) 
....'u le ' a 

where J( ::::d:/M • The s ubspace Jt' c a- isomorphi c to DS) through ( 11 ) 
U 	 z 

is "intermeJiate " 1n a aense between (3 1) and :Ku referrint; to (37). 
For ~~ • one cen derive a conclusion about the effective one-dimen­

sionality with more ease. On the other hond , ('8) is not longer trans­
lationally - invHriHnt, t hough the v i olation 1s manifested on large di~­

tences only :t:a ) . 

Finally, let us menti on that frequ ently the poss i bility of neg ­

lecting p-spread of tbe wave function is even better then the condi ­

tion (3 J b ) together with the table show. We have in mind the situati ­
ons when the unsta bl e pa r ticle su1'f ers repeated non- deca,y measure ­
ments/ 20 ,23/ , e.g., by monitor ing its t rack . Since the decay starts 

anew a f ter each measur ement (which has given the poeitive result) , 
1 

we need not require ( 24) to ho l d f or times comparabl e wi th r - but 
merely wi th the mean time between the neighbouring measurements which 

i s usually f ew ordera of magnitude shorter. As en exam ple , conelrter 
the decay of c b~rged keone treated in Ref. 23 : there the mean time 
between measurements is ,....., 10- 4 r - 1 • Instead of (33b), we ob t ain 
then the condition A q » 10- B cm , bu t actual ly the kaons are local i ­

zed within the range of bubble diameter , i . e ., about 10-2 cm . Simi­
la r conc lus i on~ ~ay be obtained for the other unstable particles and 

t r ack- monitoring devi ces too. On the o ther hand , t he conclus i ons about 

the effective one-dimensionali t y of £ 1.1 cen be ul:' cd to justify the 
basic reduction postulate of the repeated-measurements theori es . 

.) 	Of course , the condition <33b) does not r eslly r equi r e the momen­
tum (velocity) distribution to be supported by aome ball. In order 
to take possible tails of these distributions i nto account (pre ­
serving at th~ same time translational invflriance of dt'u) I a ma ­

thematically more sophi6tic~ted treatment i s needed ; we hope to 
discuss it elsewhere. 

:at ) 	 Assume again the conditi on (1 68) to be fulfilled . Then it is easy 
to 	s ee that the non-invurlonce become s essential for ~ 1 ('/M)8AP 

109 2~ 1 • i . c. , a i! (M/7 ).6.q • Thus 1 f M/~ ~ ond .6. q :: 10- cm , we 
get e ~ 100 km . 
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3KCHep n. 
0 nP8ACTa&neHMRX ~pynnw nyaHKape, C8R38HHWX C H8CTa5Mn~HWMM 
'laCTMqaMM 

E2-83-1 

05c~aeTCR npo6neMa penRTM8MCTCKM-K088PM8HTHOrO onMCaHMR H8CT86Mn~HWX 
~aCTMq. Mw nPMAep~aaeMCR nQAXOAa, KOTOPWM C8R3WaaeT YHMTapHOe nPH.aAMMOe 
nPBACT8BneHMe ~pynnw nyaHKape C nQAXO~eM M30nMPQa8HH0A CMCT8MOA, M cpaa­
HM88eM e~o C nQAXQAOM, 8 KOTOPOM QAHOA HeCTa6Mn~H0A ~aCTMqe nPHnMcwaaeTCR 
HeyHMT8pHOe HenPM8QAMMOe nPBACTaBneHMe. noK838H0 1 ~TO nPQGneMa OCH08W8a8TCR 
Ha ...e5ope nQAnpocTpaHcTaa H. a ~Mn~~epToaOM npocTpaHCTae cocTORHMA, KOTopoe 
MO*HO conocT88MT~ H8CTa6Mn~HOM ~8CTMqe, noKa38H0 0 ~TO TpaHCnRqMOHHaR MH8a­
PM8HTHOC:T~ H. HecoaMeCTMMa c YHMT8PHOCT~D nopeHqeacKHX 6ycToa. n~H 
KOHKpeTHWA •HA H. M nPHBQARTCII pacc~eHMII, noecaawaaiiii&Me, ~To """ ~~­
~MHcTaa pean~HWX 3KcnePMMSHT8n~HWX CHTyaqMA 3TO nQAnpocTp8HCT80 RanReTCII 
;*-KTMaHO QAHOMe~. 11on)"t8HO npaeMn~HOe 38M8A118HMe AM pacnaAB A•MJKY~~eAcR 
~~8CTMqw, 

Pa6oTa ewnonHeHa a na6opaTOPMM TeopeTM~ecKoA tMaMKM OKAM. 

Coo&leHHe (Mh,e,qMHeHHO~ MMCTMTYT8 RAePHWX MCCIIeAOBaHHA, 4Y&ta 1983 

Exner P. 
On the Representations of Polncar• Group Associated 
with Unstable Particles 

E2-83-1 

The problem of relativistically-covariant description of unstable partic­
les Is reexamined. We follow the approach which associates a unitary redu­
cible representation of Polncar• group with a larger Isolated system, and 
cOMpare It with the one ascribing a non-unitary Irreducible representation 
to the unstable particle alone. It Is shown that the problem roots In choice 
of the subspace H. of the state Hilbert space which could be related to 
the unstable particle. Translational lnvarlance of H. Is proved to be 
Incompatible with unltarlty of the boosts. Further we propose a concrete 
choice of H. and argue that In .ost cases of the actual experimental arran­
gell8nts, this subspace Is effectlvel·y one-dl~~enslonal. A correct slow-down 
for decay of a IIOVIng particle Is obtained. 

The Investigation has been perfonaed at the Laboratory of Theoretical 
Physics, JINR. 
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