
5-66 E2 - 8285 

6 I _ 
N.B.Skachkov 

ONE-BOSON-EXCHANGE RELATIVISTIC 

AMPLITUDE AS QUANTUM MECHANICAL 

POTENTIALS IN LOBACHEVSKY SPACE 



)F JINR PUBLICATIONS 
lmmunications of the Joint Institute for 
) are ,.- sidered to be original publica-
. 1ance with Article 4 of the JINR 

pl' • 1ts and communications consists 

~
' !) • e published in future in one of 
l~ • 'ections . 

-: etiC 
~t\).!{i•. ~ 
1 flr • 1 deposited publications of 

· last figures of the index) . 
A.--\.{;0 • etter, denotes the language 

glish. 
ch are distributed only 
\tter-index. 

the subject category 
ategories of the JINR 
,+co 

E2 - 8285 

N .B.Skachkov 

ONE-BOSON-EXCHANGE RELATIVISTIC 

AMPLITUDE AS QUAN11JM MECHANICAL 

POTENTIALS IN LOBACHEVSKY SPACE 

Submit ted to TM(IJ 

Ohe.iiHHe!.:~n.Jt\ mtCTJnYT 
GepllU:i! !lCC..iZ,!lOBaHd 

6H&J jVIOTEKA 



1. Introduction 

Most of theoretical interpretations of data on NN and 
NN interactions is based on the use of the one-boson
exchange model. In this model, as the one-boson-exchange 
potential (OBEP), describing the nucleon-nucleon forces, 
the matrix elements of the relativistic scattering amplitude 
in the second order in the coupling constant are taken. 
However, this Born approximation in the form given by 
quantum field theory based on the four-dimensional co
variant formalism little resembles the usual form of 
quantum-mechanical potentials and reduces to them only 
in the nonrelativistic limit /I I. 

On the other hand, it is known 12/ that transition 
from the nonrelativistic theory to relativistic one is 
equivalent to the change of the Euclidean geometry of the 
three-dimensional S?ace of 3-velocities by the Lobachev
sky geometry* . Methods of the Lobachevsky geometry 
have been employed in papers /4,5/ to describe the proces
ses of collisions of relativistic particles. In doing so, it 
has been found that application of the Lobachevsky geo
metry allows one to pick out an "absolute" part of the 
theory, i.e., such a part that does not depend on the geo
metry of the velocity space and has the same form both 
in the nonrelativistic region and in the relativistic one 151. 

A question naturally arises whether it is possible to 
comprehend also the matrix elements of relativistic 
scattering amplitude from this viewpoint. These elements 
can naturally be written in the Lobachevsky space as the 
condition for the particle momenta to be on the mass shell** 

*The three-dimensional covariant formulation of quan
tum field theory with the momentum space of the Lob~
chevsky geometry has been obtained in papers/31, 

**We are using the system of units where ti = c = 1 . 
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2 -->2 p o- p = M2 (1) 

defines the three-dimensional surface of the hyperboloid 
on the upper sheet of which the Lobachevsky geometry is 
just realized. In the present paper we would like to show 
that by using a method suggested in 16 1 for describing 
the matrix elements of the scattering amplitude in terms 
of the Lobachevsky space, the relativistic OBEP can be 
shaped into the direct geometrical generalization of quan
tum-mechanical potentials. And here the important role 
belongs to a quantity named "the half-momentum transfer" 
which is an analog of the "half-velocity" of a particle,. 
introduced by Chernikov / 5

/ 

2. The Scalar Boson (Pseudoscalar) Exchange 

Consider first the cases when the interaction proceeds 
through the exchange of a scalar or pseudoscalar particle 
with mass ll • This process is described by the Feynman 
diagram drawn in the figure. 

Pt0t 

P26
2 k 6' 

2 2 

4 

The scattering amplitude in the second order in the 
coupling constant g is given by the expression 

-+ -+ ( 2) -> , --> , 
<pl'a1,p2a2 1Ts(ps)lk1a1,k2a2>= 

(2) 
, ~ , 4 

2 j~(p~~ (p 1'k 1) ·j:(p:~-p2,k2) 
g 

ll2-(p1-k1)2 

The current-matrix ·elements in (2) 

, 4 -io , -+ 
.a1 a1 --> --> . , _a1 -+ al 
]s (pl,kl)=<p1a11Js(O)jkla1>=u (pl)u (k1) 

a
1 

a{ -+ -> -+ -+ _a1 -+ a{ -+ 
j (p ,k) =<p a Jj (O)jk a'>=u (p )y u (k) 
ps l l 1 l ps l 1 1 5 l 

can be transformed to the form local in the Lobachevsky 
space. For this aim we pass to bispinors defined in the 
rest frames* 

ua (p) ua(k) = ua(O) S ;l Sku a, (0), (3) 

ua (p) ua'(l;) =~a(O) y
5 
s;1 sk ua'(o)- (4) 

The four-row bispinor transformation matrices S P cor
respond to boosts A P • These transformations ao not 

*In the standard representation, 
• 1 0 

where Yo = ( ) 0 -1 
-------------------------

0 d --~a 
y=(_;j 

0
)ua(O)=y2M( 0 ) . In the spinor re-

0 llll 
presentation y ll = ( g 

all 

all -1 0 
o );y5=i( o 1); 

u a ( 0) = /M ( ~:) . 
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compose a group: their product is not the pure Lorentz 
transformation on the resulting vector but contains also 
the rotation describing the spin Tomas precession (the 
Wigner rotation) 

-1 l 0 1/2 -1 
S Sk=S 1 ·( )·D IV (A ,k)}. 

P A; k 0 l P (5) 

Now let us introduce the following notation for 4-vector /7/ 
A - 1 k 

p 
- --> --> --> -1 --> p 

k(-) p= (AP k)=k- 11 <k
0 

--> kp --> 

~--) = ~ 
Po+ M 

koPo- kp 
(6) 

(k(-) p)o=(A-1k)o 
p 

M 

2 --> ... 2 
=vM +(k(-) p) =L1 0 . 

In the nonrelativistic limit the vector K = k (-) p re
duces to the usual difference of two vectors in the Eucli
dean space K 3 = k - p . Thus, the vector K = k(-) p of the 
Lobachevsky space can be treated as the relativistic 
generalization of the three-dimensional Euclidean vector 
of momentum transfer S 3 = k- p. In the spherical coordi
nates 

p = M chx 
0 p k0 = M ch x k 

p = M; P shx P. k = M; k shxk 

... 
n 

p 

... 
p 

Iii 

formula (6) turns into that of addition of the hyperbolic 
angles in theLobachevskytrigonometry(see, e.g., ref/7/ ) 

ch X!'! = ch X k ch X P - sh X k sh X P (; p ; k ) • (7) 

In the space of/article velocities which is the Loba
chevsky space /4, 5 an important role is played by the 
concept of particle half-velocity / 5/. We define an analo
gous quantity called half-momentum transfer in the follow
ing way: 

6 

If --> 

~ 0 = M ch X ~ ; K = M~ ~ sh X~ --> 
n~= 

~ 

1K1 
then L\ 

0 
+ M 

ae0 = M ch X L\j2 = M • V -----u1-- ' 
(B) 

.,. M 
aE = M ~ ~ • :sh X L\/2 = L\ • V 2<-~-o _+_M)_ 

In the nonrelati vis tic limit ~ turns into ; ... j; 
3 

... ... 
k - p 

2 

The 4-vector of momentum transfer squared is expressed 
through 3/! by the formula 

2 2 2 2 Xt-. ... 2 
t = ( p- k) =2M (l- ch x ) =- 4M sh -- = - ~ . (9) 

A 2 

Note that the explicit expression for the bispinor trans
formation matrix contains just the particle half-velocity 
... -> xn 
w = n th ---"-

P 2 
... --> 

p o+ M a p .... .... ... o ... 
S =v---(1+ )=chx 12 +(anP)shxp;2 ;a=yy. 

P 2M p 0 + M P 

Therefore, it is easy to show with the help of (5) and 
(8), that the matrix elements of currents (3) and ( 4) are 
expressed via the components of vectors of the half-mo
mentum transfer vector ~ 

, ... 1 /2 
(1 a 1 ( p, k) = ~ 

s ( ps) 
I (1alP(k(- ... 

al =-- s( ps) ) p 
p 2 

) D 1 12 , I V-
1 

(A , k )! , 
a1 ,al p 

p (10) 

where 

J·a1al~k(-)p)=y2M(~Io+M) oaa =2H'o·oaa 
s 1 lp 1 lp 

(11) 

and 

{1alP(k(-)p)=y 2M .;a1(;;l,;)~alp=2(;1~) .(12) 
ps ~o+ M alalp 
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Equations (10)-(12) allow one to write the amplitude (2) 
in the form: 

.... .... ( 2) .... , .... , 
<plal;p2a2IT s(ps)lklal ;k2a2>= 

l /2 .... .... ( 2) .... .... 
~ <plal ;p2a2 1Ts(ps)lklalp;k2a2p 

a a =-l 
I p ' 2p 2 

-1 I /2 I . -1 
X I v ( A ' k I) l· :D , v ( A ' k 2 ) l ' 

PI PI a2pa2 P2 

where 
... -> ( 2) ... ... 

<plal ;p2 a2 ITs lk lalp;k2 a2p >= 

~10 1('20 • o a1 alp o a2 a 2.£...... 
2 

g 2 4 .... 2 
11 + ~ 

and 
-> -> ( 2) ... ... 

<plal;p2a2 ITps l!clalp;k2a2p > = 

... (... ....~) 
4(d-l:;ei)alal • a21eza2 a2p 

2 p ~ 

=-g -- 2 ... 2 
J1 +'*'I 

I/2 
>Da a'X 

lp I 

(13) 

(14) 

(15) 

The amplitudes (14) and (15), due to their dependence 
of the vectors iS.= k (-) p W, as the same, on the vector 
of momentum half-transfer~are local in the Lobachevsky 
space. In extracting an info'rmation on two-nucleon inter
actions from quantum field theory one usually employes 
the potential/8 / in the c.m.s. having the form ( p 1 = 

... ... -> 

=- p = p 0 k = -k = k) 
2 ' I ... 2~ ... .,.. ... _, ... ~ ) 

(2) -> -> 2(al~3)•(a2 ti~) 2 4(alelt3) (a2~ 
v ( p ' k ) = g 2 A-> 2 = g • 2 --> 2 

11 + Ll 3 11 + ~3 
(16) 

which can be obtained from (2) by passing to the nonrela
tivistic limit. The denominator in (16) is the Yukawa 

8 

potential. Comparing (15) and (16) it is seen that the 
relativistic amplitude (15) has the form of a direct geo
metrical generalization of potential (16) obtained by chang
ing the Euclidean geometry with the Lobachevsky one. 
Consequently, it can be said that after separating the 
Wigner rotation, which is due to the relativistic spin 
kinematics, out of the Feynman matrix element (2), the 
remaining part has the "absolute" geometrical character. 

Expression (15) can be written in terms of the relati
vistic spin-vector w11 qn , introduced in 191 

.... 
.... (a -->) _. _. M .... P -p o _,. ap ... a 2 

w ( p) = - ; w ( p) = - + --- • (17) 
2 2 Po+ M 

W11(p) W11 (p) = -M
2

s(s+ l) =-M
2
l/20/2+l) 

In virtue of the condition 

pl1 w ( p) = 0 
J1 

(18) 

only three components of vector (17) are independent. 
The vector w11 ( p') can be obtained by the pure 

Lorentz transformation of it in the rest frame of a particle 

W 11( p) = (A ) 11 W v ( 0) , 
p v 

where 

Wo(O)=O; W(O) = Ma' 2 0 

(19) 

(20) 

Taking into account relations (19), (20) and definition (16) 
of the vector of momentum transfer K in the Lobachevsky 
space, one can easily see that the equality 

11 ... ... .... Ma 
-k w (p) = (k(-)p)-

11 2 
(21) 

is valid. 
From (21) and (18) the important equality 

... M ... 
(p-k)l1 w (p) =(k(-) p) __!!_ 

11 2 
(22) 

follows. 
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If one takes into consideration that the relativistic spin 
vector has an extra component ruled out by condition (18), 
the transition from the four-dimensional scalar product 
to the three-dimensional one by formula (22) is equivalent 
to the use of the Foldy-Wouthuysen transformation. Equa
lity (22) also determines the connection of the obtained 
three-dimensional parametrization of currents in the 
Lobachevsky space I 6 I with the general parametriza
tion of currents in terms of the 4-vector of relativistic 
spin wfl(p) , proposed by Shirokov and Cheshkov/IO-l}-/ 

The role of the Wigner rotation entering into expres
sions (10) and (13) consists in "tran~ferring" the particle 
spin indices from the momentum k on~ a ~omentum 
p in the terminology of the authors of 10 -ll (see also 
refs./12-13/ ). Therefore, in the c.m.s. all the spin indices 
a 1 ,a 2 and alp• a 2P in (14) and (15) are "sitting" on 
one and the same momentum fl' , i.e., under the Lorentz 
transformations they transform according to the small 

- group of this vector. As is shown in 161
, in using expres

sions (2) as the quasipotential in the quasipotential equa
tion the Wigner rotation in (13) transfers all these spin 
indices in the equation onto one momentum p , and,as a 
result, the interaction is described by quasipotentials 
(14) and (15) local in the Lobachevsky space. 

3. Vector-Meson Exchange 

In this case the interaction Lagrangian is as follows: 
- i fv -

f In t = g V IJI N (X) yfl IJI N ( x) ctJ /L (X) + 2M IJIN ( x) afLV IJI * ( x) X 

xcl>fLV (x), 

where 

ci> /L)x) = ~~~ 
ax v 

and 
yllyV- yVyfl 

afLV 
2 

10 

act>v (x) 

axiL 

(23) . 

I 

' I 

In the second order in the coupling constant the matrix 
element of scattering amplitude corresponding to this 
Lagrangian has the form 

-> -> ( 2) ... , .. , 
<pial ;p2a21T V lklal;k2a2> 

-> -> (24) 
U:1 a1-< P\ • kl > • i IL a 2 a 2 < P 2 • k 2) 

/L2-(p -k )2 
l l 

where 
-> fl.V , -> 

jll ,(p,k) =ua(p}lgv·yfl. + _!!__q f lu 0 (k) (25) 
a a 2M v V 

qv = ( P- k) v 

is the nucleon vector current. 
Consider now the amplitude (24) assuming for the mo

ment the constant fv = o . In formula (25), similarly to 
(3) and (4), we perform a transition to bispinors in the 
particle rest frame 

jll (p,k)=uaCp)yflua'(k) 

-a - l fl. l /2 -1 
= u (0) S y S • Sk( l • I • D IV ( 1\ ,k) I. p p - p p 

(26) 

Taking into account the obtained in 161 equality 

-1 /L fl. v y fl. ,(1. -> 
S P y S P = ( 1\ P) v y = 1f"- I p + 2 y 5 " ( p) I (27) 

that follows from the definition of W fl(p) (17), (19), 
current (26) can be represented in the form analogous 
to (10): 

• /L (-> -> l/2 
J , p,k)= I 1·11 

a a 1 a =-- aa 
p 2 p 

(k(-) p;p) D11:!V-1
(i\ ,k)},(28) 

apa P 

II 



where using the explicit form of the matrix S k ( _ l P in 
(26), we obtain 

-> * 
jfl (k(-) p;p) = Ml ~a l2p 11 3e

0 
+ 4W 11 (p) (;-J€) !. (29) 

a ap 

Thus, after substituting (28) into (24) we find that the 
matrix element of the scattering amplitude for the vector
meson exchange can also be represented in the form 
(13). In doing so, for the amplitude 

... ... ( 2) --> --> 

<plal;p2a21Tv lklalp;k2a2p > 

* * ( ) -> ~al ~a2 T/ (k(-) p;p) ~alp ~a2p (30) 

... ... 
j~ 1 a

1 
(kl (-)p};pl) •j11a

2
a

2
(k2(-)p2;p2) 

- g 2 p p 
v 

112-(pl-kl)2 

... ... ... 
in the c.m.s. P1=-p2=p;k1 =-k2=k with the help of 
(28) we obtain the expression 

2 ( 2) ... -> --> 2 4 M 2 
T v ( k ( -) p ; p) = - g v -

2
---:-2 - g v • 

2 
- g v· 

Spo~ 

M2 

fl+'J! 

-+ .... ~ -+-+-+ 
i adp~] + ia 2[ p ~] 

2 A<! 2 
f1 + ,... 

2 2 --> ... 
2 8 Po}e:o +2p<f«U(p~) - M

4 

-gv · -2 · 
M 2 ... 2 

f1 + 4Qe. 

-+ -+ -+ -+ -+ -+ -+2 
4(a1~) (ate)- ( a 1 a2 )Jt 

2 ,1~2 
f1 + ,.,.... 

(31) 

2 • _J!__. 
- g v M 2 

(; l p) (; l ~) • ( J 2 p) (;; 2~) 
!12 + 4i.,2 

12 

where 

.... M __. ... ae=v (k(-)p). 
2(t\ 0 +M) 

Now let us explain the meaning of expressions entering 
into (31). The first term corresponds to the interaction 
of spinless particles and is the relativistic generalization 
of the Yukawa potential. The second term describes the 
spin-spin interaction, the third term the spin-orbital one. 
The third line contains the terms describing the contri
bution to orbital motion. The latter term in (31) can be 
expanded in the following spin structures 

-)-)>-+-) -+-+ -+-+ 

1 (al p)(alae)·(a2p)(a~) 

w. - !12 + 4,e2 

< p;e) 2 + [ ;ae] 2 8~ l 
~2-· 

M 2 ,1~2 f1 + ._ 
+ -30-c 0 

M 

X 

i ; l [ p;)i] + i ; 2 [ p~] 

JL 2 + 4x2 
+ 

-+ -)-) -+ -+-+ 2 

+ 4 M2" 
(i a 1 [p~] + i a 2 [p~]) 

. f1 2 + 4jf.2 -

(p~) 2 X 

(32) 

In the nonrelativistic limit, when the curvature of the 
Lobachevsky space tends to zero and the space becomes 
the Euclidean one, expression (31) up to the terms of the 
order ~ turns into: 

c 

T ( 2) 
nonrel 

2_!_. 
- g v 2 

c 

... --> --> 2 4M
2 

(k-p·p)=-g • 
' v 112 + 4fe; 

cc;lx.3) cc;2~3) - <c;1 ;2 )~ 
JL 2 + 4;i>~ 

(33) 

13 



2 ' 8 - g ·-2. 
v c 

8 -g2,_2, 
v c 

i;1rPx3l+ i;-;2[P~31 
112 + 4j( 2 

3 

( 
... -> 2 
p + ';e3 ) 

Jl 2 + 4;( £ 
-> -> 
k - p 

where 

ae3 -· ---. 
2 

Expression (32), i.e., the last line of (31), vanishes 
due to proportionality 1 1 c 4 in the nonrelativistic limit 
of (31) ii it is taken up to the terms of an order 1 I c 2 • 

Next, let us examine the part of nucleon current (25) 
which contains the tensor interaction 

fv , ... 
-- • 'U a ( p) a Jl v q u a ( k) • (34) 
2M v 

After passing in (34) to bispinors in the particle rest 
frames we arrive at the expression 

~ u a ( 0) s;1 a JlV s p. q 1/ • s k ( -) p' I • D l/2 I v -l (A p ' k) I ua ,(0). 
2M 

Applying formula (27) makes it possible to get the equality 

S -l a Jl v S = - _!__ ~ JlV ( p) - 2_ y 
5 

( \l Jl ( pJ p v- \ly ( p) p Jl ) , ( 3 5) 
P P M2 M 2 

wherE: the operator 
JlV Wll(p) w 1/(pJ - wv (p) Wll(pj 

I (p) = (36) 
2 

is constructed by analogy with a 11v (23) but instead 
of the y 11 - matrices the relativistic spin vector W 11 (p) 
is used. Allowing for (29), (35) and (9) the nucleon current 
(25) takes the form 

l/2 
~ "/1 

l J aa 
a p =- 2 p 

j Jl { ... ... 
aa ' P , k ) = (k(-) p;p) n 1/2;v-\A ,k)l,(37) 

a a p 
p 

14 

where 

.Jl ... ... ... ~ Jl 
J (k(-)p;p)=-l2p gE(t)+ 

M " 

Wll( ... ) p 1/ ... 
~ (W (p) q) gE(t) + 

Jl 1/ ... ) +4~ (p ql/ 2!. 
• M2 

(38) 

Here we have denoted by g E( t) , by analogy with the 
Sach's "charge" form factor G ( t) , the following 
combination of constants E 

->2 
t ;Je 

gE( t) = g V + 4M2 • f V = g v- M""2 f v . (39) 

By using eq. (27) and the relation 
is easy to obtain the equality 

yJlyV+ yVy/1=2gfliJ it 

w11 (p) Wv(p) + Wv(p) w11 (p ... ) 
Jl v M 2 11 v p p - g 

---------. 
' 2 

the use of which allows us to represent the operator 
(36) in the form 

~ 11 1/ ( ... ) w Jl ( ... ) "' 1/ ( ... ) l I M 2 JlV /1 1/ I 
4. p = p n p + 4 g -p p , (40) 

Applying of ( 40) to (38) results in the form of the nucleon 
current 

j Jl , (k(-) p;p) = 
a·a 

* , 
= t~al2g~o pll + fv·3eoqll +4gv\\'Jl(p) (a'jf}!.fa, (41) 

analogous to (29). Substituting (41) into (30) we obtain in 
the c.m.s. the following expression for (24) 

-+ ( 2) ... l /2 ... ( 2) ... 
<p,al aziTv I k,afaz'>= ~ <p,ala21Tv jk,alpa2~X 

a a --l If lp' 2p- 2 

-l l /2 -l 
IV (AP,k)IDa a,IV (AP,k)l 

2p 2 

(42) X D I /2 
a a, 

lp l 

15 



where 
-> * * <-+ I T( 2) I k cal a2 ( 2) -+ -+ -+ a 1 ,,_a 

p,a1a2 v ,a1pa2p >=s ~ Tv (k(-)p:p)~ P~ 2p; 

and 
4M

2 (
.... .... .... ~ ........ -+2 

2 
a 1~) (a <jel -(a1 0<_2~ 

T( 2) ( k (-) p ;p) =- g~ • 2 + 4i~ 
v ~ 

4 FM 2 .:_2 

2 
-8gM· 

Po~ 
M2 

i ; 1 ["p~] + i ; 2 [ p~] 

~2 + 4Jk2 

4 
1 

4po Jlo ....... 
2 A..:,2 2 (pJf,) gygM+.,..,2 g2 _2M2 2 ~ + ..._. M ~ M gM + 

+ [ (2p2o- M2) g 2v_ jf2£~1 ~ J-
M 

........................ 41 .... 

2 8 (alp) (a ~·(a2p) (a~ 
-gM·--·-

M2 ~ +~ 

(43) 

and g M = g v + f v · 
Comparing (43) with (31) we may conclude that including 

the term with a ~ v into the current only results in 
an essential change of the part of the amplitude which 
describes the orbital motion. In other expressions only 
the change of the coupling constant g ~ .... g~ takes 
place and the spin structure of the amplitude remains 
unchanged. 

The above consideration allows one to state that the 
parametrization with the use of the Lobachevsky space 
makes it possible to represent the Born approximation for 
the relativistic scattering amplitude (i.e., the matrix 
element corresponding to a vector-particle exchange) in 
the form of a direct geometrical generalization of quantum 
mechanical potentials derived by changing the Euclidean 
quantities by their analogs in the Lobachevsky space. 
Expressions (33) and (31) are similar in form (of course, 
without the last term of (31)) and differ only in the geomet
rical nature of their quantities~ and ;)i3 • Therefore, 
our method allows one to obtain some terms of "absolute" 

16 

geometrical nature from the "dynamical part" of (24). One 
might wonder what is the reason that the half-mq_m~ntum 
transfer 'ji rather than the momentum transfer !!. = k (-) p 
is a more suitable quantity in the relativistic geometrical 
generalization. To answer this question we consider an 
analogous quantity, the particle half-momentum 
11 p = ( 11 o. ;; ) = ( M ch x p/2 ; M It p sh X p/2 ) • 

In the nonrelativistic limit, the energy of a particle 
moving with momentum ji is 

2 .... 2 p 2 2 ( 11 3) 2 \ .... -+ 

p 0 = v' M + p "' M + - = M + ; 11 = p/2. 
2M M 3 

(44) 

On the other hand, the exact expression for the relati
vistic energy in terms of the half-momentum looks like: 

(
-+ 2 

2 -+2 2 11 ) 
p =v'M +p =M+ P 

o M (45) 

The analogous relation 

.'lo=v'M2 + ~2 = M + 2~)2 (46) 

also holds for S. . Thus, it can be said that the half-mo
mentum (or half-momentum transfer) is connected with the 
particle kinetic energy equal to the part of the total 
energy without the rest mass Wkin. = p 0 - M. It is just the 
kinetic energy (and not the total one) which has the non
relativistic analog, and only this one can be generalized 
in a geometrical way. It is seen from (44) and (45) that 
this generalization ... is achieved by introducing the half-
momentum parameter which makes it possible 
to give the "absolute" geometrical form /S/ to the 

. particle kinetic energy. The half-momentum transfer in 
(46) plays the role of the particle half-momentum itP in 
(45). Consequently, just the quantities of kinetic nature 
can be generalized geometrically, i.e., they have the 
"absolute" character. 

In this connection, we note that the explicit form of the 
functions n 1/2{y-1 (A P, k)}decribing the Wigner rotation 
is the most simple one just in terms of half-momentum of 

17 



particle rtP • Thus, the complicated in the form ex-
pression I g I 

-+ 

(k 0 + M) (p o+ M) -(;; k) (;; p) 
D 1 /

2 I V - 1 (A P , k ) I = -===========~47) v 2(k 0 + M) (p 0+ M) (k 0 p 0 - kp + M 2) 

written in terms of 

D 1/
2 IV -I (A P , k) I = 

4. Conclusion 

--> 

"P looks as follows: 

rr~ rrg -(; ;k) (; ;p) 

M:1eo 

To complete the paper, we briefly summarize our 
consideration. As has been shown, the transition to 
quantities in terms of the Lobachevsky geometry allows 
one to represent matrix elements of the relativistic scat
tering amplitude in the form of direct geometrical gene
ralization of the quantum-mechanical potentials: in the 
"absolute" form /5/ . This makes it possible to say 
that the matrix elements of the relativistic scattering 
amplitude in the second order in coupling constant (or 
rather their part of the order 1/ c 2 in the nonrelativistic 
limit) could be obtained by direct geometrical generaliza
tion of the corresponding quantum-mechanical potentials. 
Therefore the developed here formalism can be used for 
a phenomenological description of interactions of elemen
tary particles and bound state system in the relativistic 
energy range in the cases when there are difficulties 
connected with application of the methods of relativistic 
quantum field theory, but the nonrelativistic quantum
mechanical potentials, describing qualitatively the fea
ture, are known. 

-The corresponding relativistic potentials can be obtain
ed by the following recipe: at the beginning, it is necessary 
in the nonrelativistic pitentials taken in the momentum 
space, to make transition from the momentum transfer 
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--> 

--> k - p 
to the half -momentum transfer JeE = --

2 
and then 

to replace the nonrelativistic half-momentum transfer 
i€ E by its analog in the Lobachevsky space by formula 
(8). To obtain the relativistically covariant expression 
it is also necessary to multiply the obtained expression 
by 0 I/2 function describing the kinematical Wigner rota
tion. 

Note that unlike the Foldy-Wouthuysen method, the 
transition from (24) to the three-dimensional expression 
(31) has been achieved in an equivalent way without 
expanding in :Powers of v 21 c 2 and losing the relativis
tic terms. In particular, in (31) there enters also the term 
(32) of the same order in 1 /M 2 as the remaining 
terms of (31) (however, the term (32) is not present in the 
nonrelativistic expression (33) due to its proportionality 
to l/ c 4 ). 

The obtained forms of the relativistic OBEP are 
suitable for their use as potentials in the quasipotential 
equations, since the momentum space of these equations 
is the Lobachevsky space /?/. 

The author thanks V.G.Kadyshevsky, N.A.Chernikov, 
V .A.Meshcheryakov, R.M.Mir-Kasimov, K.O.Oganesyan 
and L.I.Ponomarev for useful discussions and interest 
in the work. 

References 

1. V.V.Babikov. JINR Preprint, P4-7698, Dubna, 1974; 
Jad.Fiz., 2, 325 (1965); Nucl.Phys., 76, 665 (1966). 

2. V.A.Fock. The Theory of Space, Time and Gravitation, 
Gostekhizdat, Moscow, 1955. (Published in English 
by Pergamon Press, Oxford, 1967 . 

3. V.G.Kadyshevsky. Z.Eksp.Teor.Fiz., 46, 564 (1974); 
JETP, 46, 872 (1964); Dokl.Acad.Nauk USSR, 160, 
573 (1965). 

4. N.A.Chernikov. JINR Preprint, P-2723, Dubna, 1961; 
Preprint ITF-68-44, Kiev, 1968. 

5. N .A.Chernikov. Nauchn.Dokl.Vyschey Shkoly, 2, 158 
(1958); NDVSH, 3, 151 (1959); Z.Eksp. Teor.Fiz., 
33, 541 (1957); Lectures given at JINR International 

19 



School in Theoretical Physics, v. 3, 151, JINR, Dubna, 
_1964; Particles and Nucleus, v. 4, N. 3, Atomizdat, 
Moscow, 1973. 

6. N.B.Skachkov. JINR, E2-7159, Dubna, 1973; JINR, 
E2-7333, Dubna, 1973. 

7. V.G.Kadyshevsky, R.M.Mir-Kasimov, N.B.Skachkov. 
Nuovo Cim., 55A, 233 (1968); Particles and Nucleus, 
v. 2, N. 3, 635, Atomizdat, Moscow, 1972. 

8. S.Schweber. An Introduction to Relativistic Quantum 
Field Theory, Row, Peterson and Co., NewYork,1961. 

9. Yu.M.Shirokov. Z.Eksp. Teor .Fiz., 21, 748 (1951); 
Dokl.Akad.Nauk USSR, 99, 737 (1954). 

10. A.A.Cheshkov, Yu.M.Shirokov. JETP, 44, 1982(1963). 
11. A.A.Cheshkov. JETP, 50, 144 (1966). 
12. G.C.Wick. Ann.of Phys., 18, 65 (1962). 
13. Ya.A.Smorodinsky. JETP, 43, 2218 (1962). 
14. H.A.Bethe, E.E.Salpeter. Quantum Mechanics of One

and Two-Electron Atoms, Springer-Verlag, Berlin, 
Gottingen, Heidelberg, 1957. 

15. A.A.Logunov, A.N.Tavkhelidze. Nuovo Cim., 29, 380 
(1963). 

16. V.G.Kadyshevsky, A.N.Tavkhelidze. Quasipotential 
Method in Relativistic Two-Body Problem, in "Prob
lems of Theoretical Physics", Moscow, Nauka, 1969. 

20 

Received by Publishing Department 
on September 20, 1974. 

Conditions of Exchange 
The preprints and communications of the Joint Institute for 

Nuclear Research are distributed free of charge on the mutual 
exchange basis to the universities, institutes, libraries, scientific 
groups and individual scientists of more than 50 countries. 

We expect that the recipients of the JINR publications will have 
a possibility to display initiative in sending free of charge publica
tions to Dubna. We receive, on the exchange basis, scientific books, 
journals, preprints and other types of publications on the subject 
categories of our Institute. 

The only kind of publications that we do not require are the 
reprints of the articles already published in scientific journals. 

In a number of cases we address to scientific institutions 
- the most prominent recipients of our publications - with the 
request to send us free of charge some books or subscribe for 
our library to the scientific journals published in their countries. 

Requests 

The Publishing Department fulfils annually about 3000 individual 
requests for our preprints and communications. The index of our 
publication must be obligatory indicated in such requests. 

Addresses 
Letters on all the questions concerning the exchange of publica

tions as well as requests for individual publications are to be sent 
at the address: 

Publishing Department 
Joint Institute for 
Nuclear Research 
Head Post Office, 
P.O. Box 79 
101000 Moscow, 
U.S.S.R. 

We kindly ask to send all the publications on the exchange 
basis and also free of charge subscriptions to scientific journals 
at the address: 

Scientific-Technical Library 
Joint Institute for 
Nuclear Research 
Head Post Office 
P.O. Box 79 
101000 Moscow, 
U.S.S.R. 


