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Spinors are of a growing importance in quantum and classical 
theories (supersymmetries, twister formalism). There is suggested 
and has been proposed by many people /l/ overall transition from 
Cartesian coordinates to the spinors. Here we discuss classical and 
quantum mechanics in a spinor representation, namely, after the change 
of variables x) 

Xm.= ~ 6m.~ (m.=1,i.,3.) "t=~~. (1) 

where ~ is the usual 2-component complex spinor ("spinor coordi
nates"), and 6mare the Pauli matrices. If one represents the spinor 
as follows 

- :lo - ll..,+ia..., Ll,+ilLt u..,+t~ 'l"t c.o~"i e~ ~ 0 I r.: e h~-~)1 
~-r }J-f Sa+i.8J=L_:!>+i.LlJ =lu.l.+iu.J = -'- - e \lcl+~) 

"tnen 

\1'1. SL"9: e_ 

0~'1-~= 7 ·o,..e~'Jt, o"~~~-.r.:. 0'-cL.'-'t'lL. 

)1. 1= ~61~ -= !!(o..o8o+a.1~1) =- "(.si.n.S c.oslf, 

~ ~ = ~ 6'1.~ = 'l. lo..o gC ct1 Bo) = -'t Si.nll sl.n.~, 
X:;=~6~~ =ct~+o..~-8~-S~="tCo~Q, 

- '1. ~ ot ot 
't = 'i, ~ = O..o +a..1 +t>o-+ 01 = u.,.u.~ · 

(2) 

(J) 

In eq. (2) in the brackets a correspondence is given with variables 
of Kustaanheimo and Stiefel 121. They introduced these variables for 
regularization of celestial mechanics equations (to eliminate the 
Newton potential singularity). Their approach and technique seem some
what cumbersome and unusual to physicists. We wish to stress that the 
use of spinors ~ is most suitable for both relevant spaces RJ (see, 

X)----- /J/ 
x We can define space reflections of ~ as follows (of. L.D.Landau ) 

'f.- ~!.~t!:-t~ 6 1' 16'-~ 161i, ,o,\ 153\ _ 
-srglls acquired 

by X X X -++ +-+ ++- - +- -+- --+ 
1' 2' J 

A standard reflection of 1 is not preferable from a point of view of 
the space R4 of the variables "'-.!" • (==-"~ 
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e.g., the above significant expressions (1)) and R4 , and because 
of the well-known advanced machinery of Fierz identities to deal with 
the spinors ~ • These identities follow from the completeness rela
tion for the 6" -matrices 

3 

L (6 tt )"'t>(6 J4 )ls= ~'ii.k~COn l 6 o= l= Cb~)). C4) 
,. .. o 

In particular, the simplest Fierz identity 
3 L c~6~n~)'"=(;~),. (5) 

M=1 
demonstrates that '~="t is not an independent quantity. As to l.i/ = 
= (U-1 , u.i.,IA.:~.,LL4> it is in fact a real 4-component Majorana spinor, 

for which the Fierz identity t (iV'(I""t')~O is equivalent to eq. 
(5), and X~r~=i. 'iti'C...,'t' , "t= iii""''\'!"=~ However, the above 2-component 
spinor formalism seems to be simpler. For other relevant Fierz iden
tities see Appendix A. 

The change of variables from ~ (or u) to xm according to eq. 
(J) is in fact the Hopf map s3- s 2 12•3• 5/ at each fixed'(.. ( '(. 
and ft being radii of spheres s2 and s3, respectively), i.e., the fibre 
bundle of s3 with the ba~e space s 2, coordinates of which are written 
in a concise form (1), and the fibre s1 ( e;;x f ) • In other words, this is . . ~ 1 
the treatment of cla.s~ical A.nrl f!UAntnm mA~h.Qni "ct oa !?. ~p --4:~'?'::.'~;"(~-::-:..~'!) .. 

Let us put eqs. (1) direc~ly into the Kepler problem Lagrangian, 
thus obtaining 

!.!a, 1.. • • .! -. 1. e..'l 
L= ~ )l x. + ~ = lm Ch)(~~) + t;:(~ ~-\s) + t;i, (6) 

with the use of the Fierz identities, and now the derivation of equa
tions of motion becomes routine. One can substitute any other potential - ... _ ...... 
V(r)=V(~~) or V(x)=V(~5f,) for the Newtonian one. The Lagrangian is 
i:mrariant under gauge transformations ~(t) -ei.>l.(t.)~(t) 1 ).. (t) being 
an arbitrary function. This means that the equations fail to define one 
of four unknown functions. It is just cl(t) that remains an arbitrary 
function of t. We can omit the term with t~-~i and adopt the new 
Lagrangian 

"" • elL 
L = 2. m.C~~)(~ ~) + :::-

~~ 
(or with any other V) (7) 

(like do in electrodynamics). It is invariant under above transforma
tions but with constant A • This leads to the conservation law 
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"' 

( ~ £,) ct ~- ~ ~)"" (.Orl.S~ (t). (8) 

If we choose const=01 and thus, impose the subsidiary condition (SC) 

t~-i;~=O (a), or U. 1Ltt.- u.'l.U..1 + u.~U.'t-u.'tU.:?>=O (b), 

or 't(c!.- c.ose ~) =0 (c), (9) 

the new theory becomes equivalent to the original one (equivalent 
equations, conservation laws, etc.), but is preferable for quantizati
on, since it defines all four degrees of freedom. Lagrangian (7) 
(being constructed out of combinations of the type ~ ~ = u.J'l u.J' ) has 
Oi-symmetry important in what follows. However, the combination 
~S,-~~, Lagrangian (6), and SCare only o3 symmetric. 

Lagrangian (7) yields the equation of motion 

2.~n (i;~)~ +!bn(1;~)"' -[1m.(~~)-,:\..]~ =0. 
'-\*,) 

It results in (with the use of SO and the Fierz identities, 
dix A) the Newton equation 111(~ 6 ~ )"' + et(\6..,t,) =0 

• "" {~~)?> • • t. 
conservation law of energy H=O, where H=2m (~f,)(~~) -:~ 

Hamiltonian, etc. The equation can be written as 

(10) 

see Appen

' the 

is the 

i"' (~i,)'l ~ +1M(~i,)(~;)"~-H~=O (lo') 

I dt dt 
and upon rep lacing of t by the new parameter s: Q!; = 'L = ~~ as 

•o ( o J' ) 11 l m. ~-H; = 0 ~ = "l!: . c1o ) 
When the energy H is fixed, eq. (10 11

) is linear, and for H< 0 it is 
an equation for a 4-dimensional oscillator. This is in accord with 
ref,/21. 

g~ant~m~ch!¥li21!!...Pa1!L!!!t~ral depends on the classical 
Lagrangian and suggests itself as a simple way to incorporate the 
spinor variables in quantum mechanics. In fact, this was done 
by nuru and Kleinert 161 when attempted to calculate the path integ
ral for the coulomb Green function in terms of the K.-8. variables. 
They have gone close to a correct Schwinger result/91, but with some 
distinction. Their reasoning that, nevertheless, the result is cor
rect seems, however, to be questionable. We can interpret the situa
tion as follows. To reduce L to L, let us take into account SC(9. c), 
inserting 
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co oo Ill 

1 :: ~ dJ..1 ... ~ JJ.N n b (d."- c{l\_1- C.osfltt. (~ -~ _1)\::: 
-oo -co 1\.=1 1\ 1\ 'J 

( f nN ~ I'Yt'tn."tt~-1 i2:~t "t,.'tll-{c!.h-J..I\-1-cos~(~"-~"-1)]2. 
== 3clcl1 --·} Ur-~ 1 'h' t e (n) 

-oo -oo n=1 To: 'Lb 
under the path integral, This indeed transforms L into L, as desi
red, but with an incorrect range of cLN : 1::-oo, oo] instead of[0,41i:]. 
It is known that for angular variables (unlike for the Cartesian 
ones) approximations like Si..I'L(cLn-c£. 11_1)~cLn-d.. 11_1 may fail 
to work /lO/ , In any case, the path integral calculation seems 
to be ambiguous, 

E~!~B~!B_EiC~!~· Canonical quantization of the theory with 
Lagrangian (7) leads to the commutation relations (see Appendix B) 

[~J..,h]= [~J..J~(!.] :::[~d.7~,.1 =[~c~..,t\!>1=0, 
~ - . i.t.. 

[~c~qh1=[~.J..1~r-.J = ~m~~ b.~-~, 

[~J..,~~J = 1Wt~~f,)~ c~"'iv-- ~J.. ~I!>) , ct.., t!!>J=l~~i,1CLt~-~d.~,), 
[~&.,~f'l= ~ll'li.~~)'i(~J..t!!>+~{'>~d..-i~. ~~- ~~~~). (12) 

Now SC must be imposed on state vectors 

<~~)( ~ ~ - ~ ~) I > = o . (lJ) 

The operator(f~)(~~:-~ ~)commutes with the physical quanti ties x,. = i;6..,~ 1 

"(.:~~' xm=(i;6 ... ~)' (like or~f" with field strengths in quantum 
electrodynamics), Now one cannot replace t by s in the equation of 
motion (10), There is an essential difficulty with ordering of ope
rators in the Lagrangian, equations of motion, etc, When finding 
Green functions it is expedient to turn to the Schrodinger pictun~. 

~2d~ager pi~. Let us transform the Schrodinger equation 
into spinor variables, To transform the Laplace operator in terms of 
variables ~ or ~~ we need to solve the overdetermined set of equa-
tions o 'Ox .... '0 

~U.t' = 'O~t' 'Ollm 
(14) 

with respect to 'Cl/0 xm. , This iS possible, and, in particular, we get 

• (.'!>) 'd 0 - { r. ld d I. 'd 'd \1 i./, ('I) (.<t)\ 
1.L m;')(m'Oxl\-~"ox.~- "ilu."'ov.~u."ou.;t~~~"~\utou."'-~'lol.le! :::- ~ \,L"';f.mnf~.lt) 

(15) 
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(here 
the o

3 
gebra. 

ttWLI'L is the totally antisymmetric tensor e123=l),i.e., 
generators are expressed via the o3-subalgebra of the o

4 
al

As a consistency condition of set (14) there arises the SC 

1 [ 'a Q d '0 ] • ('I) ('I) 0 
i l.l1 i'U.t.- lAg_ 'alA'\+ I.{~~- u..'i'Ov.~ =i("C1'l. + L3't) = ~= 0 (16) 

applied to functions of interest, Eq, (16) is a natural quantum coun
terpart of SC (9), It includes the second o3-subalgebra generator of 
the 04 algebra, If spherical harmonics of o4~are labelled by eigen-

{'1) i ~ (.It) ('t) 1 ( ('t) ('t) values l,m,n of the operators L , "!(L12 - L34) and l LJ:
2 

+ L
34

), 

then eq, (16) allows only functions with n=O, Therefo~ functions of 
interest are representable as 

4~ 

:t-Cx) == ~:rc ~ clcl T c~). 
"0 

(17) 

This is integration over the fiber s1 ,or integration over the subgroup 
o2• It eliminates the second o3-subalgebra of o

4
, Note that this o

4 
works differently than o4 in the famous Fock approach 18 ,91, From 
eq. (15) it follows that 

Lt"')'- =..!. Lt~t)!L 
Lj 

( 2. -1( () 0 )'-) L ==- 'i )(.t'~llv- Xv 'Oll!" (18) 

and further that 
(?.' A 1/.\ 

A.~,== Lt."t. A''' .-. ~ ;c,-;, 
=-·-~ -==-~-, 
- .it'L 'OIA.r au.,.- ~ ~ 'O~<k a~c~.. (19) 

where atn.) 

and in ~'I) 

(n.) 1 '0 11-1 0 j_ T(ll\.)1 
are the Laplace operators A == 'tn.-1 o't 't: -R- 't."L. 

u ~ and f = ~ = m serve as x _,. and "(. , Let us consi-
der the Green functions ~ 

'k1Ht · k1Et 
&u.t (:X,to,t)= ±e(±t)(x\<2._,_ 11.,>:ii-~JEel. G-'tt.t(t,x.,,E) 

a.J.t/ .. c.iv 
l-)...,..., :\ ... -tl_-1\itl....,) r ) (20) 

(hence D (x.,}(.01tJ=<..x 1~ X., '= u~-C:r....tv . 
Then the Schrodi:nger equation 

[ 
t A<.') e'l. ) (..., ..., E) c- ..., ) 

-\:-- -'t -t Wl'l) -E &ut X,Xo 7 ==-i.~ X-X.o 
~~ ~~ 

is reduced to the Sohrodinger equation in R 
4 

(21) 

{-t.'-~ - e'- + W(j'-)f'l -E y .. ](;!: (' 
1 
~.,,e .. )=-i.'f~~(.IA.-t.lo) (22) 

11.) '(WI( :\ i.n.i-
£ il,'i', e. 
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upoP taking into account 

-4:r.: 

~(l-X:) = _1 J<iJ.. o'\u-uo) 
1b"L 

0 

( J~~~.. = ...L J~x Jcl) 
1b'L • 

(2J) 

In eq, (22) e 2 and E exchange roles: E enters now into an oscillator 
-type potential (but with E of both signs), and e2 serves as if a new 
energy variables, 

Hence we obtain the relation 
't:Jt 43!: Oo 

..... ....., i ~ r d f i.k"1e'i~ ....... ) 
G'Le:t.(X,Xo,E)=p--

4 
)J~) J..oJds e (,.~~(~ 7~.,,s 

a.Jv bn. :it o o -oo 

(24) 

between the Green functions, where s is a parameter of the type of 
time, and the Green functions G:ut (~ 1 ~.,,5) obey the Schrodinger 
equation A.lv 

a "' r 'l ~::..('1) l"' 
itt-as G-'l.e:-t (~,~o,s)=rlt Sm +W(s;~)\~-E~~JC~u.t(~ 1\o 1s)+i~b\Ll-U0b(s). ( 25) 

a.dv a.lv 2 ,_ 
In the Coulomb case (W=O) and in the free case (e =0) G- ..... t (t, 11,o 1S) 

.U.v 
are functions of the type of Green.functions for a 4-dimensional 
VOV.J....L.Ldo\.oU.L 

& <W: (~ 1 ~0 s) = ±S(ts)( ~ ~~ \9.. e_i.'l~~vt.liJ~ [(i;\-4-~i,~c:o~IU~-(~~.,+~oi,~ 
...l.li l iJ,i\t. SLvt.I.US) , 

( 26) 

where M=4m, 11.)::~-~E (~)::'t==Ll.t'U.t', ~0~0='t0=Ll.0t'Llot' 7 ~~0-\-~o~=iU.t'Llot'}. 
Thus obtained (:r"Ul.t (X, X:,, E) is in accord with the expression of 
ref,/6/, which, in turn, is fitted to the Schwinger Coulomb Green 
function/9/, One can write the expressions for the Coulomb Green 
functions in terms of the spinor variables as follows 

Jtr.: (X) ik 
± i.k\~ J,t ( 11_ e_ ± ~\,~[~i,+t,~~c.h.,-(r;~o+~o\)1 ±'l" 

& (t. t E\-) ('1Jt) ~ } ~h.'i11 e l-Vtt 
't.U J o, ')- 0 0 l 
alv 

4
:Jt 

00 
for E> o 

- f <Je_\ ( JJ. \ J~ e_-~[~~+~o~~c.h~-(\~o+"foi,)] i))~ 
\.Lt:rt) ) J ~ e -l 

(q=Hm.VL-2.) 0 0 forE<o, 
(27) 

6 

) 

.. 

·) 

where k. =i-1 JtmE, at.=t-..- 1 ~-im.E, ))= \~~~El • The last expres

sion of eq, (27) is valid for))< 1. For removing this restriction 
(in terms of the variable f = e -2-tz ) see ref/91, For some other 
expressions of these Green functions see Appendix c. 

The relation (24) seems to be important not only for the Coulomb 
case. According to eq, (24) J-dimensional space Green functions G-

'l 
for potentials \/=- ~ +W('t.) are expressed via 4-dimensional space 

?t -... "' !. 'l 'L Green funotions ~for potentials \/='W(y )9 -E51 , e.g., 

e" ,.... 1.h+1 !. V =---;: + ~'th - V=~y -ES' , et '1 ..... ~ 'l V=--+- -v= -Eo 
'J:.- e." + L _,\J= ...Lt - E ot, 

"t. 'l'- 9 } 
et. a_ ~ ~-2'\1 1 V=--;r:+-fy -V=•H' -E~ "t. t.1+V f v J 

e2. "- "' t 'l V= -- +-":;:-- -"V==-- Eo , 't. 'l. "'/!. ($ } 

et ~ ~ 2. 
V:::.-t:t:+ ti--;> V=-'!f- E ~ 

so that for 'i < 1 singularities become weaker, 

It is worthwhile to note that this spinor representation of 
quantum mechanics is of interest also as a model for investigation 
of some problems of non-linear and gauge theories,like the role of 
some gauges and treatment of SC•s in path integrals, 

One can ana.lOP'OUR1 y 1Jqj0 onn+no~ !-!~;-:- ~=-; !: 7 :. :4 • 

Appendix A. The completeness relation (4) leads to the (Fierz) 
identities 

.! 

±.L.{t6..,~ ±.~6tw~"'.J'l. + (~~-~~)'- = 4(~~)(~~) (A,l) 
nl=1 
3 

'L l~6..,\)(Vi 6W\~) = (~fK~\) 
JOI:.j 

(A,2) 

t (~6W\~)(~6,_,~)= 2.("ij_ rt)(~\)- (~,)(~~) 
W\:.1 

(A,J) 

:!> 

L_ n6M"'.)(~ 6;. GM~~=1~i,)(~6i ~) -(i;~~(~6i\) (A.4) 
101=1 

t. (~6~~)(~6m6ii,) :::1(~~)(\6;.~)-(~~)(rt6i~) (A,5) 
111=1 

(~ i,) (~ 6t ~) + ( q vt )(~Gt ~) = (s; "/.)(~ 6;_ \J + (~~ )(\ 5;_ vt). (A,6) 

The first of them with upper sign yields with t'[ = ~ the identity 

i (5; 6~~ )" 2.- (t }-·H)~ =4(s; ~) (~ i). (A.7 .a) 
ln 2 1 
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or 

i ~ + "t!l (d.- c.o!>e ~ )2. = 4 "t U.t< U.J'I (A.?.b) 

Which is used for the transformation of the Lagrangian (6), and 

with substitutions ~ ~ ~.,+Sr~-1 , 17-7 ~ .. -~"-1 it yields finite
difference generalization of eqs. (A.7) 

l rc- - \'1. - 'l. 
L ~h6m~H-~IH 6 ... ~tt-1J -(fn~l'l-1-~h-1~n) = 
M:1 

=((~ +~-1)(~ .. +t;tl-1))((,1'1-~h-1)~1'1-~h-~)-=(u.h+Lllt-1)~u.ti-Lln-t)~ 

( -; _-; '\2.+;· [ ' c(,.-~h-1 CO!. ell-eh-1 cos ~YI-~n-1 -
Yl IHI "''th 'tll-1 ':.Lit. ~ i. t 

(A.S.a) 

-cos d..,~J.n-1 C.O!> eYI~ell-1 Si..it. ~ ... -:tl-~i.:::(U.II+U..tt-1)2-(u..,- Llii-1)'-_(A.S. b) 

Note that both eqs. (A.l) are merely a "four-quadrate identity". 
Equation (A.6) follows from eqs. (A.4) and (A.5) and it is 

used for derivation of the Newton equations. 
In the Majorana representation we oan choose the 4x4 )(-matri

ces as follows 

~ = f ~ 6
; I . ~~= r ~ ~ l '(\ = f ~ ·G_3l v: - r 0 62l v -: ( ~ L l 

A ~ - 1 ~ I • ' w • J I .:> \. u'!> V J ' v't l ()2 0 J , 05 l-t 0 J J 

'6,..~v+'lfv'6}'\=2.btt" (t',-'V=1,'l,?,,lt,S"), (A.9) 

the entries being the 2x2 matrices 

( 0 1 ) ( 0 - i ) ( 1 0 ) (1 {)) . . (1 0 ) ( 
<51= 1 4 ' E)~= i.. 0 ? 6 :; = 0 -1 1 1 = 0 1 1 1- = t. 0 1 . A.lO) 

These ~1 , 't2 , ~3 are pure real matrices, and '6'1 and 'M"s pure 
imaginary. Because ljl is a pure real four-component column, iii's '¥"f'Y.~ 
is a pure imaginary row (T means transposed). Now the four-quadrate 
identity oan be written in the following forms 

3 1 i (~I )i (wfv 1)(- ) -L_(\ii'6..,'V) -\.'t''lf4Y5 ~ =,. o4~ 't''lf".~t't' 
7 

(A.ll) 
•=1 

3 

~i { \¥''(4 'f,tfl~)'t + ('iJ' ¥s'V)
2 

= (~ 1 '!(~ ~1)(~ ~lj '\-') 
7 

(A.l2) 

t±.('\i'G'"'n'\')1.- (\ii 1 't')!=(if'l'~~')(\¥'(~4'), (A.lJ) 
111=1 ± ('ti I""' '6'S~)i + (qi

1 ~~ 14')9.= (ifi
1 ~'I '¥1

)( ~"~ \fl). (A.l4) 
11\"'1 

8 

.. 

r 

Since 

iii 
1 

'6 t' ~ = ~ l ~ 1 ~r '¥ + lii ""' ~·) , ~''6r ~s'\' = ~('¥'~,. ~s~ -'lli)'~)(s'f'), 
-, 1 {';"' f - , -I 1 
'¥ 5 .t'" ~ = !i \'-" es.t'.,.,'t' + \.11 6t'v't') 1 1.1/ ~,~ = 9:(~' ~34' -'Gi )"~4'') (A.l5) 

due the symmetry of 'll~n. (m = 1, 2, J ) and anti symmetry of ~lj and 
~s , it is clear how to obtain identities (A.7) and (A.S) in terms 
of the Majorana spinors. 

However, it is not easy to obtain i-dentities (A.ll)-(A.l4) from 
the completeness relation of the ~-matrices 

"" L. ( "~ ')c/..V> c·~,.. \b = 4 s~~ 'b"r:-
t\-=i (A.l6) 

( ~~: 11 ~"'' o~v=-i('6.rly-bf"'"~~ i.'6~'(S' '"s-J. 
Now the subsidiary condition (9) can be written in the forms 

-r -r 
If ~lt~s~=O (a), or If '(5 '¥=0(b), or ~~~=0 (c) (A.l7) 

Note that from eqs. (A.ll)-(A.l5) there follow 
4 4 
"' (_, )2. 't:-'. )i.-0 +.-. "'''tit'~ - £._\..'t' '-Yr'6sl\' - , (A.l8) 

r- , !'""' 

1 4 -· i _, 'l -1 !. l" L (l\' 6f"v'¥) - ("" 1.1/) - (If '6's't') =0, 
f 1V:.1 

(A.l9) 

\iJ~-== ~ ~s~ = '¥ 1\t' '6s~ = 0 , 
4 4 
2:. (~ '6f"'V)" = 0, L (~ 0~v4')2 = 0. 
~-=1 .f",'11:1 

(A.20) 

(A. 21) 

Appendix B, Canonical quantization means the commutation rela
tions (CR' s) 

[ ~~, ~ f> J = (~,_,~I>]::: [~J.. ,TLf->]= [~ 1 :Tff> ]= [:JLJ..,Tt:f']=(JEc~.,TLf> 1 =[TLJ..,i:f>)=O, 

(\cL,~p.l=ii\.'i),~.~ 1 [~,'K~]=i."\i'bd.-f-> 1 (B.l) 

where 

1l.&-= wt((\\ )~J.. + ~J..(~\')), :itd.. ==m((~\)~J.. + ~d.(s;~)) (B.2) 

are canonically conjugate momenta. We reduce these CR's to eqs. (12), 

supposing that unknown commutators [~J..,~~] , ••• [~J..,tj?>]oommute 

9 



with ~"'> , and the right hand sides of eqs. (12) turn out to be in 
accord with this assumption. 

One may expect that CR 1 s (12) lead to the usual commutation 
relations 

[)(M,x"]=O, [x"',p"]=i:t\.li"'n_, [rm~\>"]=0. (B.J) 

The first two of them are easily obtained from eqs. (12). However, 
instead of the latter we find (an anomaly) 

[pm,\'"]=[m(?;6w.~Y, tn(s;6m\YJ= 

=~~~)~(In(~~)(~~ -~~)+it.)((~6m6n~)- (~5106"'~~= 

=- ~~)~(mlf;i.)(~~-~i)+i-k)em 11 t ~ot~ (B.4) 

(the latter line is due to the relation 
Possibly, a more correct SC is 

(rnG;i,)(~~-~~)+i\\)1) ==0 

6"'6"=S.., 11+if.mnt.Elt ). 

(B.5) 

rather than eq. (lJ). Then CR's (B.J) are effectively fulfilled in a 
..... ,... __ .. ~ _., -· .. 
r-.o,J ...,..,. ... ~ OI.4Ui:)!J<:;t.(.;t::. 

.... One can easily check that the operator in SC commutes with X== _ _.. - . - . 
:::: ~ 6 ~ , "(.:::: S;,~ • Then its commutation with X

101
"' ( 5, 6.._ ~ ) can be 

checked as follows 

(O;i.)l\~-,;)~ i ]= [\\~)(\~-1;~), xr- [((\~)(~~-~~)), xJ=O, 
(B.6) 

where in the r.h.s. the second term vanishes due to conservation of 
('~)(h-~i). 

In derivation of eq. (B.5) we make the use of the identities 

(\\) (t 5,..611 ~) = (~ \)(~ 6M G.,~) +(t6 ... ~)(~6n\)-Ls;6..,~)(~ 6n\) + 
+ .iL (s 6 6 .;) C B. 7) h1(\i,) ") It\ II") 1 

l~~)(~6...,6"\ )=C~t)(~6101Gn~) + (~6n\)(~ 6..,'7)-(~ o.,",)ff6..,\)+ ~ &"'n.' 

which follow from the Fierz identities 
(B. B) 

10 

.. 

±_ (~ 6rn6 .. S,)(~ 6 .. 6"~)= 2 (~ \')(~6M6t~~\ + 'l.i.(~, (i;61M6t1~'\ ~=C , ,- tJ m ;\, r) 1 

"l (B.9) 

L (~6t'6w.S,)("t6,._6,~) = ~ ({6m5,)(~6"~), (B.lO) 
~=0 

tc~6t'E>m~)(~6"6t'~)=i(~\)(~6n6m~)- ~~1;_ C._.n, (B.ll) 
.f!=O 

1. 

L (\6n~6t"~)(~6.,6t'~)=~(~6m~)(s; 6n~) (B.l2) 
}l=O 

by summing them pairwise. An operator nature of l is now taken 
into account. 

Appen~i!~ The Coulomb Green functions can be ~epresented as 
Hankel transformations 

I (_, -9 E' ii..tn 
\:r 'Ut X ,xo) I)=. '\\.!. 

a.lli 

4:1i:) 4'1.\S'l+k'!. Jo\..141' "-\..'t'Co+X. )(.ol) €. <? 
0 

for E>O 

f
ti..(\.sJ-uS 11. ~"'' ........ )\ ±i('t+to)~14Scz.+k2. +i.." 

• 1 Od -u1 a-w r. ~ .,.,...., ) - (-t.+'to)~-usi.+k!.. -~ 
- T { ~ 10 \.'Wi("lt.,+X Xo) €. S' for E< 0, 

,:Jl \ 'l.U'l+~'l. 
' 0 (C.l) 

where k.== 1\.-1 J1-"tE., -ae.-=~1 ~-i...,E, and «-='t.+'to and S = ~i(t. 'C.,+Xxo) 
._, ~)'- !t. ncz. are constituents of (X.-X.0 =Cl: -'0' 

J~4~-k ~m 
? = k , and with k-at. for E< o, and "::: • .~. 

~~'1. +lc.! + n. .,.'ltniEI 
In the free case ( V= 0) 

G't.e.t (~,;t..,E) =~ 0 {-
...lv l\. ~ 

e ±ikl~-xol 

'13\\X-XoL 
-ae.IX-Xol e. 

~:JLix-X:.I 

for E>O 

(C.2) 
for E< 0 

The representation (C.l) of (s.0'tet(x1 ~o,E) forE> 0 is well-known, 
but forE< 0 another representation is usually used. Let us put for 
the Bessel functions 

"tlt • ci.-d...o . I . <:/..-c/.0 41i -
Jo(~c.t+cl!.) = ~:Jt \ o\J.. e 'I.. C. (.05,-i- +t~SLY\-r =~~~del e.-1.'W~~o+to\) 

0 d.,-c/..., 1 , <1..-J.o 0 
4~ c.c.os- -a~-- "tli: c~ - ) 

I (~c.'-+Jt) = _1 t .lcl~L- !t !t =} r Jt~..i-w 'l~o+f,o~ , 
o ~x l ,3\: i (c.J) 

II 



2 2 2 ....... 
where c +d =~ 2 (~~o+XX0), and one oan find c and d separately, if 
one writes ~~ .. +~0~ in terms of"t.,8,~,d.. and "L.,,e.,,~.,,J...,. Now 

G 'tU (~,R,, E)• 1~~ 
ud\1 

{

±. __Lfjd..{ 't<fdw e ± i. [(~~+~o~o)~-w~+~ -1-0(~So-+~o\)} ~i.v 
(4r..)'-) ~ ~-w'l+k.'- ~ 

0 0 

• 1 4~1L C.Oi 1.45-l'I.S -[(~\+1;o1o)~'WS'1+1c.t -1.<!(,~.,-+~o~)] -')) 
--~.Jd.. e ~ 

l-4li) ~~'-+C£'l; ( ) 
o o c.4 

Hence, after the change loS= k/sk.rz or X/.sh."l there 
follow eqs. (27). 
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llony6apHHOB H.B. E2-82-932 
KBaHTOBaH MexaHHKa H paccnoeHHH Xon.Pa 

HccneAyeTCH KBaHTOBaH MeXaHHKa B CllHHOpHOM npeACTaBneHHH 
/KaK cpl-MOAenb/. B mpeAHHrepOBCKOH KapTHHe noKa3aHo, 'ITO cPYHK
~HH rpHHa B TpexMepHOM npOCTpaHCTBe AITH TOrO HnH HHOrO llOTeH~H
ana BblpaJKaJOTCH "tlepe3 cPYHK~HH rpHHa B "tleThJpeXMepHOM npOCTpaHCTBe 
AITH APyroro noTeH~Hana. KpaTKO o6cYJK.[IeHbi TaKJKe i-roAXOAhi, ocHo
BaHHhle Ha HHTerpane no nyTHM H reH3eH6eprOBCKOH KapTHHe. 

Pa6oTa BbiiiOITHeHa B J1a6opaTOPHH TeopeTH"tleCKOH cPH3HKH mum. 

npenpHHT 06~eAHHeHHOro HHCTHTYTa RAePH~X HccneAOBaHHH. Ay6Ha 1982 

Polubarinov I.V. E2-82-932 
Quantum Mechanics and Hopf Fibre Bundles 

Quantum mechanics is treated in a spinor representation 
(like cpl-model). It is shown in the Schrodinger picture that 
3-dimensional Green functions for some potential are expressed 
via 4-dimensional Green functions for other potential. Path
integral and Heisenberg picture approaches are also shortly 
discussed. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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