
OtibBAMHBHHbiM 
MHCTMTYT 
HABPHbiX 

MCCnBAOBaHMM 

AYfiHa 

[9'J;,f_) 
E2-82-800 

I 

I. V .Polubarinov 

ON PHASE SPACE REPRESENTATIONS 
IN QUANTUM FIELD THEORY 

Report, submitted to II International Seminar 
"Group-Theoretical Methods in Physics", 
Zvenigorod, 24-26 November 1982 

1982 



Standard formulationa of the classical and quantum theories are far 
from oaoh otbor, ainoo they use different languages. Uniformity of 
quontum and classical mechanics is achieved by introducing phase spa
oo roproaontations (PSRs) in quantum mechanics and by using Liouville 
equation (linear partial differential equation ) of motion in both 
of' them, instead of the Newton or Hamilton equations in classical me
chanics and the Schrodinger equation in quantum mechanics. 

Horo we discuss an analogous common approach in field theory. We 
achieve a similar uniformity of classical and quantum field theories 
if wo introduce in the latter analogs of the quantum-mechanical PSRs 
and assume analog of Liouville equation as equation of motion in both 
of them. Now the Liouville eqt~tion is a linear functional derivative 
equation. In classical field theory it contains only first functional 
derivatives. In quantum field theory it includes, in addition, third 
and higher (odd order) functional derivatives multiplied by tho Planx 
constant 1\. • The PSR formulation of quantum field theory is one more 
functional method,whioh involves derivatives with reopeot to o-number 
canonical variables, e.g., in a scalar field theory oaoe with ro3peot . ~ 

to the ooordinate Cf \Y7,t 0) and momentum ~ lt, to) of quantum field tf(x) 

(two functions of J-a.rgument x ), or, equivalently, to one aoala.r 
function 3 (.x) of 4-a.rgument '$. f' (the latter is moro profero.blo due 
to covariance). Like in quantum mechanioa, in quontum field thoory 
one oan define more than one PSR (unlike olaaaical field thoor,y). 

~m~te~r~at~~~gnd_~~~rato~-IQ~~~QBtfi~ty2~-!!_Q~1! 
start with the completeness relation;-xJ(e.g., for a scalar fiold 
theory) 

\11.II®U11 = \ 'bt~ \~)<'9\® K'"l\~)(<;1 
= ~ C,'l'f [\-1(~)(1.9\ ~ f\-111'f><.~(\ = 

= \ <ot ':\> \: e ;_t,-l(.f,~\ I® II: e i.h-\·~>,~) :II= 
= \<tJ'l. 'f I e;_t,-i(tv,~) 16ll II e. it,-f('f,~)ll (1) 

x)Of the same '~trix"-type like, for example, the completeness 
1!> 

relation for ¥ -matrices L \'(t>.\ fb ll Xi\ II= 1-1 111\0\11 I · 
1 

2 

~' ~~ 

where \"!') (or more detailed would be ~~~) with an ~pparent depen
dence on coordinates and momenta) are coherent states of the free sea-

~ A 
lar field, '9 (X.) is a free scalar field operator, and <f'(l()=('l'\':\>(X)\~:> 

is its classical counterpart, f\ is some Gauss transformation (for 
its definition see Appendix A ~d a footnote on p.6 below),:: and:; 
denote N-and anti-N-orderings, and 'O!t'f =lf~.:.r."hr1s\9(X')b~(x). 
The coherent states have the form 

• t,-1 " ) • \-,-1 J " 
l~>=e'\. c.~, 19 \o>=e.'\. ·~.g\o>· ('Y(~)=-rd4 x.Mx.~)J<~))c2) 

where (.~,\9)=1..)~"x.'-9(.x)~t9<.x)==J·~ =~d'-x.3(x.')~(x) and satisfy the 
condition 

~t-)(x) \ ~> =' ~l-1c_x.)\~) 
for uncertainties A~(.J(.)=q,(?i.)-~(x), A~==~(.X)-•hx.) 
to be minimal. We have 

(J) 

<._'f\b,~(lc.) ~4>('f)l ~> = t_ ~H(X-'t) 
(4) 

<..~ \~lflx)t~-<.Rl't)\\.S') _ =~ ~~\x-q,o), <~l~~<.x)A.~('a)l~> =-~ii({)(k-q,o) 
X.a-'j~ )(.0;~0 l 

and their minimality is demonstrated by the equality 

-),P,~~(1\x-q,o)~(1\~-1,o)= 'bC.X"-i) ·~ C5) 

Note this role of the distribution ~("~\x-'(i) as a momentwn matrix. 
See also eqs. (A.6) -(A. B) Epld (A.l2)-(A.l8) of Appendix A. 

~ 

Using (1), any operator~ can be represented 

t = \~2~ (l\-il~>z~r)<..~\tl~>=~-'i>"~cf\·'-l~><~of'1c~)= 
= ~ 'Oi ~ u\-1 ~~><-~\) f\~<.'1'\F\~> = \'bi'f(t\il..q><~~ r'!(\f), 
=\'bi.~ 1~><.~1 i\2 <..~\~ \..g);:) '&2.~ l~y><..~\ f:;(..q)= 

= ~'t'i~: e_i.ki(~ ,..q\ W\ (~)= 
=~'bi~ e -iJ;-1(-1.?,~) 1f\_l~)= 

=S ~/-~: Q_;.t-\~,~): 1f.\.c~) . 
Thus, we come to nonoperator representatives in PSR-1, PSR-2 

" "' i; (~) = l\.(I~>Z'-5'\f) =('5'\r I~) =f'.JFt.(~)= !\It f:!.(~), 

F<j_ l~J =I "LV\1\.q)(..q\ F) =t\1<.'5'11F \~) = {\1 lf:(~) = i\ '\G,(~)' 
" A 

f:!>l~1 = T"L(t\11~"><'5'1f,)=/\1<~1fl ~> = t\1f1 (~) =f\1 F!!.C'1'), 
and to other three PSRa 

,.-··--~ 
• Af'''""' '»lJ·'>•ll\l'H;.' ' !'"'~' I 
3 ' W-·""'~~-·~"~"""'' •• "'""'" 1"\ 

.£tntpi:Ifi t':'tf.~j~J1'31'~1J.f:si 

Gt•1SJl*''IC) Tt:HA 
~ ... --" ... -~ 

(6) 

and PSR-J 

(7) 

(8) 

(9) 



tC~) =l"t(: eH-i(\f,~); F)= ~S2 lf' e H;-i(4',4'')J:(<f')=~'b1' e'-"-i~.J'~c~,(lO) 
Fl (!f)::: l"C.. (e ~ t_-i('f)~) lP) = ~btlfl e..;. \-i(l§',lf')-r ,_( 'f)=~'t>:\' e it.-1 'f·Yr'L (If), (11) 

f~(~.f)= T>t.(: e'-k
1
C'fA'\ f)= \'t11\f'e~t.-i('f,'f') F:!>('9) =~bl' e..:.,t.-

1
\f· 3'1G,ctf), c12) 

which are related by the functional Fourier transformation with the 
above rt J. v2. .and-.::;, ' respectively (there are inverse transformations 
of the same form, see Appendix· A). One can introduce other PSRs. The 
PSR-1 (]1:;(19)) ,reaults from the coherent state representation (CSR) 
if _one keeps only diagonal matrix elements. The off-diago~l matrix 
elements furnish a redundant information (due to ovefcompleteness of 
the coherent state set). They are deducible from the diagonal ones. 
The PSR-2(~~(~)) is in fact an analog of the Wig~r representation 
in quantum meoh!Ulics 121 x). The representatives i'!l (If) forn'l a re
presentation, which is analogous to the Weyl representation in-quan
tum mechanics/1/.According to eq.(6)we cad reconstrhct any operator 
via its representatives (ih~ r£££~~~i!£~_th~Q~§)• There are more 
concise forms of these reconstruction theorems 

" lF':::: "F1 (~ ); ::: S';j-1\.1 f'i.(~) =: ~(~ ): • (lJ) 

Let us give examples of.the nonoperator representatives in PSR-1, 
PSR-2 and PSR-). The simplest of them are 

... A " ) G) (-) 
,('§',_\:!f(l(.1)1.9(.ll.!.)"·'f(lC..,):\lf1) = 'f!l1(.lC.;, ..• ~!I.i(.xt\ <.lf,\1-f~>, '5':i.-((lc.):::'5':i. (x)+'5'1 ()(.) 

(CSR) 

<~1.: ~(lC.1)~(lC.L) ... ~(lC."): I~>= A-1 ( 111 \S~ ( ~(1C1)~(x1) •· • ~(x.,))\ 'f'>= 
= /\-1<:_-g\: ~(1C1)~<.xs.) .•. q,(x"): I '5') = lf(x,) 'f(y.,_) ... \f()(.,) (PSR-1, 2, J) ~14) 

Starting with expansions of S-matrix in terms of N-products, symmetri
zed products and anti-N-produots 

,.. t 

~(i:)to) = T e. :fi.\;:"i~~~x 'ler(~) == 
u-\t.;to) T 

s~~ ~i.~ \\tt>A.±h =t=~k1~J4Y.lt:J_~) = (15.a) = ~ e 1,..., : e Q. \ct>aO 

~~~.!. :r¥~\t\'t,!><amh ;:i~-~~d~)(.'Jtl.(<\>) = (l"''b) = e u'V e Q.. 1 <\1 ::::0 -'• 

0 s~~"'. +i.:\\~t.~~ =t=i.k~~ti"x'M1:(4l) (15 ) =:e. 0 '1' :e. O'\' 0'1' e. \¢leO oO 

we obtain 
x) The Wigner definition was not via coherent atatoo. For the 

proof of equivalence of both definitions in quantum mechanics see 
Appendix to ref.ll5f/. In field theory the pefinition via the cohe
rent states seems more convenient. 
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~ 

v -;\ {{ b ~ b - '\j-tfJ4 ~ ( ) 
('5'\ " \~) = ~."'" T ))~q, :\:~ e.;.t ) "" 1 cp \ . (PSR-1) (l6.a) u-1 , 4'=-lf 
'\r •t_((h ·S' I 1(J4lf. 

A-1('f\ {r-
1
1 l.f)= e+ \. )\ f>q,D.s.-,m~ e + t.k J "' 1 (4>) II\>=: If (PSR-2) (16. b) 

u . i\{\S A 8 ·;:_-1f-J4 X (ct>) 
f\2.<..-qlu-d'-V)=e.+Tl"S¢ =f~ e.::r-1. ) )( I \¢=~§> (PSR-J),(l6.o) 

In some oases th~ S-matrix can be ordered explicitly: e.g., 

case of interaction with an external current}(~, when 

lJ
" t\ ilit;l-1 ~\.!4)(d4!j.~eex~h.+(x-'<t)iec~). i.-k- 1 ~d4x.~(x)1etx). 

lt to)= e. • e. · 
' i.0-t.)-1~\d41(J4~~~x)A.s'!"'Qt-<})~t'(~) ;_ t"1)J4 x~(x))el><) 

=e.. ~ e 
= 

12 
.t_~;.)-1~~J4xJ4~)eu<)A._(x-~)jQ_('!) :~t.:1~J~x ~('<) }e<.x): 

in the 

(17 .a) 

(17. b) 

(17. o) 

and in PSR-1, PSR-2 and PSR-J . 
V lt -\:o) = d-(it..)-1\~xd'~';l-leCJQA( )Cx-~)!'-'3-) e.U,.-i~<l~x l§l{x)~e.(!r.) (17. d) 

1 

with A.() =Ll+,As';l-m 'and b,_ , respectively; and in the case of inter-
action with an external (e.g., electromagnetic) field~ when(cf./l7/) 

U
A -t.-1 e. \d~x $~r~~}\ t-i.t"ie_'l ~\.\_4xd4~ ~ (K)~f',\t.(x~ ~+(x.,~ ~'lv~'!~~(tt\ 

~,tc) =U:,(£+~ :e " o 

_ ,.._. -t._-1~\<l"x ~'6r-~ 1\l-i +1:~{eq_\\J4 x A4'!lf ()<)'61'At'(x.)S~ ... lx1'!) '6vkvt';t)~('t) 
-li0<£s~ ... ")stpne , 

= U (S_);e-k1e.~J4y. ~'(,_~f...!' -+i.l\-~2.~\tl4xcl~'! ~(x)'tri\.'AS~(x,!fhvf!v('})~('!): 
o (lS.a) 

withe c e/hc, and in PSR-1, PSR-2 and PSR-J 

-li"~e\cV<~ lii"rt' ~r +it.-1e.~\\<l4 x J "'!-~<x)'<rf\rlx)£,~)<1-7'! )~,AJ~!N(~). 
1J(i,~U!Sc ~ e 

(18. b) 

where the oase of the spinor electrodynamics is implied, s~ ) = s~' 
~1\s~m. and ~A._ (the exact one-particle Green functions in an exter...·, 
nal electromagnetic field Al"(x)), respectiyely·, and ~<)are the cor
responding free Green functions; 't'l,c.)=<.'t'I'-V<l-)\4') is a (Grassmannian) 
counterpart of the free Dirac operator ~(x) • PSR representatives of 
the -Heisenberg field operator '¥ (x) may serve as other interesting 
examples 

s r 
... , 1.. \\ s t,.<1).L i.\\sq, ~"Le.t 1i<r 

<<s>i'f(JI.)\t.g/l- e±LI )'81\> S<ll e. (PSR-J)(l9.b) 

~""<~l~l<\1~> 5 -,k'\J4x (ll'x (~ +\0)-u, (<1-\0))<l>l<\\O=o,~=~ e 

(PSR-1) (19 .a) 
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~ !\(•o\~l~)l-9)= "-i.~hA"Ul.t~ ~k1~4K(;W_i4>+\~)-~1(~-\(1;)) (PS~2) 
.")' q,(i) 1 ~ .. 0 (2o) 

~ ·~ Thus, two functions A. and A'r~a~ ta.k;e part in PSR-1 and PSR-) • 
PSR-1 (eq. (19a) ) exactly corresponds to a Dyson double diagram (i.e. 
in terms of A(~) and Art.U. ) N-ordering expansion .Por the Heisenberg 

... /lJ/ .,. 
operator ~~) • PSR-) representative is also such a double 
diagramx). However in PSR-2 we have only "single diagram" expansion
only in terms of A 't.U. • Besides perturbation series eqs. (19)-(20) 
give power series in ~ • 

~~~2~-~R~~~~~!~oLeft and right operator representatives 
in PSR are defined as follows 

"" e " e "t. "t. (<fl F (d~)=f1 <.~1((,..\~)=f'\ ilri~)=~1 (~\fto.g)= ((; 1 ~ (~) (PSR-1)(21) 

an% si~ilarly in any other re_presentat,ions (PSRs, or not). The operators 
F.._ ((,."') are functional derivative operators. We have the relations 

t "( t 
TC~)=f ·i=f ·i=Re.1F'L·1· c22) 

e ..,"t. 
The representatives 1F and If may be obtained in explicit forms 
by replacing in t the oper.ators q, (){') , ~(.X') (or the interac
tion picture field operator ~ (x) ) by their left and right repre
sentatives ~t(X'), .:ge(X') (or lit(x) ) and tq't(x) , ~'t.(X") ( or 
~"t.(j.) ) , respectively. The left representatives are multiplied in 

the same order as original operators, while the right representatives 
in the inverse order. The left representatives commute with the right 
ones (as a general rule for all associative theoriesxx)), and opera
tors of one kind satisfy the usual commutation relations (except for 
the sign for r-representatives), namely, in the Schrodinger and in
teraction pictures 

~ Q e e e ~ 
c ~ 'tlt') ,~'t('f)1=0 ,'[~ ~(t), 1 't(~)j-:::±.a.s~-q), [~ '(,lx),~ "'(q)1=o 

["L~'t(Y..) ,~ 'L('a)}::: ±i. '\; Mx-~). (2J) 

The coordinate and momenta representatives are written explicitly 
as follows 

x) In fact, the first exponential in eq. (l9.a) ((19.b)) is one of 
representations of the operators f\. (1\-1) (of eqs. (7) and (9)). The 
same operators enter into eqs. (16.a) and (16. o) since A± =A,~.,±\:&1). 

xx) In nonassooiative oases left and right representatives become 
noncommutative with each other (see ref. /lB/· ). 
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' 

lDil .... )' 1,..., 1;.(13 !(1)(-.;?:\b ±i."k.S At. +i.1..S' \t"" 
) _ll =lf,x}+-r.)Cilj.Ll. x.-~,o,'ii~(\n lLS~cx)='\\.~C~)-TttqO()N\, 

11. 

~"llx)=~lx)- :h:{a!,uX (1\X-~ o)-s -. -- ~'k L =Af."or:-o)-it .. L \~-1~CPsn-l) 
:t \ 6 

' S ~(\k) + i. 5'9~) \'l'-l( + :t S~rx>)l/\, 
~ , r (24) 

~'t.(x) :-tq(x)i=~\cl~~~+\x.-'!~ ~l('!) =t\ l~lll)± i.i ;j(x))K\ 

-, X =-r l( T s.:q LX) ' ~ 't (Y.') =~(.X" + ,_ s ~(x>) . ' (a) (PSR-2) 
[Q ~ l""') Ill(-'>)± i~ s • t o ) ll ~ } 

e • s i - r 
<g 't.(ll.)=~(x)7 if '0~('1() ( 'iiJ l~):! i. ~cl>'t M>H;J-)11~ 'O:ll'i)) , (b) (25) ~ 
~~l1)=\f~)-:hiJ3 uf.\C1)(X'-it o)-S _±it.. ~=A-V~lt)±i.t..L\A . 

e i.J 6 6
' S'9lq) :t S tqtX) \ i. S~<,X)If\, 

~"ll~)=~(X')+ 1i. \<l:;'}A'-1l(X'-'!,O)~ :t.J.Ab_=(f;_1{~(l)-ik '5' ~A~ (PSR-J) 
:t Siqt~) ~ S19(X'l \ + 2. S<9(X))'\\ (26) 

"V~_(x.)=L9Lx~+li \J\~<.±\:o~.-~)~ i:S(q) = 1\-i(~(x) ± ;,~ ~~(x)\ . 
Equations of motion in PSRs., Let us translate into PSR' a the/ust;,

al quantum evolution laws of a density op!trator ("matrix") ~(t'! in 
the Sohrodinger picture and any operator u:' (t.) , which does not de
pend explicitly on time, in the Heisenberg picture 

l_ Cil-t) =-iki [H ~(t)l O't)- -it.-1 A (t-to) ~( it;-1 H(t-~) 
.lt) ' 3 J7 .) \: -e. " ~to) e. (27) 

i-f(-\:) =i1.-1[H ,f(t)], f(-t) ==e;_t-
1 
H Et-tc)'FCto) e-i.k1 AC-\:-t.o)·. c2s) 

Then we come to the Liouville type equations' as equations of motion 
and their formal solutions of the fom 

1t.~(~~t)=-Lg(l9~t\ ~(~~t)= e-l(~-t.;')~(~lfto), (29) 

!:-FC~~?~t) = :C f(~~t), J'(~(qt)=e 'L(t-t,) 1F(VJ~~), (JO) 

where5'(..Y.ft)=.Z~\?lt)t~> inPSR-1 =J\- 1 (lf\9Ct)l~) inPSR-2, 
etc., and the Liouvillian L isx) 

L= i.k1 (He- H'(,). (Jl) 

As initial and final values for ~ and p it is natUJ:•al to assume 

~ " 
~1i =l~o)(~o~' ~1t-=-l'-9)(':\ll 

. • "' " '\ 'l. ~1(.1.\>~i:o,-go~of.o)= 'r"L(§1tY-ti.l = j(~ltgo)\ 

--x;;~amples of L see Appendix B. 
xx)Seo Appendix A, eq. (A.6). 
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"' t.-1 " -1 S'~i. =/\o \4'o)(~o\ '- ~'J.f=/\ 1~><'-Yl 
• • A " ) -1 -1~ - 2._ )',_ (4'lfto,lfo~oto)= '"r"C.(S'itS'!li. = I\ 1\o (~ \~o)\ = (PSR-2) 

(functional ) (33) 
CO -function) X. 

= TTi1(\\~ltqlt)-4'J.'f~S (~l~)-~.,<X)) 
-;: 

Now the evolution law may be written also as follows 

( . · , -LCt-t..) ( • • " t: C-t-t~ r. • • , 
~ ~tft.,ll'o4'oto 1 =e. r 4''9to~o'fotoJ=e S\.~~t.o~olfo-l:oJ 

A_ f • • ) yo ( • • '\ alt g \4' 1f\:,'fo'9o'to =.I..,~ ~ljl{ 7tfo\fotoJ, (34) 

.., 0 • 

where the Liouvillian ~ acts on the variables ~o ana ~o· 
To solve the Liouville equation methods may be used similar to 

those for amplitudes: dire.ot solution f.n the Sohr'ddinger picture, 
T - ~xponential (interaction picture, see eq. (40) and (43~, Green 
function, path integral methods, etc. Exact solutions of the Liouville 
equation oan be easily found in linear oases (equatio~s of motion for 
field ooordinates'are linear and hence the Hamiltonian is at moat 
bilinear) like the free case, interactions with an external current 
or an external ;field (see below). However we•"give now a symbolic so
lution of the PSR-2 Liouville equation in a general case 

s>i.( ~ ~ t) ~ .. ~oto)=f\-1 (\"",1\ <(~ \ €. -l,k1H(t-t.,) \ 'fo)t = 

=e i.. \\J4"'J:!.~ ~ 4>[~b<.-'}):'9'l~,t,)+~(x-'!) ~ .g'(iJ,t.J] e.;_ \\~4> 6-'le.t. ~(\;' 
1.k1\d4x (1erl4>+\ ~)-~r(<t>-:1:!:'¢)) ~35.a) 

e :L J\-1f\-11<~'1~>1"1~'l.X,t.) .... '9.lx:',t)-
f'C1,t .. )~'folx,t) 
~-o, 4> _,.g. 

-i.\\hA'tet ~(i;· ;:\,.-1 ~d4x ( "J.er(¢ + \$ )-~r(<t>-\¢)) 
=e e 

fK
1 t\-tl Z~'\'S')\~\"!'lit,t..)4~lx,t~l~-o 

l 19'<lt..)-c\>l,.i(,t)J <P~'fo 
(35,b) 

. ' where '!o=t , b..(X-L4-)=A-A6<.-';t)• It is obtained, using eqe.(l!'l.b) 
If '"Ofi.o 

(for a derivation see Appendix C) and permits to get a perturbation 
theory expansion and also power aeries in 1i. 

As an example of equations of motion in the Heioonborg picture 
we give the equation for the field operator 

~ 

xJsoe Appendix A, eq. (4), 

3 

:J· 
-• 

:It 

e e e 
~ ''\Y-)= ~'\x) +) ol4 'aA~t ('(-~)~(\f 't.(l(.)). (36) 

to 
In particular, in-PSR-2 

~l~)::::~(x)±i.~ ~'J("') + ~=4~~ut(x-~))(~~("-)). (37) 

These Yang-Feldman equations can be easily converted intottne usual 
Lagrange (Newton) or Hamilton equations (for operators ~ "t. (lC.) ) with 
initial conditions ot the form (25,a). 

Let us give in parallel the evolution laws of the operator rep
resentatives in terms of the Hamiltonians and Liouvilliana 

. e -tt\:1He.t' e -i.lL'( H e't" 
lP (t)==e n: (t .. )e 

::::: e1 'C"Ftlto)e.-L<t 

lF\t) = ~i.t:-tH"t't'F(t .. )ei.1i::1H't1::= 

L 't' 1r"(( -Lt; =e. r t.,)e. = 

= Ue-\t,to) Fe_lt)1J\t;to)= = U\t;t .. )F't(t)1J.H(t;t .. }:::. 

=W-\t,t.,)F~lt)\Nlt,t~), ::::W-\t,to)f'\t)Wlt,t.;), oa) 
t. 

where 'l::=t-t,, 'P\-t:)are the interaction picture representatives 

e. ~t e. !+-1H~ L t L 1:: 1=' "(. ( t) = e.±. i.k1 H;-'t' f' "tlta) e+UL • 't' = e o't: 1F'Llta)e.- 0 ' • (39) 

W (t t 0) = 1/-(t ,to)U1.-\t,to)= T e.)(p~- ~t dt' L l:lt') 3 (40) 
) lo ) 

'( = t.k1 ( H~-H;) L lt) =-·a:·1 r.r~l(. l~r(~ellC.))-~-.tl~\lc.)))C41) 
.1..,0 1 1. l ) 

[ ~t -+ i"h1~J~x ('Rr.(~e()c.~-';W1 (~'1:<.x)))]'Wlt,to)=O. (42) 

The latter is in fact the Liouville equation in the interaction pictu
re, and, e.g,, 

~~If <¥t, lf"~" to) =/\-1 1\-; 1<.~1 et.t.
1 Act-t~l~o)\2..:: 

A 

=\Nt~\t,to) 1\-i f\"-,1 \<~\ e__t_i;1 Ho(t-t.;)l~o)\'1. • (43) 

!2:od!!.£!<.!L~~.-£2'.!!!!!!!:H; t 0!:,!!_2L2.£~~2.!:!L!!Lll!!!!.L2:f~· Due to eq. ( 13) 

~ ~ = ~J.'>x [ ~ (t) ~~~(X') -t ~ (~) ~ lq'l~il e.\ .1 ~tJ. ~(ij')~u(i{) + ~ (~) ~ \y', (rfl 1 
1r' f<r>l ~l)d f..qll ~It) I_ • 1- =: 
lrt'-,~ ~~' ,., l.q -l.f -0 

lll" = iq"=O 
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I 

= e \t13x[ ~LY7{~1ll'<X) + ;"l"(~0 + ~lx)(flf,{R) + ~~~~(x))j 
it.. ( [ s s s s- 1 

e T )ol~x Stg'(X) S~ 11 (x:')- ~ ~~ ()() S<y"(x) 11' r,
0
r :•') tr 1,

0
11 ;

0
u) . ( 44) 

II~ l'-,,, llr2_l'"l ,., \<!J' =4J'==:(] 

~ 11 =-lf'"'"o 
·t. (J3 [S S" 8 S" l 

A-1 .... " _ .3f} x fl':9'<i) s~"(J()- sig'L~) s-~"onJ 
f\ <1911!='(t,.ll9)- e (45.a) 

1n( .,J• 'r)lf {, ,. "rr) 
• tr'l: "9+'i', 19-t~ llr'l.'-~*19, "9+1.9 l41'=-'9'=o 

.J - s ·:\\_ s ~'':l9 11=0 =lF; (~+ 1.~f>~ ,Zg-,~~)t~(<q1~):::: (45.b) 

tf oou.l ( i"t.. b - • it.. S ) lf' / •) • 
=:1U"9.. ~-?:s~ 1~+~&<9 1r9..1....'9,1.9' (45.o) 

1r1o'td If <>'t4 
where ord (ordered) indicates that in lr~ and ~!!. all the deriva-
ti ~ d b - • vas ~ an ~ are plaoed on the right of al.l 19 and 19 • In eq. 
(45.a) ~ and (r~ are corresponding olassioal quantities, and quantum 

~ ' 
meohanios means some modified rule of (nonassooiative and nonoommuta _ 
tive) multiplication of olassioal quantities (Yu.M.Sohirokovf141). A 
commutator of operators takes the form (the Moyal braoketiJ/) 

-1 iF"' 1\ 11 > ~. . { -l ( 13 [ s- <ti s h 12 
t\ Z'-91 Cl t- I!J = t.SLh """"i ~~ x ot.9'L~)&\qlf(~)-S~'lx:')~l9~~(x)JS 

f!t (1.9-+~ 1, ~ -t ~') {,.'l. (1.9 +C9
11 ,~;. ~") '1''=-lf'""'O (46) 

141 11 -:::::~11 =0. 
The product and the commutator contains reiteration of tho Poisson 
brackets. Thus, tho famous Dirao statement on oonneotion between commu
tators and Poisson brackets finds its final realization inPSRs. It is 
this faot, that leads directly to oonolusion that a olasaioally in
tegrable system (Poisson brackets of a complete set of quantities 
equal to zero) is also integrable in the quantum sense (commutators 
of oorres~onding complete set of operators equal to zero), and oon
versely'(I I 

Now the Liouville equation oan be written via the olassiqal Hamil
tonian (as Moyal does in quantum meohanios) 

d • ~ ' f t.. \d'!> f_h - b b b ll 
d-t ~(1.9lYt1 = 1: sl.~"l T xLs~'LY:> s\q,'Cx)- t~'Gn s~"(~lS 

1-l (Ill+~', 'Y + ~~)~(tq+lif',~*i9"YI'9'=~'=0 (47) 

~~~=~11=0. 

Product and commutator of operat'ors in PSR-1 and PSR-J are derived 
similarly, but look more complicated (see ref.I15BI, Appendix). 
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' 

~!!D-...A.!ll2!! toJ.h.!L..2!!!!.llii!..!~L_\ • Q easily prooeedo (for
mally) in PSR;;xT The Liouville equation turns into a Liouville equn
tion of the olassioal'field theory of',the same form(29),(Jo) and (J4) 
with the olassioal Liouvillian 

. -1( t 't) S(J3~[_S"Hc.. .L__'h\-lc. ~\ 
Lc.=L 1-\,:0 ::1.~ H -H lt.=o=t) "'\.S\glY.") &~lt) &~X') s~c.x)} 

' " (48) 
(summation is over all the participating fields), whioh now is a 
first order functional derivative operator (usual Poisson bracket). 
A solution of the olassioal Liouville equation with the initial 
condition (JJ) ooours to be 

1 

X,Oc.(t-to) 1 
Oc.("'is>t <qo~ot"" = e y f. ~ lTin"\\t('9~)-~lX'))S(lg{.()-~ol~~= 
) ' ·) -J, \.-\:-to ~ e c.. " 

= Tf~n~ <o (~'(x)-tfo~,t)) b( ~<t)-~0 (~ t)'= 
~ ' J} 

= U ht\ b( ~ G:,to-~)-19o<t)) S( ~(~,to-~) -~0(1;~= 
J.. I ~ • 

=. TI1n~ 8 ( <\l(x.' ,to)-~oCX)/ii( ~ (Y!,t~- ~0 (~)\ (49) 

wheJe 't"=t-to 7 

-. A -1 . " _, [ > 't' 'Cc. 1:: t'c. "' -'t:Cc. ~o~ 1t)=t\o (~oi~(X.,t)!Jfo [ ==e. ~lX)•i==e. ~o~)e. 
1\=o o ' 

~o lx,t)=- f\"",;t <.~o\ ~ l~;t)\'9o)lt.~ == e.1::J:: ~o(i\.')·1:::. e.1::t't-~0 <t} e'tt'< 
$li',~== A-t<~l$>(~,t.;)\~>lt.-o= . 

..... - -1::Lc. -'tLc 1:-Lc. 
=~(X',to-~=k\,~l'9<x',to-1:)\~) ==e ~(X')·i::::e. ~(F)e , 

• • i.=o 
~(~,~ = /\-1 < '-f 1 ~(t,t~\i)l-t.~ === 

• ~ -t ;. ..... \ :-.... -1::Le.. • -l:L . 1::Lc. 
==~(x,to-'t:,= f\- <~I~ (J(,to-"t) ~/il =e 4>(xH=e "1.9ll)e , (5o) 

t.=o 
"- A 

(
" ·t;:-1 H 0< -t)" -U .. -1 H(x -t) 
$l~, '1(.0) = e t 0 'f (XJ e 0 is an analog of the Hei-

senberg field operator) are, in turn, particular solutions of the 
classital Liouville equation 

~tfJt,-t)=Lc.~olx,t), '<!f0 (x1t 0)-..J.9lt), ~ tf0 (X',t)=Lc.~o(l,t)., t90(X;to)=~Jx) 
(51) 

and a general Cauchy problem solution of the Hamilton equations 

---XJ;;-keep fixed h•s incoming into Compton wave lengths and coup
ling constants (of./lJ/). 

ll 

\ 



.I 

.i_l:}l (~t)= SHc.[~o.,~o) 
dt 0 ' b~,(~,t) 

and, therefore, of Lagrange 

d ~(~ :'1-_SHo[~oz~o] 
Tt To x,t, - S~o ('~". t) 

(Newton) equations 

(0-WI<J.)tfo(.x) :....-j('fa(x)) 
(or, equivalently-, of the integral equation 

(52) 

(53) 
./ 

!fo(X)=!fa(X) + ~d~'! t\~(x--aH('90(x))) . (54) 
:t..'D •• 

of classical field theory. They (~, 0(x,t) and ~0 (X',t)) are charaoteris-
tios of the classical Liouville equation, in terms of which any its 
solution oan be expressed¥): with an arbitrary initial function 
, · . " 1::e c . . , , . ., . \ ~\'f ~Pt,'fo~oto)-= Q, ~ Uf '9 ta,Ufo'fo to1=91.. '9 ~to, ~o~,t),~0 ~,t),to). (55) 

Transition to 'tt.=O oan be easily- performed in many other P~R 
formulas, e.g,, in eqs. (19), (20), (J5), (42) and in others, thus 
generating corresponding classical expressions. 

Equations (50), except for the last expressions, and (51) are valid 
for hFO too, unlike in general eqs. (49) and (52)-(55) (of. re/(15g/). 

CausalitY£ In PSR-2 linear cases (see the definition above) the 
Planok constant ~ falls out and all is like in the classics: the 
same Liouvillian, Liouville equation and its solutions of form (49), 
where, e.g., in the free case 

~o ('X)= (l90l~(x)l4>o> = 'f0 (X) = i. ~ J?>'! Ml(-1}~ <.9
0
(l!), 

~o"''to 
(56) 

in the case of interaction w1 th an external current 

~o(Y.) = ~o(:l.) + \J4'j Aut(X-'!He('!) 1 

to 
(57) 

and in the theor;r of interaction with an external field 

S'q_ ( 'l' '¥ t,% \\iota) ...:ij(~r..h.)4 S(~lx)- t\?o("K,t)) S (~l~)- \¥
0
(X,t)\(58.a) 

~ 'J, 
l\lolx)='folX) -i~ \:4'} SJ'(e.t(l(-'j.)Y~I\~~0{1(), (58ob) 

~o(lC.)=i ~ J:!>~ S\e.t(l(-'!W~I¥0 l'}) ('¥clx'l=K~<..~o\~(x)\'¥o))..c;a.o) 
~.;rto 

In the linear oases the Planck constant falls out also from 
eqs. (20) and (J5), and they correspond exaotl;r to the olassios and 
demonstrate(like eqs. (49), (56)-(58) ) the causality- inherent to the 
ola.ssics. Moreover these eqs. (20) and (J5) demonstrate that lli 
~~!tl...!!Yc_ft1! plaoe_!~....!:§I!::.Lin_g!ll!U:fll.l they contain onl;r the A'Cilj:-
11funotiona11, although in a general (nonlinear) case the Planck cons-

x)The same is tr,ue for any '\P (~ ,~) in the Heisenberg picture. 
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tant does not fall out and the Liouvill~ equation and its solutions 
have another nature, than in the o·lassios. 

Note that in PSR-2 even the S-matrix'beoomes explicitly causal 
(in any oase more c~usal).Acoording to eq. (16~a) it. is constructed 
out only of the A.

8
ym-"funotions 11 , whioh equai zero outside the 

light cone. Similar .construction encountered in the Wheeler-Feynman 
action-at-a-distance theory(20/ 

These oausal properties in PSR-2 seem to be in agreement with 
the famous oauaalit;r condition of Bogolubov{ 211 

Let us stress that it is just this operator A-1 that eliminates 
completely- aoausalit;r (owing to ~(l)'s) from PSR-1 and leads to 
PSR-2 ( ~ does the same.with PSR-J).See also Appendix C. 

In PSR-1 in the free oase and in tne case of interaction with an 
external current the phase spaoe density- q1 (~lft,l¥ct9.to) is con
structed out like in PSR-2,i.e., according to eq.(55). A distinction 
is onl;r in the initial functional 91 (If/ ZfJ to, 'fo lfo t 0 ) (J2), 
wh1oh is explioitl;r given b;r eq. (A.6). Thus, in these oases 
\'1 (~'-9t ,~o~ota) is given by eq. (A,6) with the substitution 

~'(x')=r l9'(x,to) _.., \9.;(X',t). 
. b b \'f)<.'-91 

Note that the derivatives· -- • · • ~' I 
S'J(x,) o .1\)(,_n., l<.'-9 1 o> !. 

and 

b b S' b ki.S'\e-tfl-iH(t.,t.,)l~o)\9.. 
S;l(l'.1) ... S:J()(~n) S3

0
l';!1) ... &:Jo('c\9.~ I (l9lo)l!l. I <.~olo>f~ 

(59) 

after suitable projections give the n-quantum states 
" """' J\ A : t9lx1) ... ..g(x,.,): \O){O(;<g(x."+t)···\!'(Xb): and probabilities for transi-

tions between suoh states. Here 
A 

t. • • ) I -itl'1H(t-to) I >l2. " " r. • • \ ~1\~'ft ,··~'olfoto = <.~I e_ '9o =nl\os>'i.\~~t,~o~oto;(60) 
is the phase spaoe density- in PSR-1. Note that the real phase spaoe 
densities in PSRs oontaine the same complete information as the 
complex amplitude. In PSRs it is no need to turn to oomplex amplitudes. 

~ug~. Using eqs. (6) for an operator~~ we oan express via 
the PSR representatives an;r matrix elements of 1( , e.g., the ele
ments between n-partiole states 

A A "" (,A ,')., ) 
(01(: 'f(Y.1)···1flXn):)f ~~('<h) •·· -r(l}101)~ \0) 

or between coherent states 
A 

(~'1.11\=' l~o~) = 1F.,(~~1)(~!L\~i) (CSR) (A.l) 
A A 

(for 1.9~1 "'see eq. (14) ). If we take matrix elements{'9llPI'9>,A-1<'fllFI..y) 
and A~~ll?\~>• we obtain from eqs. (6) relations between PSR-1, PSR-2 
and PSR-3 
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f1 (~)=\l>'l~' ~-9.\<.'91'9'>11 F1 (lY') = \~1' t{-t \<.'9\li'>\i£1(~')::::: 
=t\F',_(~) =\~1<q' tt1 l<.il'9'>fft;.C~·~=== \ 'b 1' r\-1\<.lfllf'>\

1 fl(~V')= 
= R f:.a,(~)=\b2.~f \(~ll!')\'l..f~(~') -~~1' l<~l~'>\2f;,('9')' (A.2) 

f,_l'f) =Af'?,(~)= ~'b~' A-1 l<.~l~'>l'lf_ilf1)= \~:\' K1 1<~1~'>1i.f':;('9').<A.,) 
The ,first expression of eq. (A.2) demonstrates, that 

~-1\<. ~llY•>\1=/\ - 1 t\ -11 <. ..y 1 '9'>l~K-~<~l '9' >~Tilti\1~(~(~}-~\R'))S(~CX>-~'~ 
. . t ~~ 

is a funot~onal. i -function (see eq. (JJ)). Others 
show, that IF\(<q), H.l'9) and "\B,(19) are related by ·Gauss type 
t'ransformations (having been earlier symbolically denoted by A or f\2. ) • 
This is clear from the formulas x) · 

(~I~'> = exp\ i~1i.)-1(~'H~ <9'~))-+ i.(1.t.Y'('9tt1,'9t-))- t_t,_-1 ('9(,\.\ lf'(-1)1= 

::exp~i(~t.)-1\d~x (~H\x)-'9 1 t1t-.t))~(t9(x)-'9 1(x)) + <1-t\)-1 \J\, ~(x~ l9\x)~= 

::Q)(r\-( 4t. ri ~J'txJ~ ';i('J(x)-3'(x))&i\(X-';\)(1l~)-l1li)) + i('lt..r1 SJ\J"i 1(x)t\lx-~))('})3 
. (A.5) 

l<.~ \l9 1)1i = .e.xl' {-<1\i)-1 i )cl!.lC.( ~C1\x) -~ 1 H\x))1' (~Q<)- <q1(x)} = . ~ 15 / 

= Q><~{-ett.)-1 ~J4xJ4~(1(x)-1'(x.))~ (i)~-'i)CJ( '!)-1'( '!)) }= 
= ~ "'" t- 0-t. \-1\d?.xdi'} [_.t\(1\x-\{,o)( 'Y<X)-tq'(x:'~~(tiJ-~'<\t»+ 

+~(-t)<x'-~,0)(~(~)-'i't'I))(~(if)-\y'(~)) H (A.6) 

f\-"\ l<~l~')li = J\'-11(4'll9')\~ = 'l.oo '2-Xp-\_-t,-1 •.. ~ = •.. (A.7) 

where ••• stand for the same expressions as in eq. (A.6) 1 but with 
only two changes: ('it..Y4 tt.--:1 (squaring the exponentials) and the 
normalizing factor ~00 appears. The bilinear form in the exponents 
of eq. (A.6) and (A.7) is diagonalized by a Fourier transformation 

SJ'ty.J'.~ 1(x)~(-t)Q<.-~)J(11.) = ~o~'-k J 11(k) Slk'l+mq_)'J(k.) (A.8) 

thus proving to be positive definite. Therefore eqs. (A.6) and (A.7) 
are negative real Gaussian functionals. 

Let us give other useful representations of the operator ~ 
in the scalar field theory 

xJ( '9L+\~t-)) = t ~d-;)(. (olt ~t+\x)~t-)(x)- '9(+)(x)olt'9(-\x.)) =i \d3x~+\xro:~(-)(x). 
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. tH I'> J> 'b "'7. A.H),, '~ b ) f\ =ex \\7!\~ x ~ t .](x) (\ ~ ,x.-'! J u'l ~ :l('!) 

-ex r~(J'l J> (b.(.1)(..., ..... ,~ s- ""l1)...,:... :\b s ~l 
- rli\) X ~ x-~,o,'O<q(~)<;i~(i!)-~ lx.-';\,o,S~(x)b~(ii))J (A.9) 

(th~ times ~.,and l}o are arbitrary, l9(X')=l9(~1-to) and "t,(1)(.~;c)=@x,;)'!.bol~))j 
in the eleotrodynamios /15o,l6/ 

" (1J J-; 1:; s ~ A.(1)(, ~ 'b \ 
1\j!.,.=eli.\J 4 ~ xa ~~'J,JX)u'lu 0(-';!)o4 '33{'<('!)} (A.lO) 

1\"':::el(\'t ~ \J\!~ t'J(){)~~~-t\x-'a)o't ~Vit'!V ' (A.n) 

Let us stress that ~ ( and A-1 ) aots in fac\ on a-number oanoni
oa.l variables, e.g., for a scalar field on functions •tJCX t '\ and 

• (~ '\ .., ' o) 
~ x,toJ or onJ(x) (see eqs. (A.2) and (A.9)). 

On~e knowing ~qs. (A.6) and (A. 7) we oonolude ('according to eqs. 
(13) ) immediately that 

l\1}) (1.91 = ~ exp{-(~:li.Y1 i.~J!.x(~C-t)6<)-~c"\x))~(~(x)-tg(xt}1:;:: 

== ~at.. ~-1 \d~x d4~ ~6<) &"\l(-~ )'ll~): e- &~ rtt ~ d~x ~H\:x~~ (x) -~_, \J~x '.\(1C.)~(1)<x \ 

=:<2"1' {-~~)- 1\J;xA?>'i-L-A(-0 (x>-\f,o)( ~tt)~CiO )( ~lll)-~(il~t-

+J\(1\t-~,o)(~,lY-")-~(t)) l ~ c-r)-~(ii'~11::: 
=100 ~'!l.t\ ~)( p {-t-1 ~~J:\,(~(1) (x)-l9(-\)~)~~ (~ (1()-:~C.X))~:::: • • • (A.l2) 

(the ••• stand for other expressions which are also constructed as 
above, but the exponentials are squared and the normalizi~g faotor 

i 00 appears), 

1\-i lllf) ( '-91 =1oo ~ e)(.p \- i. t_-f\J3 x( ~ (1\x)-~('\)(x)~ ( ~ (>l) -~(x))1: = ... (A.lJ) 
(the meaning of • • • is as above). In particular 

• 1fJ3 "'(.1) ~" N i.N 
\0)(0\::::: e1.(~:!1)-} X~ (X)CJitl9(X)::::e.- : ~'l.caS~Wil~- ) 

" (A.l4) 

ft\-1\~)<.~\\ =='J...00 ~ e-'l.N ~ (A.l5) 
\! 1/~:;0 
where 

1\. • ( " ... ~ " ( " - "'·" N= ~t...l"x~t-t'():.)o"~CJ<.)= 'k~J~"><~(+)cx)o'~l§l'"-'(x) (A.l6) 

are possible presentations of the operator of number of quanta 
(in passing note that they demonstrate a nonlooality of N ) 

' Using eqs. (A.lO) and (A.ll) the second and third lines of eq. 
(6) may be also written down as follows 

15 



"W = 'J...<::IO \ <t,~'S': exl't-itci~J'!.x(~H\x) -U?\1\x~;: (~ (x)-~(x.))~: f'l.(~)::: 
.,., -i -tL-1 ~J?.x ~c1)(.x~ ~ (x) ( c-'l -i_"\_-1 ,fcl4x ~(-t)(x)-:l{>l) 

=~:e. Joel€. ~ ; 

• <2. -t..-1 \J4xA4~j- 1C.X)A(1)(x-';i-)'J(~) 'II\('S')= (A.17.a) 

== \s'l~ ~ e.x.p{-U,.'\\)-1~J1>x(~c1)(x)-<.g<1)(x~~l~()'\)-'9(x))3: lF3(..g):::: 

= :e-1-Cit.)-1~J'!.x~<-t)U<.%:,~(x.) )'b1 e-k1Sc!4x ~C1\l<~l(x\ 

. e-~~_)-1 ~cl4xd4~ 'J(x)A<1)(1t.-~)J('!) ~(~)= (A.l7. b) 

= ~t>O \S'l ~ Slj~~ltttik1 ~d5 ><.(~(1)(x)-~<1\~))~ ( ~(x~-~<x))~J lf;,C19)= 

_ co ( -ik1\,{"x~(1)()c.~~lx)(c- 1 -ik1 ~J4x~H\lC.):\(.x)) 
- 1: S~WI e )0 cl e. 

-1._-1 \o\4xJ4'! j(x)A-<1\x-!f)~('t)..-.r, ~ (A lS) 
• e. 1"'3\...'Sl) I • 

where 
~<>0 s~~ = n (TL~Y1 s ~lt)S'flx) (A.l9) 

17: 
Note useful forms of eqs. (lJ) 

" A )cf!'x(~(.X,t~~~l~,to) + ~lx,t~~\ql~,to). F~ ~ ::::
f =:~l'9Y.=:e . 1~ \~~,to)=Q 

-9<-~t.)•O 
00 '"- \ J A _., .._ 'b b 11'/. ) 1. 'b J A --···-lr.\: -= L. 0 J ~j ••• ~ ... : ~(~1) ···~(~.,)~ ~1'1"" 0n.'1 ~J("}i) 'a3(1j~ 1 ~ \ -
11:0 • l=O 

== ~ ·~x\'~~J.~lj.~(~)~ i'.\Ll})}: l:(~)l'J=-C=: (A.20) 

11' r~)- \A3x( ~(x,t.)~l\llt~) +~~to) ~~lx;t.))lf' ~o\ = 
= '>'}WI 1r ~\If' - e. , u-2. ., 'l.qcx-,t.;-,=o 

H~,t..)=O 
00 • ~ \ (.";,. ... ":\- .... ~ ~ 

=~o ~! J;';ii .. cl:;~"s'j~ \~(~!i)- .. ~('1 .. ), ()1,, .. o"'~·o'JC~~ '"s1('}~f;_(~)l1=~ 

~ S~j-WI ( e'l(~( i_ \~;~ i (~);: ~ 1(Lj~) 1f;_( 19) b=()=: (A. 21) 

• A • • \J'!."~~(~<R,t")~~(it,to)+ ~Cit;to)~~(t,~\ 1f'11.) = 
=: F ( <q}: = : e . n-:; \<.q \'f~,-\o)=O 

3 ~~~ 
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- ~ ;_n. (d!, cP , A ' A •- - '5' b 
- ~o td ~ 'k·· ~h: ~ (~,) ... ~(Ljt\): ot, ... ~"-'~ !>'lC~)"' ~'l(~")f;,('9)\,.,.~ 

• (• \d:; A ~") s ' \, =~ e.xp\,_ ~ 'S'l'-})04 'O'J(~j)l: f;,(l!)l'J:::O , (A.22) 

From the three last expressions (6) ~t is easy td find relations 
between ~ (f.l}) , F,_ (!tj) and fl::,C'f) • Namely, the exponential "'fac
tors oan be transformed into each other, using the Baker-Campbell-

' 1 [J\ ) 
Hausdorf formula e."' e. B =e. 1\+B Q. ~ ,B what leads to Gaussian 
factors, and we obtain , 

,_ 1.(tt.)-1 (~<f-) ~<=-'),.... -1.(41\Y\lfc.") UJ)-
f\(~) = ·e ' ~(19) =e. ' ft(l9) 
....., -i.C'lit)-1 c ~(t) tq<=-)) ...... t c4t..r1c ~IJc.1) 1.9) 1r1' 
i;:;(tCJ):e. ' f'~(f.l})=e. I ' 111..(1.9) 

(A.2J) 

( -i 1;:-1(<.9c.+\~<-?) = i 0-t..)-1(~<1\ ~)= lit..Y1 ~A'lx d"1 'J(x)A<.1)~-'!)'l(~) )cA. 24) 

Relations inverse to eqs. (10)-(12) are 

~\ (~) = ~b'l~t ei.l<.9,~') i),ll9')= ~ ~ J' e:tk 1 ~ ~ 3'1{\ (~') (~=1,1,~). (A. 25) 
Let us give some notations ado~ted • The ~ositive-land ~egative

frequenoy'parts are defined with the Schrodinger equations 

'O't <g ll\x):; +~-A~ ~(+\x.) (x, -:;i.t) ,, (A.26) 

and'we oan s~lit into those as follows 

t+\. ) -+ 1 \ i ,~ ) '9 \.')( ::::_ ilrl. t-S.+ir- ~v.:,s. = 
(f.-0+) 

=i. \cF\.' A(:t)()l.-)(t)~ l9lx')=: (=--\J4'j£t-)(lH;!)'J(ij.)) 

=-!lt + ~4~~()()=i ~()()+ ~ ~ti)Cx) (H=~-1\+~")' (A.27) 

l9 (1)(>:.) =..i_ p ( J.s ..g(~ s) = 
'Jt ~ i:-S ' 

-:::: i. \d;')(.r 6.(1)(Y.-·l)~ <glx') = (-- ~J'c'j6.<1\li.-l}) l(~)J · 

= * ~(x.) =i-(~(-\x)-~Jl'<.+)~)) .· (A.28) 

(The Hilbert transformation is, in fact, the operator of sign of 

energy). In ~articular, 
C+\. + i ~ ds _, (1) 1 pi !s "(... ) 

/j, \}.)::::.- ilii} t-S.l~/j,(x,s)' /5. (X.)=.: <.rv lt.-Su X,'- . (A.29) 

.The b. -functions are defined as follows 
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,[~l+\Y-1,~l±\~)1=±u.:v.\f~ e.±l.klx-~)=it..~+)()c.~~ (<.oJ=J"£1-+m'L) ' 

r ~l"'\~l~) 1=-, .. t;.~~-~,i),L ~(i)<x,,~(~)1=tt..cl='1Qc.-'A), L ~(")6<),~<1l~)1::: ~t~(x~) , 
-1 1 \ '4k el(\'(ikx"1 A'lrtll()=-etnA<?t)=ils~m(X)-IA(x) =Ia :o.4 a k..'- ,_ • 1. , 

\A1!1 +m -t£.~<o 

A /.,) .it..t~) . 1 ~ ''~k <Zxrli.kx) A~..,lx.)::::0{:-t.)~~)= ~';lm"" +2.~"" =li:n)~)" k.'-+11-,'-·HE.k.,' 

i 1..( :-. * _i_p( J.41. '!)l\'(i.h) A~'1~(x)::::- :t. H-t:)D.{x)::: 2. A'tQ.#)+l\tJv()(.), =CJ.:st)'1 j ~ k..'-+m'l. ' 

A l'lC.) ~-ett)&<:-)(x)+eC:-t)A<.+)(x)=A (x)+i~1,Cx)= 1 (J~k Ql(t{ikx) 
t SlJ~tt '- [ii)'f ) lt.'l-+m'l-i£.. ' 

A (:}.' = -G(t)A(+)(x) 49H) ~l-1(x)c:A (x)-i.cl1\x)=-L (J'tk eKp(i.kx) ' 
- ·1 ~~~ 2. (~n)4l k..~~n4+it' 

$t 1 = ( '(o-Wt.) 6.(. )(><) · (A.JO) 

~~· Let us give ex&mples of Hamiltonians and Liouvillians 
in PSRa. One can split up the total Liouvillian 1. into the free and 
interaction Liouvillians 

L=L +L L --i.k.-11 H~--H'~-) L =t.t-.·1 (1-\e-1-1'1.) 
• o r' o- I. 0 

"' ' I I I • 

The free and interaction Hamiltonians 

Ho = ~ ~J2>'4 [~(11~~6c.) +ok~tx)olt.~6c.Hm2.~{)1.)~()()J , 
A f ~ • " \d!. " ?.t. ) Ht.=- .)d"Y.\et_y.)'9(>:.)' ~~ x~ \x 

lead in the Schrodinger picture to 

H~- i \.l~x[f.:Yl~)+ it. <:t,_\'1 +(o r,ft(x)+ ~irt ~\\\mtf"'(x)± a •. 'ii \2.] (Psn-2) . "- ~d \ :1. 't;~)J ""'-"~ - 2. S<9G?iiJ ,..,. Ts~c.x)J 

L. =~J")(L ~lt)~-g~f-o~t.~<R')ott.~~liCfwt.9. '9lx) ~(9~)] == 

=\~3xl~\X)~ -(-A+M'-)\9(~)~. lx)\ (PSR-l 1 21 J) 
t o~tx) . ~ a .. & -; 

Hi==~d~)l. ~e(Jc.)(~lY:):tl-; ~\y~~, ~~J.~x('-9G?)±.T ~';>~)) (PsR-2) 

b r I L 'l 'b ;.'l( S \""'] L:r= - ~J."x le()l.) '& <q li') (Psn-1, 2, J), '3- )d3)( L-3 ~ G:) Sls?G~) +JI b<i?tx)J 
and in the interaction picture to (PSR-2) 

Ho~ =t\<l~x[-04(~(}!.)± '; ;'J(l'.il)~k(~(J{)t .. ~ ~'j(lr.~Y"+wr(~(x)± 1.; ~':1()(~)'1.} (PSR-2) 

L,. = \.!'!.>(. L o't~(lt.)o~.c ~'J()r.)- (-Mm<l.)l!'lx.) t\(~)1 (PSR-1, 2,J) 

\1~ =- \d")( l~l")l~ll\)1:. 1.; ~'J(){i) ' ~ ~J3x(~<.x)±-if-hc;qJ:, (PSR-2) 

L 1 =-).r\~ ~e(x~ fj()r.) (PSR-1,2,J), 'a ~ol3x(-:5~9..6<)~ + ~'\~:JCx~:.J~PSR-2) 
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A~J2!!ndi~_£. Let us con~ider the phase space density x) 

~( ~~t, 'f,t9oto):=::A-;\(~I iit~1 HCt-t.)l~o)\~i\-; \<.~\e.-1.i[1 A~Ct-~)U(t,ta)ll9o)l!l.. 
(C.l) 

and represent the expression between <~o 1 and I ..Yo) in a symmet
rized product form. To this end we use the symmetrized product 

' " .,'\--1 expansions of inooming factors: eqs. (15. b) for lJ and l) and 

~J?.~[~(~,t~ :t9;C t \ -t ~(f,to): ~~(:~:to) ( 1 
~~><.~\=e 1' OJ. ~, 1\-i~(~l~~>\ I "I 

" l'f=Cf=O 
H:·-1 ~ .. (~-to) I )/, \ -it._-11-\o(t-t;,) (C.'2) 

e '9 -....\// e. = 

_ ~J?.i: (~(ii.,t) ~'9'(~:t., +.~{1,t) ;. '(-...,~] (c.J) 
-e. 1:' 0} "i 'l:, L'-"\ 1/, II :-._19.. . 

I\ ,If '9/ l'fi:::"''==O. 
Now using the simplest case of the Baker-campbell-Hausdorf formula 
eA. e B = eA.+~ e. -ktA.,B] we find 

" " 
e.1:k1 H(-~:-~~ I~.Y)(lf\ i;_t.1H(t-to~u-\t;to)~k1Ho(t-totl9X~leitr1HJt-t~U(t,t:a)= 

( A 'i) ( 1?, [A __. 'i) + }..(~ t\ b 1 
= e. J ~'Ott> + la -:: 'fl?:,t) S~1lr,to) tg~._i} 1 Zi:q'(1,to) 

e.. i.~\ J~xol.?•'t ~'P [A'-"-'!) :-~'Of,to) + bo(l(~) ~ ~1(if.t~ l 
i.)\ ;<\>A 'te-t ~ z a .. -1 )J~x (1tr(4>+t $)- ler ( 4>- \_ $)) (c 4) 

'4' Q. 11 I {!_I 0 

e A" l<'f I..Y)I\'9'lt;t~-=O 
' ~~~,t,)=O 

~==~={) ' 

where 1;\-o=d:. , 1.l"--'t) = ~A(x-~") • We obtain finally that 

~( 19~t.,l9o<9oto) = /\~1 1<.~\e-i~tli(t-t..,) \ ~o)\9..= 

= e ;_ ~\d'tl(J?.'<! ~ W [A(x-~) :~'lll';t.,)-+ ~(l<-l;l)~.q1(if,t~1 e i ~\{<t> A'I.P:k ~'¢> 
ei.k1\J4x( 'UI(t\>+ \al)-ler(<l> -\a>t ~-il<.~'l~)l'll \1/'(Y:,t;)~o<X,t) '(c.,) 

'f '("K,to)-'!> ~0 (;(, t) 
l- 0 ? q,__, '-9o • 

---xJW;-;;;!er to deal with the Gauss functional rather than with 
the functional 'b -function. 

19 



I\ 

Note that 11 -functio.ns can be replaced here by .Atetl'l-lt)=6l'!a-x;,b.(X.-'!) 
and that the' last expression may be written down in a shor,t form as 

'\ / A. • \(I) A ~ 
, ·t-1H(t ""' " 'lJ}'nQutc-~ 

( • • ) - A,-11;, I -t.n. -o..o'l~ >I""= e u.., .,"' s \§> \§> t ''fo 'Yo to - 1\ 0 ...... 'lJ e 0 

eiJ,-1~d~K(~r(4>+\~)-'RI(4>-\.l~(t{-11<."Y'I..o>l2.. ' ~ (c.6) 
, ~ ~~'lx,to)__.l!>~')t) I W =0 

<S>'(x,to)'-·kx,t) q, =<fo,· 
We can derive eq. (C.6) also as follows. Starting with the identit~ 

( ,.... " " ) ~ {/1. "' .... s'tm -f(x1)19(Xg_)··· ~~) =I ~(_x~)\9()c.g_}··lf6<.~>~)1= 
"'- n. 5 

- 1 ~ ~'Cnt~(" A \ (," " ) 
- i~nl '-- ~ 11. I ..g(x1)···~6<. ... ), T,~(l{ ... -t1)···'f(x..) (C.7) 

• over all nl ~=0 ' ' 
permutations 
of 1,2, ••• n 

C~ . ~' . 
where 1'1. = ~\(.YI~m)\ • We have for x10 ,x20 , ... xno ~ t 

1r- 1 lt,t0){~ <x1)"· ~(Y-.._)~ U(t,to)':::: 

~~.L L. . t c:'Tl v-tt:lto~~(l(\)·AlY- ... )) Tl~cx\01+1~· .. ~ Q(~) UCt,to»:i' 
2.~'~ over all n I w.=o 

permutations 
of 1,2, ••• n 

\ i ~1 \ ~ ~4>g_ 1\\%4>./~~'<\'"~"'' -if.\W~./~~~ ... ~l\)i i~-1~~'Rf41~-1t(~ 
=e Q.. e e. e. 

1'\. 

1
1\ L. L c :- 4>1(lr:1) ... q,'\c')(m)¢~(~ ... +1) .. ·<t>~tl(t\.\t~ =ct> =o= 
~ over all nl 10!::0 1 i 

permutations 
of 1,2, ••• n 

~~(i411 + :q,~) ~:\\(~~1 + ~1\>JA'lQt(f<\; -t<\),_) 
~e. e. 

~kt \t14x ('JerC<\>1)-~~g)) ~~ (q>"(~i)+~()c.1~ ... (¢1()(.~<)-+~lx."~) I (c.~ 
"L .c s ~ . '1\. 4\=c\>g_=O 

_ 1 ~'S' M> ·d~ ~ul:~ e. 1. lL1 ~d~x(ltr(4>+~(\))-~l(<t>-\<li)) 
- \1\.. e. e <\>~). .. <\>(l( .. ~\~::0 

l:o 
where the latter expression is obtained by the change of variables 

.( -~..-
<!> = ""§:. (ct>j+~'l) , h 4> = <t>c(h 

Note that above deriva!io~ ~ives the initial identity (C.7) too, if 
we set ~I. " 0 (hence 15=1J- =1) and take into account the relation 

~"~- 1" " " l e. "9~ (\>(~ 1)q,()(1) ... 4>(x")\..~-..- =-1 {~()(.1)'9()('l) .. ·..Ylx"") 5 
'I' -0 'r'l.. 
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(C.9) 

J 

~ i 
I 
~ 

' '· ; 

, Since eq. (c.J) is constructed out of the symmetrized products, eq. 
' (c.a) leads to eq. (c.6). In PSR-1 and PSR-J eq. (C.5) or eq. (C.6) 

is modified by- including' additional 1\. and f\:1 
, respectively-, 

in the same fashion as in eqs. (19.a) and (19.b). 
It is worthwhile ~o note that eq. (C.4) may be written down in 

terms of symmetrized products of the Heisenberg operators, 

" e.a~·1 H (1:-to) 1~><.~\ eit.:"1Hlt-t,) = 

~J?.e l i'l~ t) 'b 
1

.,.. + ~(.t.,t) 1). r..,. 1 (-C.lO) 
: e. I' 1> ~ (t;,to) _ ~ ~ {l '~ l'-t\<1.9'\1o)lt I • I 

1\ ..., 1-q =ct=O 
Then 'I is the following matrix element of the .latter expression 

, · ~J!.r[~Cl,t)~ , ... ,-+~Ci,t)~. •c·t~1 
',, ~( ~<ft,~o~to) = A:1(~ol €. l><.9l'~,to, '9 t., 0 \~.,') 

I i 
I 
l 

I 
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I 
f 

t{-1 -l(<g1 1!f)\~ l ~~=~'=0 · (C.ll) 
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nony6apHHOB H.B. 
0 npe,qcTasneHHRX ¢aaosoro npocTpaHCToa D I<DattToooH 
Teop\.11-1 nOilfl 

EZ-82-800. 

'\; 

8 KBaHTOBOH TeopHH nOilR BBOARTCR npe,QCTODilOII~n ¢D30DOrO npOCTpaHCTDa /n<t>n/ 
B AYXe TeopHH npe,QcTasneHHi1 IJ.Hpat<a. Onpe,QI.II10Hot tteonepaTOpllbte " neabte " npaabt.!1 

onepaTopHbte npe,QcTaBHTenH AI111 onepaTopoo /HaCii110/\DCMotx/, a t<a~ecToe ypaeHeHHR 1\ 
ABH>KeHHR npHHRTO ypasHeHHe llHyDHnnn /I1HHei1HOO yponHOHHe u <t>yHt<~~oHanbHbtX \ 
npoH3BOAHbtx/ AI1R nnoTHOCTH a ¢aaoooM npocTpOIICTDD a WPOA~Hreponc><oii t<apTHHe 
H AI1R HeonepaTOpHWX npeACTaBHTene~ OnepaTOpOU n r0~3GII~OprODCKOR ICBPTHHe. 

KaaHTOBb\e 3aKOHbt 3BOI1to~HH onepaTOPHLtX nPG/\CTnnHTtllltiH TDt<IUtl 3DMHCDHbt ~epea 
DHYBH11DHaH. noKa3aHO, LITO 0 n~n OHrHepODCI<OrO THM~ )DOn~4Mn none~ H nDOTHOCT~ 

s ¢asosoM npocrpaHcrse RllnAeTCA naHo npJ.~~lH1HIIoi'\, T. u. DtatpnllcDaTcn HCt<niOLII-1TCJlbHO 

B TepM'1HaX /';ret -<)lyHK4HH. B 3TOM H<e n<lln IlHHOHIIbtU TUOPHH /norpeomt~GH M81(C'1-
MYM KBaApaTHYeH/ cosnaAatOT c 1-1x t<nacCHI.ICCt<t-tMH nttanoraMI'I. D o(5u\OM cny4ao HC"" 

KOTOpbtH QlopMaJlbHbl~ nepeXOA I< h •0 nPHDOAV1T I( .YPl!IDHOIH1t1M H UOJ1HL.JHtlOM I(J18CCI-1-

4eCt<OH TeOPHl1 nann, COOTOCTCTDYI014HM KDDIITODl.IM D UIPG/l~-tllrupOUCI<O~ H roi100H6cp· 

roBCt<Oi1 t<apTHHaX "' t<apTHHe D3D~M0/1CHCTD~n. YPIIDHOtt~n rcM"'noT(lHO H llnrpOH>«8 
K!laCCH4eCKOC1 TeopHH n01111 eCTCCTDOIHIO D03HHt<CIOT t(Qt( YPDDIIQIIHM Ann Xt:IPIH<TOPHC"" 

THK ypaOHCHHn flHYDHnnn. 

Pa6oTa DLtnonHeHa o JleaopaTop~" ToopaT.,~OCKo•1 tll~~«t<~ Oltnl1. 

npcnpMotT OCil>OAHHCIIHOrO MIICT«TYTO nnOPHhl)( HCCnaAODatt .. n. /lyOttll 1982 
Polubarlnov I.V. - r.2•82·800 
On Phase Space Representations In Quantum Field Thccry 

Phaso space representations (PSRs) are Introduced In quantum rlold theory 
along the line of the Dirac representation theory. Nonoporntnr nnd !art nnd 
right operator representatives for operators (obsorvobloa) ~ro dorlnod. A 
Liouville equation (functional derivative one) for A phnJa spnco donal ty In 
the SchrHdinger picture and for the nonoperator rcproacntntlvol or oparatora 
in the Heisenberg picture is adopted as an equation or tnntlon. Laws or quen• 
tum evolution for the operator representatives aro elao ~Ivan In torma of o 
Liouvillian. It is shown that in PSR of the Wlgner typo evolution or rlalus 
and the phase space density is manifestly causal, I.a., Is oxprouad only In 
terms of ~'>ret -"functions". In this PSR I inear thcorloe (Lcgronglen tiL molt 
bilinear) coincide with their classical analogs. In gonor81 cose o soma ~or• 
mal transition to h =0 leads to classical field thoory equations and qunn• 
titles, corresponding to quantum ones in the Schrlldln.gor, Holscnborq nnd 
interaction pictures. The Hamilton and Lagrange equations of clasBical rlold 
theory appear naturally as ones for characteristics oP a classical ~louvlllo 
equation. 

The investigation has been performed at the Laboratory of Theoraticel 
Physics, JINR. 

Preprint of the Joint Institute for Nuclear Research. Dubno 1982 


