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1. Introduction 

Nonlinear siema models considered in elementary particle 
physics are constructed on the basis of the compact symmetry groups 

/
1

-
4
1. However, recently it has been noted in some papers that 

the sigma models with noncompact, in particular, with pseudo-ortho­

gonal p,roups of symmetry, are seemingly interesting. For example, 
the two-dimensional Gross-Neveu model appears to be connected with 
the nonlinear sigma model on S0(1,2)/S0(2) / 5 , 61. In the classical 

theory of the relativistic string there arise naturally the nonli­
near two-dimensional sigma models on the symmetric spaces 

S0(1,n-1)/[S0(1,1 )xSO(n-2)] , where ~ is a dimension of the space­
time in which the string is moving 1~ 81. 

The nonlinear two-dimensional sigma model with the fields 
taking values on spheres ~n can be reduced to a set of interacting 
fields, which are scalars under the SO(n)-group 19- 11 1. Such a treat­

~ent of the sigma model appears to be convenient for the investiga­
tion of its equations of motion by the inverse scattering method, 

for obtaining the infinite sets of the local and nonlocal conserva­
tion laws, etc. 

In this note the procedure of reduction to the interacting 
scalar fields will be carried out for nonlinear two-dimensional sigma 
models on symmetric spaces S0(1,2)/S0(1,1) and S0(1,3)/(S0(1,1 )x 
xS0(2il. First, these models will be formulated in terms of the 

gauge fields interacting with the vector massless fields /l 2/. 

Further a special gauge will be imposed on these fields in which 

the gauge fields are related with the vector fields. It is impor­

tant that this gauge can be chosen only in the case of the pseudo­
orthogonal symmetry groups, and in the usual sigma model on the 

sphere sn it can not be taken. An analogous gauge was considered 

in the geometrical theory of the relativistic string/ 13 I, and it 

is this theory in which the nonlinear sigma model with the pseudo­

orthogonal symmetry group arises/7, 8/. The final result of this 

note is sets of nonlinear equations (2.22), (2.23) and (3.8) desc­

ribing the sigma models with the pseudo-orthogonal symmet~y group. 
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2. 80(1,2)/80(1,1)- sigma model 

Following the paper/ 12~ we represent the field variables in 
terms of the matrices ~.(U,U 2 ) i; 1,2 from the Lie algebra of Lf~ , 
the 80(1,2)-group. These matrices are splitted into the abelian 
gauge field )\. with values in Lie algebra of the gauge group 
S0(1,1) and into the vector field £3. 
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The gauge transformations of the field variables q-t:. are 
carried out by means of the matrix 

J [ A(IA,
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in the following way 

the field A 
i 

~.=;-(~r; -;-'1t, t'=i,2, 

being transformed as the abelian gauge field 

- -( f 

Al =- j A i ~ - d- ~ j, 
a =a - d) ,· =- 1 2 

i i ·i ) J 

(2 .2) 

(2.3) 

(2.4) 

B 
-t' 

as the 80(1,1)- doublet of the massless fields and the field 

- ~=~-r~j· 
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i i t ) i i 

(2. 5) 
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r'-=- 1,/?., 

In terms of these variables the nonlinear sigma model on the 
symmetric space S0(1,2)/S0(1,1) is given by the compatibility con­

dition 
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and by the equations gf motion/1 2/ 

D. Bt=O, -£=1,2, 
/ 

y 

where ]). denotes the covariant derivative with respect to .the 
gauge gr;up 80(1,1) /14/ 

1>.=0 -ad A 
t t i ~ 

odA.(B.)= [A., B.] . 
t J ... J 

(2. 6) 

(2. 7) 

We choose the following metric signature in the coordinate space 
tu:u 2

J:(t,-) . It is easy to verify the covariance of eqs. (2.6) 

and (2.7) under the transformations (2.3) and (2.5). 

Before investigating eqs. (2.6) and (2.7), we fix the gauge 
in the theory. We ·cnoose t'nc 'gauge conditio::1 :in an unusual form. 
We demand that the gauge field Q, be equal to one of the vector 
fields, for example, to C. t. 

"' I z ' I -< 
OJu, ll) = C. (U,/1 J. 

t t 
(2.8) 

Let us prove that these conditions can be always satisfied by means 
of the gauge transformation (2.3) with the parameter ..i\(u~U 2 ) 
chosen in an 
introduce the 

appropriate way. For this purpose it is convenient to 
matrix exte~ior differential form~ 

q.= ~ dv/ A =Ad«' B=B.du' (2. 9) i , 
~ 

and the differential forme for the field variables 

a=crcitt' 
t J 

t=lck .. 
l 

C=C.duc. 
'' 

and to use the exterior differentiation/151. If the transformed 
matrices ~. (2.3) obey the conditions (2.8), than we can writ~ 

• t a-~=-! s~ .,. (' d/1 .. (2.10) 

( l. 
This equation enables us to determine the function ;\(tl t/ ) when 
its integrability condition ' 

di=d;..J;. = 0 (2 .11 ) 

is fulfilled, It is easy to show that this condition is satisfied 
indeed if one takes into account that the linear forms 07, ~C obey 
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the compatibility conditions (2.6) which are written 
the differential forms as follows 

dq= c;A Cf · 

26 2 2 
in terms of e ... CJ +-e (£ -;;(? )=0, (2.22) 

>If >22 >1 '2 

(2 .12) 

Thus the gauge condition (2.8) can be chosen always. 
It should be noted that the integrability condition (2.11) is 

fulfilled by virtue of (2.10) and (2.12) for the matrices cr.. from 
the Lie algebra of the pseudo-orthogonal groups only. For ortho­
gonal groups with real matrices lfi the gauge condition (2.8) can­
not be imposed. 

In the gauge (2.8) the compatibility conditions (2.6) are 
reduced to two equations 

a -a =a g-ag 
1,1 2, I 2 1 f 2 ) 

(2 .13) 

& -5 =0, (2.14) 
kf,2. 2,1 

where I I= al, I au 7 J k= 1,2. The equations o:t: motion (2.7) J.j,K Jjl ' 
become 

g - g = c/-a 2 
<2.1s> 

f,t 2,2 f 2> 

a -a =a&-a~. (2.16> 
1,~ 2,2. ( f 2 2 

From (2 .14) it follows that the fields A and & are expressed in 
terms of partial derivatives of one funct~on, 8(11~1.1 1) 

D. = L1 t'= 1 2. 0 ()' . ., ' 
t' 't 

(2.17) 

Taking into account (2.7) we can write 
the form 

eqs. (2.13)-(2.16) in 

. 2. 2 
fJ -EY =a -a 'u >22. 1 2 , 

a -cr =ae-ae 
1>2. 2,1 2 >( f >2 ' 

a -cr =era -a&. 
1,{ 2. 2 { , ( 2 ) 2 

The substitution (9 f) 

a=8·£ a=e·£ 
1 >2' 2. >:l 

satisfies eq. (2.20) identically. As a result, we obtain the 
. . • L.l/ ( 1) of two nonl1near equat1ons for two field variables u<U,W • 

£(tJ,'!i2) 
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(2.18) 

<,2 .19) 

(2 .20) 

( 2. 21) 

set 
and 
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!• 
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r 

(2.23) £ -~ -o2(d(7 B -cf & )= 0 
)/{ '22. >( >{ '2 >2 • 

So, the nonlinear S0(1,2)/S0(1,1)- sigma model is described 
in the gauge (2.8) by two equations (2.22) and (2.23). 

3. S0(1 ,3)/[S0(1,1)xS0(2)] -sigma model 
. f 

In this case there are two gauge abelian fields Q, and 
and the matrices A and B in (2 .1) have the form t 

1 ' pi JJ2 o at. o o o o b.· D . t t 

a~ o o o o o c~ c~ 
o' 0 o a~ ' B, = JJ~ -c~ d o' 

t () 't t 

A.= 
't. 

o 0 - a~ o 6 ~ -c~ o o 
' t ' 

The gauge transformations (2.3) are carried out with the. matrix 

cKA sA;>. 0 0 

c (! I 2 t 10• 
st(l cl;r 0 0 8 A U,U J,I{)(U,Ll J = 
0 0 cos!(/ -St.n'{J 

0 0 St'n<jJ CO! I{J 

f 2 I l 
As we have now two gauge functions}.(ll,li ) and fJ(tJ,U) 

2. 
a. 

t 

(3.1) 

(3.2) 

then on the field variables (3.1) we can impose two gauge conditions. 
We take these conditions in the form 

( f 2 2. 
a =C a =-A 

~ i' i t'' 
t'= 1 2. , 

For conditions (3.3) to take place, the gauge f~ctions 1\ 
have to obey the following equations 

(3. 3) 

and r.p 

d)!= a~ cosyJ(sfA. t! ~1- c)+ sin lj)(J/.A. !2_ ~l·c2), (3.4 > 

rl'{J::- a
2
+ St'n y?(c/{1 t 1

- sl~ ·C 1)- CIJ:!.{J(ciA-!/-sf!l-C 2 ) • 

It can be verified directly that the integribility conditions of 
these equations 

d)= 0, dfp=o (3.4) 

are fulfilled by virtue of G2.12) and (3.1). 
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Thus, the gauge (3.3) is acceptable. In the gauge (3.3) the 
compatibility conditions (2.6) are written as 

ex -a =a&-rcd.-a6-ccl 
h2 2,:1 2 1 2 1 1 2 f 2 ' 

cl -d =a c ·- a c + t d- t cl 0·~ 5 ) 
~' 2 2 I i 2 j ;{ 2. ;{ 2 2. j ) 

g - B = o c - c =- o, 
where f,2 2,{ ' 1l2. 2, f 

f u ;Jf I /J2 2 . a. =- a . o. = (; cr. = v . c. = c . ! = 1 2. 
t t t. i' ' t t) ,; z: 7 ) 

'l'he Euler equations D. 8 t:::- 0 have the form 
t 

a -a =crf!-C'd-cttf+-cd 
1,( 2,2. f { f -( 2 2 2 2 

d - d =acrId- a c - tf d 
f,l 2,2 f f { f 2 2 2 2' 

t - t =(a /·-(a )2 -(of /-r(d )2 

f, I 2,2 1 2 1 . 2. ' 

c,~ {- c~ 2 = 2 {a,~ -~ ~). 
From the iast two equations of the"set (3.6) it follows that 

!=61., 
,· , t 

c.= ,;;f'_ 
( , ' 

Finally, the nonlinear S0(1,3)/(S0(1,1)xS0(2)] -sigma model in 
the gauge (3.3) is described by the following set of nonlinear 

equations 

' 

(3.6) 

(3. 7) 

2 2 /2 d 2. n (. J J 8 - 0 = a -a -c +-. £ -,:P -= t:.. a r7 -a ) 
>li >22 I 2 f 2.} >If '22. ~ 1 2. 2 J 

a -CI =-a o -CY e -d',P +c!J? 
fd .2,2. f ,! .2 >2 f ' 1 .2 >2? (3.8) 

1'1 - rY = Ci () - cr £) - c/ . .;fl r cl ?' 
l-ff,~ <-1.2, f 2 •' f L~2 2 >f f '>.2> 

d -d :;;::d G -d 8 r-a.:r -a CF 
~.r 2,2 1 " 2 ,g 1 't 2 >2 ' 

c/,2 -c/p,~ = -~ t~/~ 6,, +-~£;,- a'1£:2 c 
Probably the substitutions analogous to (2.21) have to be here which 
reduce the last four equations in (3.8) to two equations of the 
second order. 

4. Conclusion 

'For the physical applications of the nonlinear sigma mod~ls 
, considered here (for example, in the relativistic string theory 

/7, 8/) it is interesting to outline what is a consequence of the 
noncompact nature of the symmetry group in terms of the nonlinear 
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equations (2.22), (2.23) and (3.8), and ,ve these eqw.l.t·:.ons ')Omp­
letely integrable from the view point of the inverse scattering 
methcid1 For this a~m the Lax representations for these equations 
must be found. Unfortunately, the method used in the sigma models 
on spheres / 1 ~• 11 / for this purpose cannot be applied here • 
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HecTepemco B. B. E2-82-761 
HenHHe:HHan gnyMepHan CHrMa-Mogenn c rrceagoopToroHannHorr 
rpyrrrrorr CHMMeTpHH 

Henmrefluan .o;ayMepuan CHrMa-Mo,o;enn Ha CHMMeTpw:recKHX rrpocT­
paHCTBax 80(1,2)/80(1,1) H 80(1,3)/[80(1,1)xS0(2)] <iJopMynHpyeTCfl 
KaK TeOpHfl ICanH6pOBO'll:HbiX rronei1, B3aHMO,o;ef!CTBYJOJWiX C BeKTOpl!bi­
MH 6e3MaccoDbiMH nonnMH. Tipe.o;naraeTcfl cneu;HannHaH KanH6poBKa, 
B KOTOpo1): Kamt6pOBO'll:Hbie ITOnH OKa3biBaiOTCfl CBH3aHHb!MH C BeKTOpHbl 
MH ITOnflMH. B 3TOH KanH6pOBKe flBHO BbiiiHCaHbl CHCTeMbl l!enHl!eHHbiX 
ypaBHeHHU, IC ICOTOpb!M CBOgHTCfl ypaBHeHHfl ,!J;BH:>KeHHfl B paCcMaTpH­
BaeMOH CHrMa-Mo,o;enH. 

Pa6oTa BbiDOnHeHa a J1a6opaTopHH TeopeTH'll:ecKo:H ¢H3HKH OlliiH. 

npenpHHT 06bCAHHCHHOrO HHCTHTyTa RAePH~X HCCnCAOBaHHH. ~y6Ha 1982 

Nesterenko V.V. E2-82'-761 
Nonlinear Two-Dimensional Sigma Model with the Pseudoorthogonal 
Symmetry Group 

Nonlonear two-dimensional sigma model on the symmetric 
spacesS0(1,2)/S0(1,1) and.S0(1,3)/[S0(1,1)xS0(2)] is formu-
lated in terms of the gauge fields interacting with the vector 
massless fields. A special gauge is proposed in which the 
gauge fields are related with the vector fields. In this gauge 
the equations of motion are reduced to the systems of nonlinear 
equati@ns on the scalar functions. These equations are written 
obviously. 

The investigation has been performed at the Laboratory of 
Theoretical Physics, JINR. 

Prcprlnt of the Joint Institute for Nuclear Research. Dubna 1982 


