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I . INTRODUCTION 

From the theoretical point of view the so-called nonlocal 
light cone expansion (LCE) is preferred to the usual local LCE. 
Whereas the nonlocal LCE is a true operator identity in the 
Fock space 111, the local LCE is valid on a dense subset of the 
Fock space only 121 

Moreover the renorrnalization group equations for the coef­
ficients of the nonlocal LCE are similar to the evolution equa­
tions derived by Altarelli and Parisi/3/. 

The application of local LCE to exclusive processes is very 
restricted because the full scattering amplitude has to be 
reconstructed from an infinite sum. Let us illustrate this for 
the case of forward scattering: Writing the LCE for matrix 
elements 

<p[Tj(x)j(O)[p> = ~ (xp)2n Fn (x2 )An(p2 ) (I. I) 
x2->0 

we can reconstruct the scattering amplitude in the Bjorken re­
gion of the momentum space (up to the terms O(p 2/ q2 )) as 

T(v, Q 2 )= [dxeiqx <p[T(j(x)j(O))[p> 

. a 2 2 2 2qp 2n a 2n ~ 2 2 
~J ::E (p-) nF (q )An(p ) "" ::E (-i2) (q2-J F n (q )An(p ) "' 

n aiq n n q aq (I. 2) 

"' ::E (- l) n c -2n1Q 2 _a_) 2n F (-Q 2)A ( 2 ) 
n s ~ aQ2 n n p , 

where 

- 2 r iqx 2 c q 2 2 2 F n (q ) = dx e F n (x ), v = 2qp , c, = - -
2 

-. q = -Q 
qp' 

This series corresponds to the Taylor expansion of the scat­
tering amplitude 

T(v, Q 2
) = 2n 1 [ a 2n 2] ::E v -~ (-) T (v, Q ) v= o 

n (2n)! av (I. 3) 

::E (L....)2n (-l) n _(-l)n(Q 2) 2n [ (L)2n T (v, Q 2)] _ 
n Q2 (2n) ! av v-O 

This series converges inside the analyticity domain of the 
scattering amplitude. This means for Q 2 >0, Q 2/[2qp[>l.For 
the usual processes as the virtual Compton scattering this re­
gion is outside the physical region. There exist, however, pro-
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cesses where t.his series converges inside the physical region. 
An example of such a process is y*y* ... M, where y"' denotes 
virtual photon and M is a meson (see /4/ ) : 

s 
~ ); 

Q ""{ (q1-'q2) 

P= q1+q2 

2 0 2 ql< ,q2<0. 

Q2 q¥+ q~ 
w =---->1 

PQ qY-·q~ 

Q2 ... 00 

Here the physical channel is the s-channel whereas the LCE 
has been performed in the t-channel. The convergence radius 
is determined by the t-channel singularities which do not in-
fluence the coefficient functions for the s-channel processes. ; 
We will show here that the nonlocal LCE can be applied to all l 
light-cone dominated processes since there are no convergence ~~· 
difficulties. 

Furthe.rmore, the anomalous dimensions of the relevant non- { 
local operators are simply connected with the anomalous dimen­
sions of standard local operators (essentially via Mellin 
transformation, see 131). All anomalous dimensions of the nonlo­
cal quark and gluon operators in QCD have been calcula.ted in 
the present paper in the one-loop approximation. As it should 
be, they are directly related to the Altarelli-Parisi probabi­
lity functions Pij . The nonlocal renormalization group equati-
ons are formulated in terms of physical variables in momentum 
space. In principle they could also be used for thedescription 
of physical processes, thereby of course an unknown target 
function has to be taken into account.From the renormal~zati~n 
group equations one can immediately obtain the evolution equa­
tions in the leading order. 

The paper is organized as follows: In the next section we 
derive an integral representation for the amplitude of a light­
cone dominated·process. In section 3 we elaborate on the renor­
malization group eqqations for the coefficients of the nonlocal 
LCE. In section 4 we present an alternative derivation of the 
Altarelli-Parisi equations (in the leading order) within the 
framework of our formalism. In section 5 the appl.ication to 
the QCD is described, together with the calculation of anoma­
lous dimensions of the relevant quark and gluon nonlocal 
light-cone' operators. 

2. CONVERGENCE PROPERTIES OF THE NONLOCAL 
LIGHT-CONE EXPANSION 

Here we will demonstrate that the "nonlocal LCE can be applied 
to all light-cone dominated processes as there are no conver­
gence difficulties in ~ontrast to the local LCE. 
2 

For these general considerations we study scalar field theo­
r~es and use also scalar currents. For simplicity we consider 
only the most simple LOE which contains only the operators 
with the lowest dimension (in the local case this corresponds 
to the operators with minimal twist). With this restriction 
the nonlocal.LCE reads 

1 I -RTj(x)j(O)S .. JdK1 dK2 F(x2 ,K1'K2 )(RTO(K1 ,K 2 )S), (2.1) 
0 0 

iK 1xq1 +iK2xq2. ' 
O(Kl, "2) = f dq1dq2e .cf>(ql) cf>(q2): (2. 2) 

Here we have used the following notation: cf>- scalar field, 
j (x) - scalar current, R, R - R-operations, S - unrenormalized 
S -matrix and F(x 2, K 1,K 2 ) - coefficient function. In a some­

what oversimplified way we can state: The nonlocal LCE differs 
from the local expansion in two respects: Firstly, instead of 
an infinite sum we have an integral over a finite interval. 
Secondly, the light-c:one operators O(K 1,K 2) are not taken at 
X =0 (local) but depend on two points K 1i, K2 x lying on a 
light ray. The coefficient functions .F(x 2, K 1,K 2 ) are :lefined 
with the help of the x-proper functional of the product of 
the two scalar currentsl1/ 

' . . . x-prop 1 x.-prop • • 
RT(j(x)J(O)S) = 1 + ~ J-dq 1 ... dn F (x,q1).cf>(q.) •.• cf>(q ). 

n n! "'11 n " n 

then (2. 3) 

F (x 2, K 1 , K 
2 

) = 
ixq 1 1<1 +ixq2K2 

e -=: fd(xq1)d{xq2)F~-prop(x2,xql,xq2,qiqj)lqiqj ""!Lij 

(2 .4) 
ILtj denotes the subtraction points. The coefficient function 
l!..,(x2 Kl K ) has the support 0 < K 1 s;; 1, which is a consequence 

' ' 2 - 2 of the analyticity properties of F2(x ,xqi, qi q j) w.r.t. va-
riables xq 1• 

For th~ matrix elements of the nonlocal light-cone opera­
tors <"p 11RTcf>(K i)cf>(K 2x)Sip 2 > similar statements are true. 
In analogy to tte Dyson-Jost-Lehmann representation (which is 
now fixed at x2 =0) this is an entire function of the variables 
Xpi K j SO that 

- • ~ . iUij K i Xp j . 
<pliRT.cf>(K1i')cf>(K2X).Sip2>= I duije x(uij•pkpf). 

I uij I ~ a (2 • 5) 
The same conclusion can be drawn from the a ·-representations for 
the relevant graphs. 

The main consequences of these facts are: Whereas the matrix 
elements <p 11RT:cf>(K1i)cf>(K2i):Sip 2 > 
of the Variables Kj Xp i the coefficient 

are entire functions 
functions F(x 2, t£ • ) are 

I 
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gener~lized functions w.r.t. KJ. Thi's implie's that the matrix 
elements of current products ·~nits appro~imate form (2.1) are 
well~defined'quaniities in 'x -space as ~t should be: · 

<P1 IRTj(x)j(O)SIP2·>"' 

,. I dK 1dK2 F(x2 , K 1 , K2 ) <p1 1RT¢k1 ~)¢(~<2 ~) S I P2> .. (2. 6) 
I . !_ 

2 IK i U ijq (I 
=IdK1 dK2 F(x,K1) ( dulje )((Uij•PicPf)· 

lu .. l < a ' 
,lJ ·-· 

The main question is what happens in momentum space? In other 
words, we'have ·to find·out whether such a representation makes 
also sense fbi the Fourier trarrsform of the l.h.s.' of (2.6). As 
we have seen, for the focal expansion this is only true for a 
very restricted 'number of processes*. of' course, also in the 
nonlocal case we have ·approximated t'he complete scattering' 'am­
plitude iri 'the neighbourhood of the light cone. Therefore all 
conclusions are tn,re for the 'Bjorken' region of' the momentum 
space,which IS in one ·- to - one correspondence' with ,the' x2 ... o 
region'·of 'the X -space/51. Having thi's in mind, we' can apply 
Fourier tri!,llsfdrmaticin' to eq.' (2.6) (orriitting for brevity the 
s?'mbols R, R and S) 

T(k, p1 ) = .f.·qx~~kx ;<p~' I T(j(x) j(O))Ip 2~> •"' · ' • 

ikx 2 ~ -
"' Idxe IdKld'<2.F(X ,K1 )<p 1 1c/>(K 1 x)ip(K2 x)lp2 >"' 

(2. 7) 

ikx 2 i«i u ijPj x "' f Qx e f dK 1 dK2 F (x ,K1 ) I du ij e )( (u ij, Pr P 
8

) ,. 

~ 2 . 
,. f d,x1 dK2 fduij F((k + I< up) , Ki );:< (u 1j,Pr P 

8
) 

where F denotes the Fourier transform 

- 2 r ikx . 2 F(k , Ki) = dxe .F(x ,K 1). (2. 8) 

In the course of the calculation we have used x- x = O(y'x2) 

(x=(.l~l.~) so that x-x=(xo-v'x~-x2,0),Ixo-vx~-x21::; ~y'x2) 
which is possible as the description is correct near the light 
cone only. This al~ows the substitution 

eiKuqi= eiKuqx e iK uq(x -x), ei1<uqx 

The remaining integrals in eq. (2.7) exist. The proof is simi­
lar to that which shows ~he existence of convolutions of gene­
ralized functions. An essential role plays here the fact that 
all integrals have a finite range. 

*Especially for deep inelastic scattering the Fourier trans­
formed LCE does not converge. in the physical region. 
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In this way we have obtained an integral .representation of 
the scattering amplitude which exists in the generalized 
Bjorken region. This is in contrast to the results obtained 
with the help of the lo~al LCE where it is in most cases not 
possible to get a representation which converges in momentum 
space. Our formula shows also the separation of calculable 
quantities as F(x 2, 1<1 ) (hard subprocesses) and uncalculable 
~uantities x(u 1i' PrPs), which contain the target properties 
~n compact manner. 

3. RENORMALIZATION GROUP EQUATIONS 

In this section we investigate the renormalization group 
equations (RGE) of the nonlocal LCE. Here we restrict ourselves 
to the case of deep inelastic inclusive scattering processes 
(forward scattering amplitude). 

In the framework of nonlocal LCE there appear as calculable 
quantities the coefficient functions F(x 2, K1, ~<2 ). They are 
defined according to (2. I), (2.4) with the help of the renor­
malized product of currents. In this way they are perturbative­
ly calculable. Moreover they satisfy the RGE 131 (for simplicity 
we shall consider only massless theories) 

J d1<~ d1<~ ((ll.i... + fl .i... )8(Ki- Kl) 8 (~- K
2

) all ag (3. I) 

- y(Kl •"i ,~,K2 )JF(x2 ,Kl,K2) == 0, 

where y(K: ,K.) are the anomalous dimensions of the nonlocal 
operators~ I! we restrict ourselves to deep inelastic inclusive 
scattering processes (forward scattering), the equation (3. I) 
simplifies; if we define K+ =·Kl + 1<2 , K_ =~< 2 - « 1 and 

Ft (x 2, K_) = ! I d1<+ F(x 2 , K 1 ), y(K_:"•,~<_) =; fdK+y(~<i,K~ ,K 1, ~<2 ) 

then 
(3.2) 

Jd~<' ((ll.:.L+ 13-L)B(K'- .< ) - y(K', K )] .Fr(x 2 , ~<') = 0. - all ag - - - - - (3~ 3) 

Note that r<<., K_) ;iO only for K_, <. satisfying the condition 

K 0< -=-< 1. (3.4) 
K' 

Eq. (3.3) reminds one of the Altarelli-Parisi equations /6/ 

(see ref .13/ ). 
Knowing FJ(x2, ~<_) the complete amplit1,1de 'I(x, p) can be 

reconstructe in the form 

'I(x, p) = I dK_ F f (x 2 , K _ ) < p I RT 0 (K 
1

, K 2 ) SIp>, 
(3. 5) 
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where 

<PIRT0(Kl'K
2
)Sip>= f(xK_P) = {dueiuK_i'p x(u) (3. 6) 

is an entire function with the fourier transform x(u).The phy­
sically interesting amplitude f(q,p) can be obtained by the 
Fourier transformation of (3.5) 

- iqx i(q+K up)x 2 
'I(q,p)-=fdxe T(x,p)"'Jdxffd~<_gue. - .Fr.Cx .~<.Jx(u) 

= f(dK_duF r ((q + K_up) 2 , K_)x(u) = .fdU:G(q 2, ~ )x(u); <3 · 7) 

;G(q2, t) = Jd~<_ Fr(q2(1- 1<-U), K_ L 
. . . ~ 

In. this way the target state is characterized .by the function 
x(u) which does not depend on other momenta*. 

Now it is possible to derive also a RGE for the modified 
coefficient function~ given by {~.7). Starting from 

,~,F·r (k2 , K ). - J dK'·x(~<', K ).Fr (k 2 , Kt ) = o 
,..dfJ. - - -. - -

we g~t 

d . d ~ K 
fJ.-G(q 2.~) = fJ.- (dK Fr(q2 (1- ..,..::::.),.K.,. ) F 

dfJ. dfJ. - ' ~· - (3. 8) 

- K..:. 
= J(d<_d~<_ y(<_ ,K_ -)Fr (q 2·(1-:- T);<J. 

In q. 8) we .J?e.rfo,rn;' ~~e . sutis~i.ttition K~ =.< UTJ' i~ e:.' 
1 a (K' 'K _), 1' = 1 K' I .£ 

a(K:_, TJ) · - ·TJ 2 · ., 

and (3. 8) .bec,otnes 

~ ~ -
((dK.'d1) [K' I -y(K'' K' -) Ff (q 2 (1-. - - Tf2 - - 1) 

K:_u) , ) 
--- 'K_ 

Tf 

='(~ ..[':(.{·) G( 2 )." 1) Tfy TJ q(TJ .r (3. 9) 

. . ( 9) . • ( 131 ( . 4) ) In arr~v~ng at 3. we have taken ~nto account· cf. , 3. 

I , 1 - K' K' K' 
y (K, K ) = -y (-) 0 (- ) 0 ( 1 - -) . 

II I K I K K K 

* The complete q-dependence is' contained iri 'G(q2', ~). In 
2 what follows we take - q /2pq = ~ > 0. 

,6 
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In this way we have obtained the following RGE* (writing y 
instead of y for brevity) 

• a a ""d ~ ~ (w- +- .B...._) O(q2, ~)- f -!L ~y(-' G(q 2 , TJ) = 0 
afJ. ag ~ TJ TJ TJ 

(3.10) 

for the expansion coefficients of the amplitude 

T(q,p) = Jdu0(q 2,;) x(u). (3. 1 I) 

For the absorptive part of the forward scattering amplitude all 
the foregoing considerations remain valid, because one has 
only to perform the substitution 

Fr(x 2 ,K_) ... C(x 2,K_) = ImFr(x2,K_) 

with the result (denoting schematicallyH=ImG, Wc=ImT and 
using ImT=O for ~> 1) 

1 
(w-~-+.BL)H(q2.~)- J....1!l.-fy(f.}H(q2,Tf)= o' (3.12) 

afJ. ag ~ TJ TJ TJ 

W(q, p)-= ( duH(q2,£)x(u). . u 
(3. 13) 

These renormalization group equations are also valid for higher 
order calculations (i.e., beyond the one-loop approximations). 
Here the full q2 -dependence is contained in the coefficient 

1 functions G or H, resp., whereas x is an unknown (uncalculable) 
function describing the target properties. 

4. EVOLUTION EQUATIONS 

For practical calculations the evolution equations/6/ are 
better suited than RGE (for practical aspects of the evolution 

. f /?/ ) F 1 1 . . . equat~ons, see, e.g., re . . rom our ca cu at~ons ~t ~s 

now very easy to obtain evolution equations in the one - loop 
approximation (leading order). If we take into account that 
in the leading order (and in massless theory) the RGE (3. 12) 
is equivalent to the equation 

2a 1
d ~ ~ - 2q - H(q2, ~) = f .':EL. -·y(-) H(q 2, TJ) 

aq2 ~ TJ TJ TJ , 
(4. 1) 

where in the anomalous dimension y we substitute g ... !i'Cq2) and 
using the representation (3. 13) we immediately obtain 

1 
2 a 2 d77 ~ ~ 2 -2q - 2 W(q ,0= J-y(-)-W(q ,TJ). (4.2) 

aq ~ TJ TJ TJ 

*Note that the lower limit~ in the integral is due to (3.4). 
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Thus, we 'have obtained the Altarellj -Parisi equation (in a 
scalar theory) in the case when there is no mixing between 
the nonlocal operators of equal dimension (equal twist in the 
local LCE); this corresponds to the flavour non-singlet case 
in QCD. Out derivation is clearly equivalent to that of the 
original paper by Parisi 161; there the differential equation 
for the moments of a structure function following from RGE for _ 
coefficient functions of the local LCE was converted into the 
integra-differential evolution equation by means of the inver­
se Mellin transformation. However, this Mellin transformation 
is built into our formalism from the very beginning, in view 
of the connection between the local and nonlocal LCE 131• 

Let us consider also the more complicated case of RGE con­
taining a mixing matrix, in analogy with the flavour singlet 
case in QCD. In the rest of this section we shall present a 
schematic derivation of the system of evolution equations in the 
case when RGE contain a 2x2 mixing matrix of anomalous dimensi­
ons. Staying within the framework of scalar theories, such a 
case corresponds, e.g., to the system of two interacting scalar 
fields. We shall see in the next section that the relevant re­
sults carry over to the realistic case of QCD with minimal 
modifications. 

Thus suppose that two independent nonlocal operators contri­
bute .to the forward scattering amplitude 

< p I RT j(x) j(O) S I p > "' 

2 - . 
"" I I d K F i (X 

2
• K ) < p I RT 0. (K • K ) s I p > 

i= 1 - f - l 1 2 

(4. 3) 

The RGE for the coefficient functions read (C. =Im.F 1 ) 
. . l f 

"(fl.-1;-+ f3}g)ci (q
2

,K_ )-j'~/ d<yji <<, K-~ Cj (q 2,K_:) = 0 (4.4) 

and ( cf . (3 • I 2 ) ) 

a a 2 1 d7] .; .; 2 <w;r +f3-a· )Hi(q2,.f)- I r- -rji(-)HJ(q ,7])=o. 
fl. g j=l.; 7] 7] 7] 

(4. 5) 

Now we look for an evolution equation for the complete absorp­
tive part of the amplitude (4.3). Repeating the foregoing con­
siderations and using (4.5) we obta{n 

1 2 
- 2 2_a_w ( 2 1:) - I EL .{ ~ (g_) 2 

q a ik q ·"' - ..... r ·· · w ·k (q • TJ >. q2 .; 7] 7] J-=1 J.l 7] J 
(4. 6,) 

where W1k(q
2 ,.f) are auxiliary quantities defined by 

wik (q2, .f)= I du Hi (q2, ~ )xk(u) (4. 7) 

8 
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with 

<pI RTOk SIp> = f due1 uKpxX k (u) (4. 8) 

To get the Altarelli-Parisi equations let us define first 
2 2 2 

W(q ,.;) "'i~t wii (q ,.;). (4.9) 

Then according to (4. 6) (denoting Yji (x) = xyji (x)) 

a 1 ---q2-W(q2,.;)=-
2 

I (y .. *W .. )(,;), 
a 2 . . Jl Jl (4. 10) 

q l,J 

where the symbol * denotes the Hellin convolution 
1 

(f *g) (x) = f ~.f(~) g(y). 
X y y 

Let us now define 

0 ·= w12 + rli* y-21 * w21 + Y"i21
*<Y 22- r u) * w 22 

in (4. II) y
1
-;_1 is given by* 

(~.II) 

- *--1 -e 
y12 y 12 - • (4. 12) 

where e = 8 (1- X); ODViOUS ly 

C* f = f (4. 13) 

for any f. Using (4.11)-(4.13) as well as the commutativity 
and associativity of the Mellin convolution, it is easy to 
rewrite (4. 10) in the form 

-q2 anW(q2,,;)=..!..!1J!1_([y11(_{)W(q2,TJ) +y12(_{)D(q2,TJ)J. (4.14) 
aq"' ·2 TJ TJ TJ TJ 

Further, straightforward calculation gives 

2 a 2 c 1 2 
[- - --·1 -

-q aq2D(q .s)=2j,:1 Yjl *Wj2+y21 *Yt2 *Yj2 *WJ1 + 

--1 - - -
(4. 15) 

+ y 12 * ( y 22- y 11 ) * yj2 * w j2 ] = 

1 1 d7] .; .; .; 
=-2 f--[y21(-)W(q2,TJ)+y22(-)D(q2,TJ)]. 

.; 7] 7] 7] 7] 

Eqs. (4. 14) and (4·15) are the desired evolution equations. 
Let us stress again that they are valid in the leading order. 
Within the framework of the local LCE higher order corrections 

*Note that in the practical example of QCD discussed in the 
next section the existence of y-1 is guaranteed by the stan­
dard theorems (see, e.g., 181 and cf. also ref. 171 ). 
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can be incorporated in the standard way 19~ employing the fac­
torization of the solution of RGE and calculating inverse 
Mellin transforms of all relevant quantities. An analog of such 
a procedure within the framework of the nonlocal LCE has not 
been considered so far. 

5. APPLICATION TO QCD 

In this section we will show how the foregoing considerations 
can be generalized to the realistic case of QCD. We shall give 
the relevant nonlocal operators, their anomalous dimensions 
and also describe the necessary modifications of formulae de­
rived for scalar theories. 

To avoid kinematical complicatj0ns, we study the LCE of the 
scalar product of electromagnetic currents j (x). As it has 
been shown earlier, their expansion takes th~ form 

RTU
1
\x)j/L (O)S) "" f dK1 dK2 !, (x 2

, K1 , K
2

) R(T!lq S) + 

+ f dK 1 dK2 II (x 2 , K 1 , K 2 ) R(TU
0

S) + 

with the nonlocal operators 

!lq (K 1, K2)"" Oq (K 1 X, K2 x) , 

- - ~ fL-oq (K 1X, K2 X) =: t/J (x2 x)(y X/L) p 
K 

exp (-ig /AIL (r x) X/Ldr) t/r (K 1 X-): 
K1 (5. I) 

(5. 2) 
K2 

- - a - . - -.:\. bp -0 0 (K 1 x, K 2x) f1.V = : F f1.P (K 2 x) [ P exp (-1g fA>.. (r x) x dr )]ab·F v (K
1 

x): 
Kl 

Fa"' a Aa- a Aa + gf Ab.Ac · ~A) =-Aaif 
fLV fL v v fL a be fL v ' fL be fL bac 

nG (K 1' K 2) = OG(K 1 x, K2 x) fLVifL ;v ' 

and the coefficient functions !., II. 

In application to the forward scattering we have to consider 

<piRTjfL(x)jfL(O)Sip>= fdK_ I.e (x 2 ,K_)<piRT!lqSip> + 

+ [dK_ IIr (x 2, K_)<piRT!l0 Sip> + ••• 

with 

I-r(x
2
,K_)=; fdK+I.(x

2
,K 1,K2 ), IIr(x 2,K_)= i fdK+II(x 2,Kl'K 2 ). 

10 
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From general principles it follows that the forward scat­
tering amplitude is a symmetric function of x

0
• For coeffi­

cient functions this ~mplies 

I.e (x
2

, K_) =- I-r (x 2, -K_ ), IIr(x 2, K_ )= IIr(x 2 ;-K_) 

Therefore the integration range can be restricted to positive 
values of K _if we symmetrize or antisymmetrize the correspond­
ing operators. 

We shall now briefly describe the calculation of the anoma­
lous dimensions of the new nonlocal operators (5. I) and (5.2). 
For the treatment of inclusive "scattering processes we can 
restrict ourselves to the absorptive part of the forward scat­
tering amplitude. For completeness we include also the flavour 
degrees of freedom 

lm<piRTjiL(x)jiL(O)Sip> = fdK_C~(x 2,K_ )<piRT!l:Sip> + 

+ [dK_.C~ (x 2 ,K_)<piRT!l~Sip> + 

+ fdK_C~ (x 2 ,K_)<pl RT!l~Sip>, 

(5.3) 

where 

c~ (x 2 , K_) = Im !,f (x 2 , K_) 

co (x 2 K ) = 1m II (x 2 
K 

G ' - f ' 

and n8 
is the flavour octet operator q 

8 
fi q (K l• K 2 ) = 

- - fL - 8 K2 - - fL - (5 • 4) 
=:t/;(K2 x)y x >.. Pexp(-ig fAIL(rx)x dr)t/r(K

1
x): 

fL Kl 
C~ is an appropriate coefficient function. The anomalous di­

mension of the operator U~ has been calculated earlier 1 1°1. 
For the practical calculation we_.substitute the correct sub­
traction procedure contained in R in the course of the renorma­
lization by the treatment of the divergent quantities only. 
This means we apply the dimensional regularization ·and look for 
the pole terms. Furthermore, our calculation is performed in 
Feynman gauge whereas the important representation (5.3) is 
proved for the axial gauge. For the leading operators this 
brings no complications. If nonleading terms are taken into 
account one has to be more careful. 

In the actual calculations of the anomalous dimensions it 
is most convenient to start with the Feynman rules for the 
operator vertices. As an example we shall show very briefly 
how these can be obtained in the case of the flavour nonsinglet 
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,. 

operator (5.4) (tne relevant result has already been used 
in 1101 ) • We have 

All (x) = f All(k)eikx dk, '}(x) = J(fr (p)e ipxdp • 

K2 
f All (ri)ill dr 

K1 

K2 - . ~ 
f xt'dr .f dkAf..!'(k)e 1krx 

Kt 

fdkAil(k);ll eikxK2-·eikxK1 

ikx-

0 8 (Kl' K2) q 
- 8 

Jdp1dp2:rf(p2)0q (p1,p2)t/f(pl): + 

+ r dp 1 dp 2 dk:if;(p 2 )oq~ll (p 1 ,p2 ,k)rf(p 1 )A~ (k): 

0 8( ) - ip1Kt+i!J2K2 \ 8 
q p1,p2 =yxe 11.' 

(5. 5) 

o~all (p1,p2,k)=(-igt ).\8 x yxeiPtKt+ipzK2 
ik XK2 

e 
ik'it<t 

-·e ·'------a ll . 
ikx (5. 6) 

The expressions (5.5) and ~5.6) represent the Feynman rules for 
the operator vertices of nq of order 0(1) and O(g),resp. 

In the flavour singlet case the calculations are more in­
volved since one has to consider the mixing of Oq and 0 0 
arising at the one-loop level. To deal with this problem it 
is convenient to consider instead of (5-1) the derivative w.r.t. 
K : * 

a 
-- 0 q (K 1 , K 2 ) • aK_ 

(5. 7) 

The corresponding Feynman rules for the operators (5.7) and 
(5.2) are then (we use the notationpX=p, K+=K 1 +K 2 , K_ 

= K 2-K 1 and all external momenta are taken to be outgoing): 
a For --0 (K K ) aK_ q t· 2 

7\ 1-- ~ ip1Kt+ip2K2 
= 2y(p2-p1)e IP2 =-pl=p 

P1 P2 

*Note that in the second term of the LCE (5.3) one may per­
form a partial integration (modifying correspondingly the coef­
ficient function) which results in replacing (5.1) by (5.7); 
the "'surface term" vanishes because of the symmetry properties 
of the coefficient functions mentioned earlier. 
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. I 

I 

ikK.... 

.,~1\ 
1 - - - - - e -1 ik K = ..l...(-igt )x y(p 2- p 1 - k) • ( _ -ie ) x 
2 a ll ik 

k p2 
a,ll 

For 0
0

: 

tK+(Pt+p2+k)+ ~ K_{p2-pl-;) I 

X e pl +p
2 
+ k=O , 

Pz=-pt=P 

1\ ab iltl Kl + ilt2 K 2 = -5 (e 
- -ik2 Kt + ik1K2 

+e ) X 

- - - ..... 
x (k1 ks gllv - k 1k21l xv-k 2k lvxll + k 1 k2 x llxv) I 

k1 ,ll, a k
2 

,v, b -k~=~=k 

= -igf abc I e iktKt+i(kz+kg)K 2 
X 

x [xv<k"tgf.l'\ -ktt..x/l)-iA.(ktgllv-·ktill )J 

ik 1K1+i(k2+kg)K2 i(kg+k1)K1+fk2K2 e -e 
)\\ 

k 1'/L 
a 

- X 
~tz,v 

b 
k 8,.\ 

c 
kg 

--- _,.--- --
X X/k 1k2 gllv- k 1 k21l xv _,k2 k1vxll + k 1 k2 xllxV) + 

. k tk2 kg + (K 1 -+ K 2 ) +cyclic pennatations of ( ll v ,\ )I. 

Taking into account the symmetry properties of the forward 
scattering amplitude it is easier to perform the calculation 
with the symmetrized operator 

0 ( ( K_ K_ K K 
- 0 -·- -) -·0 <-=- - -=-·)] aK_ q 2 ' 2 q 2 ' 2 · 

In the course of the calculation we employ the dimensional 
regularization and isolate the pole terms, which determine 
the Z-factors. There appear integrals of the typ~ 

1 ------qx. 
(q2+ M2)2 

f d nq e iK ..... iq 

Because of the light-like character of x such expressions are 
divergent. The divergences can be calculated with the help of 
the exp~nsion of the exponential 

iK_xq _ 1 + i K X Q + • • • e - -

13 



Again, because 
first terms of 

of the light-like character of i only a few 
the expansion contribute. Expressions of the 

I type _ 

n e i(k-q) 1 
I a q ~ -

k- q 
1 

(q2+ M2)2 
I 

can be treated with the help of the identity 

ex+y_1 a 1 a2 X 
== (1 + y-· - f- y2- + ••. ) ~ 

X+ y ax 2! a;! X 

so that 

i{k-~) 1 
1 r d n 1 . (1 ( . - a ) (dnqe __ - = q ·1 + -Iq ~ + 

k-q (q2+ M2)2 (q2+ M2)2 aik 

1 . - 2 a 2 e ik - 1 . 2 n e ik - 1 
+-(-lq) + .•. ) =177 r(2-·-)-

2 a (i i{ )2 ii 2 k 
An important difference in comparison with the case of local , 
operators is that the nonlocal operators depend on continuous 
parameters, so that 

div(TOS) (K_) = g 2J dK~h(K_,K'_)O( <) 
and the .Z-factors appear as generalized functions of two 
variables (with finite support) 

-1 , lPI ren lPI unren. z2 I dK_ Z(K_,K'_)(¢(p)O(Ki)¢(p)) (K_:\= (¢(p)O(Ki)¢(p)) (KJ, 

Z(K_, <J = 8(K_- <J + g2z(K_, <J. (5.8) 

In (5.8) we have generically denoted by ¢an arbitrary exter­
nal field (quark or gluon) and z2 denotes the corresponding 
Z -factor. Having calculated Z(K , K') according to (5.8), we 

I 

r 
4 

ll 

may define the nonlQ,Cal anomalous dl.mension y(K~,K'_) as fol­
lows (cf. also ref./10/): 

fd<_.Z(K_,<._)y(<__,r_)=f.l.a~Z(K ,r ). (5.9) ·I 

In practical calculations <. .. arises as K:_ == K_Z, where z is 
a Feynman parameter (i.e., in resulting Feynman- parametric 
integrals we perform a suitable substitution <-=·K_Z in order 
to match the definition (5.9)); z lies in the interval (0,1) 
and this implies the constraint (3.4) mentioned earlier. Below 
we shall list the results of the evaluation of relevant Feynman 
diagrams (divergent parts are given, denoting ..!..r(2- .!!..)= 
;rnA): 2 2 

fl. 
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yq . . 

A
qq· Idlv == p-2c A K_ d ~ Nln- I <_ 77 fl. -z .- , • o K (1-z))ip-(eiPK..... -:-' - + e tpK 

z =' K'/ . ~) 
- - K 

p 
a P b 2 K . 

div g A - dK...: 
I =-2--CNln-f-

4772 fl. 0 K_ 

/)'\ + A I •- , · 1 · - lpK 
X (1+Z- -- -8(1-l."})ily(e - + 

(1-z)+ 
p,a p,b p,a 

2 A K_ 

h(K_,<:_) =·-g-CNln- I 
·477 ~ 1!- 0 

q( ') 1- ) y K ~ !< .= -,y (z , 
qq - - K_ q_q• 

(we o~it the obvious 
O<z<l) yq · 

- - Qa· 

p,b -ipK' 
+ e .-) ; 

dK' Z+ z3 3 -- (pK' -ipK' -=<--::-- +- -8(1-z))yp(e '";" + e -) 
t<_ , (·1 - ·z) + 2, · · 

~ . . ~ 
- . . g2 1 + z 2 3 
y (z) = .... -c z( +-8(1-z)) 

qq 477 2 N (1-z)+ 2 
theta-functions due to the constraint 

yq: 
GG 

~K 1 I ...., 

Idiv ~ g' .g~ "2NT lnA I;ck' z(z'2+(1-z)2)k' (e·~k<+ 
f.l.l/ 477 2 • fl.• 0 K_ . ., ' J 

A 
.. 

~kK' . • +e 7+other klnematlca~ str~ctufeS 
I 

k,f.l., a ·k •• ~. b 
' 

q 1 -Y (K , .K' ) = - y (z) ; 
GO - - K_ qG 

2 
Y (z) =- .1L 2NT'z(z 2 + (f- z) 2 ) . 

q G 417 2 

tl 
y qq : : 

A 2 K -,. -, 
div g A - <k: 2 - _ iP.K- -ipK_ 

I =-CNln- [~(1+(1-z) )'yp(e +e ), 
4172 fl. 0 K_ 

p p 

a' · 1 -y (K , K' ) = -y (z); 
qq - - K Gq 

' g2 
Y . (z) = - -- c· (1 +. (1 - z) 2 ) 

Gq 4172 N • • 
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0 
Yaa 

A 
k,p.,a k,v, b 

2 K.... 
div g A dK' • 3 2 

1 = gp.v -C2 ~C)ln- { _::: (2(1-z) -3(1- z) + 
4rr2 ll 0 K_ 

~ -
- 2 ik K, -ik K' 

+ 2(1 - z) + 1) k ( e - + e -) + .•. . 

d!v g2 . AK- dK' 
I = -g -2C (G)ln- r --X 

p.v 4rr2 2 ll 0 K_ 

~~~A l+Z 
x(z(1+z)- z--- -8(1-z))x 

k,p., a k,v, b k,p.,a k, v, b 
- (1--~\ 

- 2 ik K ' -ik K' 
x k (e - + e - ) + ... 

Q 1 - - s;.2 2 r 00(K_,K'_) = ;:-r00 (z); y
00

(z)=- ~2C 2 (G)(1- Z+ z (1- z) + 

z2 11 1 NT 
-- + 8 (1 - z) (- - - -)) * 

(1 - z) + 12 3 C2 (G) 
+ 

In calculating the quantities Yqa, y00 we look for the 
terms proportional to ~v· As it has been shownllllthis term 
character~zes the gauge invariant counterterm. 

In collecting the final results we notice that in general 
~J-~e 

- AP yij (z) = zPij (z), (5. I 0) 

where Ptp are the well-known probability ("splitting") func­
tions of Altarelli and Parisi161: The quantity y ~q(z) for the 
flavour non-singlet operator (5.4) has been already calculated 
in1101 with the result 

- 8 AP 
y qq-Cz) = P qq (z) . (5. II) 

Let us remark that the relations (5. 10) and (5. II) can be ea­
sily understood if one realizes the connection between the non1 
local operators used here and the standard local quark and glu­
on operators (see /!0·/). 

In the rest of this section we will show how the evolution 
equations in QCD follow from the RGE (3.3), (4.4). To this end 

*In the expressions given above we employ the following no­
tations for the group-theoretical factors:C 2(G)8ab=facdfbcd ,CN8i_i= 
=(tata)ij"tr(ta.tb)=NT8ab=11zf, where f is the number of fla­
vours. 
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we ~ust reconside,r the,inte,g,ral repr~s·entatio,J;J,S .(3.11), (3~_13) 
for the forward amplitup.e a'nd structure function r~sp., in the 

presew.:e of the new nonlocal operators (5. I), (5. 2) and (5. 4). 
Formulae (3. II) and (3.13) with G anp H satisfying (3.10) and 
(3. 12) are strictly valid in scalar theory. To get the necessa­
ry modifications in QCD let us consider firs-t the flavour non­
singlet case. Taking into· account that the operator ng·(5.q) 
involves one extra factor i (multiplying the Dirac matrices) 
in comparison with the scalar theory, it is c11;ar that ·the re...: 
lation (3.6) is valid i-f we set O(Kl, K2')= K_.nq (KjX. K2X) (a-8 
we want the matrix element to 'be a fun'ctibn of K'..:,xp only). 
Then the integral representatioh (3.7) is obviously modifi~d to 

dK -8 2 
T(q, p) "'f--= f du I r ((q + K_ up) , K _) x(u)"' 

K_ 
.(~.J 2) 

8 2 ~ ) {du·aq(q· •. 0 )x(u · 

where 

8 2 dK - 8 2 K 
G (q • ~) = J -=- k f (q (1- --=- ), K ) • 

q K_ ~ • -
(5. 13) 

The convergence of the 'integral on' the r.h.s·: of (5·.12)' may be 
proved in analogy with the scalar theory. The function··ag(q2, 0 
then satisfies 'the· RGE (notice that the extra 'factor fiT! · pre-
sent in (3. 10) ~ow disgppear$) · 

<llL+'fJL)a8(q2.~)- f'~r8 (£)·as(q2,.,) = o (5.13') 
ap. ag .q, ~ ., qq ., q 

and similarly for the absorptive part. We thus finally obtain 
the evolution equqtion for the non-singlet structure function 
(in the leading order) 

1 
q2Lw8cq2, ~) = _J.. r.E!l..rs <.[) ws(q2 • .,) 

aq 2 2 ~ 7/ qq ., 

which, in view of (5.11) is just the Altarelli-Parisi equation. 
Let us now consider the singl~t case. Here two operators 

(5.2) and (5.7) contribute to the forward amplitude (see the 
footnote on page 12); these operators involve two extra fac­
tors ofi and therefore in analogy with the arguments given 
above we obtain the integral representation of::the singlet 
structure function 

W(q 2, 0 = ~ {duH. (q2 , £) x.(u) 
i=1 l u l ' 

with H1 (q
2, () satisfying the RGE 
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a a . 2 1 dn - ~ 2 (ll-+/3-)H.(q .~)-J-=..y .{--)H.(q , 17 ),0, 
all ~g l ~ 17 Jr 17 J 

(5. 14) 

where 

1 -
YJ·

1
· (z)=-y .. (z). z Jl (5. 15) 

Repeating all the steps which in the preceding section led to 
eqs. (4. 14) and (4. 15) we obviously obtain an analogous system 
of evolution equations which, owing to (5-15) and (5.10), 
coincides with the standard Altarelli-Parisi system in the 
leading order. 
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6pay~aeAr T., ropMeAWH H., Po6awMK A. E2-82-747 
HenoKan~HOe onepaTOPHOe pa3no•eHMe Ha caeToaOM KOHyce M ero npMMeHeHMe 
K npo~eccaM rny6oKoHeynpyroro pacceAHMA 

npo~eCCW paCCeAHMA, KOTOpWe onpeAenA~TCA noaeAeHMeM npoM3aeAeHMA TOKOa 
Ha caeToaOM KOHyce, M3y4a~TCA a paMKax HenoKanbHoro onepaTopHoro pa3no•eHMA. 
BwaeAeHo MHTerpanbHOe npeACTaaneHMe ~ypbe-npeo6pa3oaaHMA MaTpM4HWX 3neMeHToa 
nepeHOpMMpoaaHHOrO npOM3aeAeHMA ABYX TOKOB B ~eHHOH 6bepKeHOBCKOH o6-
naCTM M AOKa3aHa CXOAMMOCTb MHTerpana. 06CY*Aa~TCA ypaaHeHMA peHOpMrpynnw 
AnA KO~~MeHTHWX ~YHK~MH, npMHaAn8*a~MX paCCeAHM~ anepeA. noKa3aHO, KaKMM 
o6pa30M a BeA~eM nOPAAKe 3aOn~~MOHHWe ypaBHeHMA AnA aMnnMTYAW pacCeAHMA 
anepeA MnM CTpyKTypHOH ~YHK~MM HenOCPeACTBeHHO CneAY~T M3 ypaaHeHMH peHOpM­
rpynnw. AHOManbHWe pa3MepHOCT~ acex c~ecTaeHHWX HenoKanbHWX onepaTopoa 
a KXA BW4McneHw a OAHOneTneaoM npM6nM•eHMM H noKa3aHo, 4TO OHM MMe~T npo­
CToe OTHOWeHMe K AApaM AnbTapennM-napM3M. 

Pa6oTa awnonHeHa a fla6opaTopMM TeopeTH4eCKOH ~M3MKM OHRH. 

C~eHMe 06~AHHeHHOro HHCTHTyTa AAePHWX HCcneAoaaHHH. AY6Ha 1982 

Braunschweig Th., Hofej~r J., Robaschik D. E2-82-747 
Nonlocal Light-Cone Expansion and Its Applications to Deep Inelastic 
Scattering Processes 

Light-cone dominated scattering processes are studied within the fra­
mework of the nonlocal operator product expansion. An integral representa­
tion for the Fourier transform of matrix elements of the renormalized 
product of two currents in a generalized Bjorken region of the momentum 
space is derived and shown to be convergent everywhere. Renormalization 
group equations (RGE) for the coefficient functions pertinent to the forward 
scattering are discussed. It is demonstrated how the evolution equation for 
the forward amplitude and/or its absorptive part immediately follow (in the 
leading order) from such RGE. Anomalous dimensions of all relevant nonlocal 
operators in QCD are calculated in the one-loop approximation and shown 
to be simply related to the Altarelli-Parisi probability functions. 

The investigation has been performed at the Laboratory of 
Theoretical Physics, JINR. 
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