
}JOY/t3 

S.N. Nikolaev, A.V .Hadyushkin 

OtibBAMHBHHbiM 
MHCTMTYT 
HABPHbiX 

MCCnHAOBaHMM 

AYtiHa 

;a/ tl 
' -J ~ 

h2-H2-714 I L. 

LAH(;E POWEH U)HHECTIOI\S 

TO (}CD CIIAIUIONIUJ\'1 SUM IHJtES 

Submitted to "DHCbMa B lK3T<Il" 



1 • INTRODUCTION 

The QCD sum rule technique111 is now very popular among the 
QCD practitioners, Although in calculational aspects this tech
nique does not essentially differ from the perturbative QCD 
methods, it provides a possibility of analysing the long-dis
tance (i.e., non-perturbative) properties of the hadrons, such 
as masses, leptonic widths, etc, This is achieved by inclusing 
into the theory non-zero vacuum expectation values (VEV~s) of 
certain local operators like <"¢ lj;>, <g2G~L11G :v > which may be 
treated as fundamental constants characterizing the QCD vacuum 
structure. 

To test the soundness of its theoretical basis the method 
was applied to no7-relativistic potential theory12- 41 and QCD 
in two dimensions 5

•
91 , where the exact solution is known. Within 

the framework of these models it was established that while the 
whole picture is quite in accord with that implied in ref. 111 . 

the power series over 11m2q converges rather slowly, and as 
a consequence, the estimates of the confinement parameter ¢ 
(analogous to <g2G2>/ m~ ) obtained from fitting the exact re
sult (i.e,, "experimental data") by the lowest non-trivial ap
proximation are very crude. Normally, ¢ is underestimated by 
a factor 2-3. It is important, therefore, to investigate whether 
the same is true in a more realistic (i.e., four-dimensional) 
QCD theory or maybe luckily the convergence of the 11m2 series 
in this case is better than in two dimensions. q 

2. OPERATOR STRUCTURE OF O(G3) AND O(G )cONTRIBUTIONS 

To analyse the conver_rence of the 11m~ series for QCD char
moni um sum rules of ref. 11 we computed O(m~6 ) and O(m-;;8)correc
tions* to the relevant polarization operatorsn(Q 2,m~)using the 
method described in refs/8,9/ and the computer program SCHOON
SCRIP 171 written by H. Veltman. Our results for the ratio r n = 
2 M

0
/M

0
_ 1 introduced in ref./1/ (where M0 ~(-dldQ2)nnV(Q~m~)/n! 

for Q 22 0 ' and n v(Q 2.m~) is the polarization operator related 

*Since the O(m-~ =0(0 3 )contribution is damped by an additio
nal factor 1/15/3, lD/ one should calculate O(m~6 )and 0(m~8)terms 
together. ! = · -·--~ 
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(-) experiment; (Y) theoretical curve including O(a ) 
andO(Gi)corrections, .<g2G2>-(0,83 GeV) 4 ; (V) the fame 

8 

with O(G 3) added; (x) the same with O(G 3) and O(G 4) added, 

to the vector, i.e., J/~ -channel), are presented in th~ figure. 
We recall that the curve based on experimental data tends to 

)l]j}f"" 0.104 as n ... oc • Thus, if one is able to calculate theore-
tically the magnitude of r 0 in the region where the experimen
tal value is close to the asymptotic one (practically, for n ~ 6), 

one can estimate the relevant VEV's frol!l known )TIJ/1/J value; and 
yice versa - one can estimate )TIJ/1/J (and/or the masses of the 
lowest charmonium states in other channels) provided that the 
VEV' s values are known. \{ence, for the -lowest order.s of the 
.<(G/m ~)N> expansion it is most interesting to study r n for n=-6: 

2GaGa. 
7 <g 11V f!:.V> 

r 6 -~ { 1-0.40a 8 (2mc)-0.46
4 

+· 
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1 [059 3f GaGb Gc · 20 4 .a.a '] 
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4
Sp(a I1V a fL" a af_/} a ,B)>- 0.49 .< g 
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+ 33.13 <g Sp(G
11
vava Ga,BG,a11 )> -7.08<g Sp(GfL11 Ga(:flva G,a11 )>-

5 a .~.c 3 a b c , , 
- 7.07< g f abc GfLV .Jil,J v >- 2.92.< g fabc GfLVGv.\GAp.; aa _, .,. (I) 

4 .a·a 2 a a2]l 
+ 3.03< g J J > - 0.36.< g G G > , 

11 fL; aa fLV 11V 

~ a a 
where G,. G a,\ I 2 , ,\ are the Gell-Mann matrices and the coloured 

v~ctor curre1_1t of light ( u, d ,-s) quark~ j~ appea:ed due to equa-
tlons of mot1on G a . ,. gj a • The notat1on 0 11

11 
1s used for the 

covariant derivatf~( D~bo~. The origin of th'e < g2G~-term can be 
traced to the fact that rn is the ratio of two quantities expan
ded into the O(GN) series. 

The very structure of eq. (I) suggests that the expansion 
we have to deal with is more complicated than simply a series 
in powers of <G2>/m~, and the magnitude of higher power correc
tions depends on the (poorly known) properties of the QCD vacu
um structure, or in other words, on the estimates used to spe
cify the values of the VEV's appeared in eq. (1) • 

3. ESTIMATES OF THE VEV's VALUES 

The curves' shown in the figure imply the following system 
of estimates for the relevant VEV's: 

a) for <g2a 2 '> we take the SVZ value (0. 83 GeV)
4 

obtained 1n 
ref/ 11 by fitting the experimental data by the O(G 

2
) curve (see 

the figure); 
b) for <jj > and <:fGj .i'> we assume the dominance of the inter

mediate vacuum state 111 (vacuum dominance hypothesis, VDH): 

. a . a 4 - 2 f G a . h·. c 3 - '- G~ A d · 
<J J '>x--<UU'>, < be 

111
,J 1 1v>•--<uu><U7· 111,U'>. ccor 1ng 

11 11 3 · · a I · 4 11" 

to estimates made by various authors 1 1.ll/ the VDH for 4~quark 
operators is accurate within at least .SO%. For~~ we tak~ the 
value - (0.24 GeV) 3 extracted from the current algebra analy~ 

• 1 11 h d · · 1 bl · -c a~ 1 -' SlS . Furt ermore
1 

acc01r 1ng to ava1 a e est1mates <gu a )U> <uu>-
= (0.5-1) GeV 2112

. We take for this ratio the value 0.6 GeV 2 that 
agrees with our recipe d) below; 

c) <g3fG 3 > is calculated within the dilute instanton gas ap
proximation (DIGA). If one assumes that <g 2G2> .. (0.83 GeV) 4 then 
DIGA predicts that <g 1'G 3> .(a. 60 GeV)6 111 in complete agreement 
with the estimate of this VEV in lattice gauge theory/13/. 

d) for the VEV's of operators containing the combination DaDa 

we assume that < fGGG: aa > .. M 2< fGGG> ,.<jj :aa>~M ~jj> where M 2 "' 

= <GG;aa>/.<GG> is the parameter characterizing the average off
shellness of the vacuum gluons. Using the relation <GG; aa > = 
= 2<gfG3 >- 2<g2j 2> and the recipes a)-c) we find the value M = 
= 0,52 GeV that agrees with the physical interpretation of this 
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par~meter. In a similar way, using .<gu(aG)u>- 2.<iiDaDaU>·and as
sum~ng,that the average off-shellnesses of the vacuum quarks 
and gluons are equal, we obtain the estimate .<gii(cr·G)u> .. 2M 

2
<iiu>· 

(cf.withb)); 
4 4 

e) for VEV' s of .<g Sp(O )>. type we also incorporate the VDH, 

h . h 1 110 20 47 29 f h . t at g~ves t e va ues -·-·-, --- , --- , -~ or t e rat~o 
4 2 2 1152 1152 1152 1152 -8 

.<g 4Sp(O )>I<g20 > related to the 1st-4th terms of the O(m 0 )-

contribution in eq. (I), respectively, It is worth noting here 
that there exist some claims in the literature11 L 141 that the 
VDU is not applicable to ~stimate the VEV's of ~erators const
ructed from the gluon fields. According to refs. 11 •141 the VDH 
underestimates the ratio of .<04 >/.<.02>2 by a factor 5-10; . 

f) all VEV's are normalized at JL 2 
.. -4m~ , m 0 .. J.26 GeV and 

it is taken into account that the combinations .<g20 2>, .<g3fO 3> 
and g.<;_pif,>may be treated as renorm-invariant quantities. We 
take/\ .. 0.1 GeV, i.e., aa<2m 0),.,0.2 and a 8 (J1 0 ) .. 0.7, where Jlo is 
the renormalization point, where .<iiu>= - (240 MeV) 3 111 

• 

4. LARGE 0(04 )-CORRECTIONS 

Using the VEV's values estimated according to the above re
cipes we obtain for r6 

r 
6

,. 0.1225 I 1 -0.080- [ 0.086] + [ 0.007 +0.003] + 

-4 . -4 
+ [0.012-3x10 +0.048-0.006+0.002-0.006-8·10 -0.013]1 

(2) 

From eqs. (I), (2) it is clear that the 0(0 4) contribution for 
n .. 6 is large and that t-he largest part of it is due to the 
only VEV.<g4 Sp(G

11
v GvA G.\a GaiL)>:"' 0 i 3

) associated with the largest 
coefficient in eq, (1). The latter exceeds all other coeffici
ents by roughly an order of magnitude*. Notice also that non
neglifible negative contributions in eq. (2) are due to .<OOO;aa>·, 
<02 > and the fourth VEV of the .<0 4>'tape. In any reasonable 
model of the QCD vacuum these VEV's cannot be increased without 
increasing also 0~3~ Another observation is that if one increases 
all .<04 >'-VEV' s by a factor of ten (i.e., if one adheres to the 
model1 111 ) then the 0(04 ) -correction for n .. 6 will be 5 times 
larger than the 0(0 2) one. However, even if we take the moderate 
estimate for 0~3) given by the VDH, the inclusion of the 0(04

) 

terms radically changes the theoretical curve for rn (see the fi-

*It should be emphasized that in our system of estimates all 
VEV' s contributing to the O(m-

0
8 ) -correction have the same or

der of magnitude. 
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gure). In particular, the latter has no plateau and.can fit the 
experimental data only for n .. 2,3,4. The value of .<g 20 2> ex
tracted from such a fitting procedure (for fixed mass md':'I.26 GeV) 
is about two times larger than the SVZ estimate of ref.ll/ (cf. 
refs/ 4- 01 ) • 

5. CONCLUSIONS 

Thus, in the real QCD the series over 1/m~ converges rather 
slowly. In particular, to get a stable (with respect to higher 
power corrections) plateau of the function rn one should take 
into account 0(05 )- and 0(0 6 )-corrections, at least, In such 
a situation the procedure of extracting.<g2G2>proposed in reff 11 

reduces to finding an effective parameter absorbin~ (for n "'5-7) 
the higher corrections up to O(G 6/m~2 ) or evenO(G /m16),Noting 
that the (0 2/m~)k terms have alternating signs one sho~ld ex
pect that.<g202 >·eff for bottomium states must be greater than 
for charmonium ones, just as it was observed by Voloshin 1 1°1 . 
Furthermore, the value of .<g20 2>erf in the pseudoscalar charmo
nium channel rnay differ from that in the vector one; though the 
successful prediction of the TJc mas/ 151 indicates rather that 
these "values are close to each other. However, in the light of 
the observed slow convergence of the series the successes of 
the QCD charmonium sum rule approach look as highly surprising 
rather than well-founded; and the soundness of the theoretical 
basi~ for the existing applications of this approach deserves 
further thorough investigation. 

We are indebted to A.V.Efremov and B.M.Barbashov for discus
sion of results and to V.A.Meshcheryakov for interest in this 
work and support. 
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tions radically changes the theoretical curve for the ratio 
rn used to analyse the lowest charmonium states within the 

QCD sum rule approach. This casts doubt on the soundness of 
the theoretical basis underlying the existing applications of 
this approach. 
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