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In recent years the hadron physics has made a considerable
progress due to the discovery of the quark colour degree of
freedom/1'6/ and the gauge theory of quark-gluon interaction
developed on its basis/7'8/ ,QCD, which is expected to substitute
the "old-fashioned" theory of hadron strong interactions. The

colour symmetry is supposed to be 1:»erfec1;/7 though this perfec-
tion and reasons for it are not yet established. Therefore, for
a better understanding of the nature of the colour symmetry it
is expedient to apply again to its original formulation.

As is known the main reason for assuming quarks to have an
additional internel degree of freedom with three values came
from the problem of quark statistics raised by developing the
hadron spectroscopy: quarks when constituting baryons turned
out to be in a state gymmetric in all variables ( the so-called
"symmetric model”) in contradiction with the Pauli principle. This
problem was solved in paper by Bogolubov, Struminsky, and
Tavkhelidze/1/ who proposed to introduce additional quantum
numbers which antisymmetrize the total wave function. The idea
was further proposed independently in a number of works’/<”°/,
Further the new degree of freedom was called "the quark colour",
and on its basgis the gauge colour SU(3)c symmetry and the cor-
responding (massless) vector fields, "gluon" octet,were intro-
duced/5-79.

However still another solution existed to the problem of
quark statistics proposed by Greenberg/g/, which did not assume
quarks to have a new degree of freedom and was based on the
application of the para-Fermi-statistics of order (or rank) 3 to
quarks. The statistics admits to place three identical (spinor)
particles in the same quantum-mechanical state. The field theory
corresponding to generalized statistice of this type was formu-
lated by Green/10/ and Volkov/11/ and then studied by many
authora/12'16/. It is now called the "parafield theory".

Unfortunately, in recent years these two approaches have
been confused, and in the literature, especially in reviews,
they are erroneously identified with each other, through even
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Greenberg and Messiah/16/ have stressed the difference between
parastatistics and the degeneracy in some internal coordinate.
The state space in the first case is narrower than that in the
second case., However, the exact degeneracy makeg it possible to
establish a certain connection between these state spaces, if
states degenerated in the internal coordinate are considered as
a single state. It is only that sense in which a restricted
equivalence of the parastatistics to the internal-coordinate
degeneracy is to be understood.

It has turned out that the use for the quark description
of one para-Fermi field of the third order, instead of three colour
Fermi-fields, results in the theory equivalent to S0(3) rather
than to SU(3)colour symmetry /17’18/. Moreover, it has appeared
that in the para-field theory it is impossible at all to formu-
late the nonlinear Lagrangian equivalent to the Yang-Mills Lag-
rangien of SU(3) - symmetry.

In our opinion, this result represents a certain principal
difficulty for understanding the perfection of colour symmetry.
If the exact degeneracy in colour holds for quark states, the
colour becomes then nonobservable in principle., Quarks in this
case should certainly be considered as identical partiocles
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described by one para-Fermi-field admitting the hidden S0(3)
rather then SU(3) gauge symmetry. :

Consider the derivation of this result in more detail.

We make use of the so-called Green ansatz/1°'16/ by which
the para-Fermi-field of order 3 is represented as a sum of three
usual Fermi-fields

S
Y (x>= T, ‘!PA('z) (1)

A=4

commuting, however , with each other. Such commutation relations
between Fermi-fields are called anomalous in cantrast to the
normal ones when all Permi-fields anticommute with each other
(all Boge-fields commute with each other and with Permi-fields).
The para-field (1) itself obeys the Green trilinear relations
which we need not to comsider.

The free-Dirac-para-field theory contains two independent

conserved currents
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where ‘$ is the Dirac-conjugated field.

In (2) and (3) and in what follows brackets denote the commuta-
tor; while braces,the anticommutator. Basides, for currents and
analogous quantities the normal form is implied in the sense of
gubtraction of vacuum expectation values of the type

s
ir(m)_’Sr(x)-<$r(x)>; - EE‘: ?A(x)xr1¥A(x): (4)

Obviously, the current (2) is local: two guch currents at
points separated by a space-like interval commute with each
other. Por that reason it can form a local interaction only
with the usual Bose-field r(x), which we identify with the
electromagnetic field

/7
an (xy=¢ l(('.a:)bq,‘('x). (5)
Note that in such an interpretation the effective electromagne-
tic charge equals e' times three/11'15/. and in order that the
field charge be simply the elementary charge € , one should

ut ’
P e = e/3.

(6)
For instance, for u- ,d-, and 3 -quarks described by the
para-field (instead of colour quarks) the charges should be as
follows

Q‘=2e/3,QJ=Q5-—e/3. (7)

In this sense the fractional charges of quarks could be related
with para-statistics of the latter,

The ourrent (3) is nonlocal: its three components in the
r.h.s. taken at points separated by a space-like interval gnti-
commute with each other. In this sense it behaves like a para-
boson of order 3.Just this arder 3 is distinguished with respect




to all others. The anticommutator currents (3) for the second

order is local, for the fourth order it is also the third-order G A A A B ¢
para-boson but its order does not coincide with the order 4 :Erv - yér @-’ h ,3-' Ssr N .'3 2 (Br (Sjv (12)
of the initial para-Fermi-field., Por the fifth and higher order B AtBrCeA
it possesses no para-locality properties. Therefore, to construct and 9 igs an interaction constant.
the local interaction with that current we should introduce a Now we are able to build up some "copy" of the Yang-Mills
vector para-Bose-field of order }.(Such a field may be intro- Lagrangian in the para-field tiieory
duced also when the initial para-Fermi-field is of the fourth
order, however, in this case Green mutual para-commutation re- &L (x> = - 4 (SJ 27(1-) L [@ Go, Gy 9 -m )‘*"’“}*
lations take no place, and we go beyond the scope of the para- “ e ¢ ' rr
field theory. In any case the para-Bose-field is of order 3). * 9 oo f&r (=)} (

¢ ? 13)

It is represented by the sum of three usual Bose-fields anti-

commutink with each other: s A 2 5 -
3 A B N G T RN "\JAkx»(i\’rﬁr"'“)‘PAu)*r
B =2 B . ) LIPUTE o A=1
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8 + g’ 2. b (x) . (14)
If we also require the components %Y, (x) and '.B'. (2) to oom- 3 . . AIP (nYr b x99,
mute with each other at A=B and to anticommute for A+ B , : e ~ A 8 @c
then from the fields (1) and (8) we can comnstruct the local With the commutation relations for components Y , ¥ , 5%,‘
interaction the locality of the interaction (14) can be easily verified.
3
’ 4 . A A The Lagrangian (14) resembles in form the Yang-Mills
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wh o dimensional space with axes denoted by indices 1,2,3. However,
ore gsuch rotations are not admitted by anomalous commutatuon rela-

tions between different components. To get rid of this

4 -
{ () =% (oF (er+ h. e
h‘ *’- r ",3 > obstacle, transition should be made to fields with normal com-

(10)
;2 = mutation relations. The way is to define the Klein operator
§o =% (o P (0 h.oc., K : (BN
r 4 ¥ commuting with components ¢ and k and anticommuting
;3 iy L with ’lbz,i?s, ﬁ,z,(f?\.s . For free fields it is expressed via
jp O=% COF P O he . ‘ ! M i
r ‘ r e operators N, and N; of numbers of particles ( both bosons
and fermions) with indices 2 and 3
We oan also construot the tensor, nonlinear in field ﬂ
] = .
which is & para-boson: r R = exp i‘“(Nz*Ns)} . (15)
T (2= Beaor-2. B+ 2B @ B
(1hd "; » v oy 2 [ 4 Y Sy ] . - That such an operator can be introduced for interacting fields
= 2 3“ (2> N was shown in refs./ﬂ'w/. It has the properties:
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Now Green components can be replaced by fields
Y -9 K, Y, -y, R, Y -y,
4 4 2 2 3 3
BI" =(Qr1t . Br=—;ﬂr"c,Br=§%r .

(17)

S

A
The fields "'IJ‘A and Bl‘ obey normal commutation relations.
With the Klein transformation (17) the Lagrangian (14)
beoomes:

£ ey =—;:- Et(x) + {f"(m(ixr:)r —m)‘F(x) -
_: — - (18)
—:slBr(X)-["I"(x)X Yr"l"('x)] .
where :@.’ and _B are vestors
— r —- {4 2 3
T =¥, %), B (8,8, 8D (19)
and
FF' =’)er-’)“'3..+8 B.FX_B-' . (20)

The Hamiltonian (18) turms completely into the Yang-Mills
Hamiltonian of the gauge SO(3) -symmetry Af we equate the inte-
raction constants ¢ and z’ in (18) and (20). Below this
assumption will be justified when we shall formulate the gauge
prinoiple for para-fields in the quaternion representation.

Thus, in the Greenberg para-quark theory it is possible
to formulate two local interactions of the para-quark field
with other fields: the electromagnetic interaction with a Bose-~
field Wr(t)n.nd quark-giuon interaction with a ®pars-gluon”
field 3,.('::) +« The latter appears to be equivalent of the gauge
field of SO(3) forming a vector of this group (and not a
gluon ootet, as it oocurs for the SU(3) colour symmetry).

One may ask: Why would be bad the SO(3) symmetry as
a oolour quark gauge aymmetry? There are two objeoctions (see,
o.g.hg ). The first: Por such a symmetry the condition of asymp-
totic freedom limits the number of different sorts ("flavours")
of quarks by the maximal number 2. Consistency of this condi-
tion could be achieved with the experimental discovery of at

least five sorts of quarks if they are placed in generations
(u,d), (c,5, (bt

and if each generation is assumed to have its own triplet of
gluons. But in this case the gluon universality, and as a rebult
the relation betwe¢n quarks of different generations, would
disappear.

The second objection comes from the real character of SO(3)-
symmetry that makes no distinction between the quark and anti-
quark. For that reason its singlets cover not only usual mesons,

94 , and baryons,q99q , but also diquarks q4  and '
analogs of baryons in which one quark is replaced by an anti-
quark,qq3 . Beocause gluons are vectors, the SOX3)  singlet
would also be a bound state of a quark with one gluon ( gluon-

quark) . 3
$10.63 =2 4,6, -

All these unusual objecte would have fractional oharges and
oould exiat in a free state without causing the infrared insta-
bility. No such states have been observed yet. If, however, the
observation of fraotional residual charges (% 4/3)e will be
verified in Millikan-type exveriments’2%/. this will be on tha
oontrary an indication of the existence of such objects, and
consequently, a strong argument in favour of the ocolour SO(3)
symmetry.

It eould be expected that the SO(3) symmetry is an exmct
subgroup ef the broken colour SU(3)-symmetry restoring only
asymptotiocaly at short distances. Then the first objeotion
related with the asymptotio freedom is removed, while the seoond
(the existence of fractional ocharged objects) remains still
valid. (A possibility to explain experiments on the observation
of fractional charges on this basis has recently been proposed
also in ref, 21/). The para-~field theory, admits, in principle,
a possibility to formulate the broken SU(3) symmetry’2%/, vut
in this case we should go beyond the scope of the theory of one
parafield and introduce two additional para-fields constructed
as two other linear independent combinations of the type (1).

S0, the parastatistics, on the one hand, pioks out the
third order only for which some Yang-Mills Lagrangian oan be
construoted in the para-field theory, and thus seems to justify




the "three-colourness" of quarks, but on the other hand it gives
an unambiguous indication that only the real SO(3) exact gauge s
ymmet be related to 'this hidden "three-colour". A
symmetry can e o thr B ory=2Z0 B (e . 1)
Our last remark concerns the possibility of straightforward r Acd K A

formulation of the gauge principle for para-fields. Apart from Note that the covariant derivative (26) should always enter
the Green ansatz (1) for a para-field of the third order enother into the commutator with the field which it operates on. For
ansatz may be put forward on the basis of quaternions. Such a this cormmutator we indeed have the covariance

para~tield can be represented as the sum

relations

’
s (D s, p'0ol =e*™[D (x 3 ks
> ) ()| €
poo =Y, e, (21a) t ¥ L t JPeo] . (28)
Az if the field 33', (%) is transformed by the law
$lo=- 7, e (21b) < - Qe
i A:|1F"n) Az B;(&)—e"m ‘Ssr(x)e ¢ .
where ‘q&(x) are Permi-fields with normal mutual commutation + a e‘v(‘x),A e—v('x)
relations; and €, , quaternion units defined by the relations 3 ¢ : (29)
€. Ce ="§AB * €88 s BaT Ca (22)

Then we arrive at the gauge Lagrangian
The free Lagrangian

Loer=- 482 0o v L [Fe0,GYSmIgen] +

L (x> = %[ﬁ(r),(lxr'ér—m)‘?(r)] ¥
s . Gry (x) (x (30)
B LA R e -m\q.r (x). (22) *2 [w(’”‘ [Br 'xl“‘" )]]'
b SR LR (2
A=4
is obviously invariant under the global phase transformations where =i S;N(ac)-ﬁr 53,(':)—'),‘3.,(2)+%[@r(2), 33,(*)-] .
Y (e =ewﬂa(r)e‘?, q’l('x)-—-e?'@(x)e—? With the use of representations (21) and (27) the Lagrangian
(24) (30) can be rewritten in a form of the Yang-Mills Lagrangian

(18) (one also should employ well lmown identities for mixed

with arbitrary vector quaternion
¢ \ scalar and veotor products of three vectors in order to convert

3
— ‘?A e, . (25) ‘ the field interaction into the form it enters into (18)).
Asd So, the "“three-colourness” of quarks could be associated
Next, we require the invariance of the theory not only under with the possible quaternion representations of para-fields.
global but also under local transformations (24), when phases 1 However, in this case, as should be expected, the group of in-
@ are functions of time and coordinates, L o For this ternal symmetry is SO(3) ., We note also that the gauge prin-
purpose it is necessary to introduce the covariant derivative ciple has naturally led to the proposed earlier equality of
D =2 + 3R x> (26) ¢ oonstants ¢ and g' in (18) and (20).
g K 2°Fr ‘ A natural genoralization of the quaternion representation
which contains the para-Bose-field Rr(”) constructed by ‘ of para-fields would be their octanion representation 23/ .
analogy with (28) out of the Bose-fields with normal mutual ' However, the open question is how to formulate the gauge prin-
oiple for such fields in view of the nonassociative property
of octanions.
8
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Fosopkos A.6. E2-82-470
MapacrTarncTuka v KanubpoOBOUHHE CUMMETDUM

AHaNU3npyeTCA BO3MOKWHOCTbL QOPMYNUPOBKU KANMOPOBOUHHIX CUMMETpUU
B TeOopuu napanonA [puHa U OTMEUAETCA BbAENEHHOCTbL KanuGposouHow SOE) -
cuMMmeTpuu. Tunortesa napaksapkos [ puHBGepra OKA3LBAETCA HEIKBMBANEHTHOR FMNO-
rede yBertosoi SU(3) . -CummeTpun KBapkos. PaccMmatpusanTcAa ocobeHHoCTn Ka-
nmbpoeouHon SO(3) ~CUMMETPUM M BO3MOMHOCTE CXEMbl, B KOTOPOW OHa BbICTynaert
KaK TOUHAA NOArpynna Hapywewnoh SU(3) , -cummetpun. 06cywpaetca Takxe ¢opmy
NUPOBKA KanubpoBOYHOrO NpUMHUMNAG [NA Napanoner, NpeacTaBNAEMHX C NOMOWbLI
KBaTEepPHUOHOB .

Pabora BeinonHeHa B flabopaTopun TeopeTnueckon ¢uankn OUAU.

NpenpuHT 06veqUHEHHOrO UHCTUTYTa AfepHWX uccnegosaxwi, fy6Gua 1982

Covorkev ALZ. £2-82-L7n
Parastatistics and Gauge Symmetries

A possible formulation of gauge symmetries in the Green parafield
theory is analysed and the S((3) gauge symmetry is shown to be on a dis-
tinct status. The Greenberg paraquark hypothesis turns out to be not
equivalent to the hypothesis of quark colour SU@®), symmetry. Specific fea-
tures of the gauge SO(3) symmetry are discussed, and a possible scheme
where it is an exact subgroup of the broken 8U@), symmetry is proposed.
The direct formulation of the gauge principle for the parafield represented
by quaternions is also discussed.

The finvestigation has been performed at the Laboratory of
Theoretical Physics, JINR.
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