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1. The geometric structures inherent in the superspace
description of supersymmetric gauge and supergravity theories
radically differ from those in ordinary space-time. Gauge
potentials in superspace have no chance to be the fundamental
quantities as they carry too much degrees of freedom even in
the fixed gauge. Therefore, in any self-contained superfield
gauge theory they are expected to be composed of a lesser
number of unconstrained superfields directly related to the
physical field content of the theory, prepotentials. These

are known for the N=1 Yang-Mllls and supergravity /2-4/
theories and, on the linearized level, for their N=2 counter-
parts /587 %,

The prepotentials provide an adequate realization of the
minimal invariance group of a given superfield theory and
hence can be regarded as natural carriers of its intrinsic
geometry. But only in the case of N=1 supergravity this role
of them was exposed quite clearly. Ogievetsky and Sokatchev
have shown/3/_ that the prepotential of minimal N=1 supergra-
vity H™(x,6,0) specifies the position of a real hypersurface

R¥*-1x™. 0% 0%1! in the complex superspace C4'2=¥x:. g% 1.
m a ~a + ~a
H"(x,6,0), Rex(=x",0%=0% 6°=0)=0%. (1)

The prepotentials of nonminimal N=1 supergravity have a simi-
lar interpretation’/?/ . It is desirable to understand in ana-
logous terms the other cases listed above and, before all,

. the text-book case of N=1 Yang-Mills. A deeper insight into
its group and geometric structure may help in achieving a com-
plete unconstrained superfield formulation of gauge theorie
and supergravities with higher N .

Actually, the underlying geometry of the N=1 Yang-Mills
theory reveals a strong resemblance to that of minimal N=1 su-
pergravity and it is the aim of the present note to explicitly
demonstrate this. The N=1 Yang-Mills theory is shown to be

* The objects suggested in ref.”? as prepotentials of full

N=2 supergravity seem not to be the true ones as they are
still subjected to certain constraints.




associated with embeddlng of RY4 in the extended complex
superspace C {xL.¢L » 6} (i=1,...,M)where #} are local
coordinates on the group G¢, the complex1f1cat10n of the
gauge group G, and M= dimG. The N=1 Yang-Mills prepotential
vi@, 6,0) is nothlng bat Im¢! restricted to the hypersur—
face R¥4 . 1t specifies the pos1t1on of thlS hypersurface
with respect to G°G -directions in c4tM.2

2. Let G be a compact group of internal symmetry with M
Hermitean generators T, Our basic idea is to extend 1t to
complex noncompact group G°%with 2M generators 'Ii ’ T = (T )
which satisfy the commutation relations: L

(v}, T¥1=te™ ol (o, T8} < ict¥rd, (2.1a)

i k
[Ty, Tgl=0, (2.1b)

where clxl are totally skew-symmetric structure constants of G.
The group G © has the structure of direct product G; x Gy with
G and Gy generated, respectively, by TL and Ti e.g., if
G=8Un) ,then G °= SL(n, C)). The initial group G appears as
a diagonal in this product. Its generators are identified
with the sum Ti4+Ti~T! while the remaining generators
1(Tk k) =Ak span the M-dimensional coset space 'G¢/G. . The
latlf:er 1s real and symmetric.

We deflne the complex superspace C::2’°=ix“‘ a
a direct sum of ordinary chiral Ne=1 superspace CL‘"
and the group Gp considered as a complex manifold w1th local
coordinates ¢‘L :

S

4+M,2 4,2
c -c*? eq . (2.2)

For convenience, we choose the exponential parametrlzat1on
of group elements:
i¢ Tk 1¢ Tk
8. dg )= (b)) Bpldg)=e “ 1 o * R o
1(Rept TE + Impkak (2.3)
e tPL B graeh).

Note that Re¢! and Im¢i provide, respectively, a parti-
cular parametrlzation of G "and G%/q. Since the coordina-
tes xL, Gf are related to their conjugates » 0“ by P-.

parity, it is natural to accept the same conventlon for ¢1“,¢R

i P .
¢, H¢;, l?.eqsL ..+Re¢‘, 1m¢i..+_m,¢xi‘_

Correspondingly, if T are scalars, Ai should be pseudoscalars:
p

PN L R A Al Booat (2.4)

T
Clearly, (2.4) is the automorphism of the algebra (2.1).

The group G® has a natural realization as the group of
left multiplications of g (¢L,¢R):

i)\ LTL i¢ LTL id’L (¢L’AL )TE
1] =€

k. k k' X (2.5)
o WRTR 1¢RTR = o PRWRiARITR ’

thus inducing nonlinear transformations for ¢ i, qS;.To promo-
te the global ° G®-transformations to the local ones, we assu-
me that the group parameters )‘lL in (2.5) are arbitrary analy-
tic functions of ordinary superspace coordinates:

Aoaal L0, AL =T = kL6, ), (2.6)
The gauge group thus defined forms a semi-direct product with
supersymmetry realised on X;il Gf* . This product is contained
as a subgroup in the supergroup of general analytic coordi-
nate transformations of C (to be more exact, in its
"triangular" subgroup which leaves € ** invariant). As im-
plied by the relation (2. Ib), the left and right components
of the gauge group Gl =G e 1 commute with each
other, so at the initial stage the R4S e and "right" worlds
are entirely disjoined (though conjugated).

Now we wish to show that the N=1 Yang-Mills theory has
Gloc as an invariance group and it naturally emerges ﬂpon
extracting a spec1al hypersuface in the superspace C _
This hypersurface is the real superspace R 44 _(x™ 9%, 0“1
just as in the case of N=1 supergravity 78/ But it possesses
now purely internal degrees of freedom beSLdes those represen-—
ted by H” (x, 0,6), because of additional bosonic dimensions
in €%*M2 g5 the embedding conditions (1.1) should be aug-
mented with 2M conditions

1m¢‘L=v‘(x.e,5), Res! =U'(x 0,60), (2.7)

* Our consideration proceeds in the same way for rigid and
local supersymmetries.



where V!and U! are real pseudoscalar and scalar superfields.
Their transformation properties in Gﬁm are uniquely de-
termined by those of ¢i , ¢§ (2.5). These superfields para-
metrize, respectively, the coset space G%aG and the sub-
group G, hence they are of the Goldstone character with
respect to corresponding transformations. We want G to be un-
broken; then Ul(x,0,0) should be made to have no dynamical
manifestations. To achieve this, one may proceed as in stan-
dard nonlinear ¢ -modles (see, e.g., ref. % ) and arrange
the theory to be invariant under the right gauge G-transfor-
mations:

o HUET e vEE) bk vEak) e ! , (2.8)

1 i et ~
where A=A (X,6,0) areM real superparameters. Then Ul(x,a,o)

represent purely gauge degrees of freedom. From the geometric,

standpoint, the invariance under (2.8) means that different

G -directions in C**M:2 ap¢ indistinguishable; the dynamics

is required to depend only on the position of the hypersurface

with respect to the directions spanning the coset space G%G .
On imposing the natural gauge condition

v'x,8,8 =0 (2.9)

we are left with M pseudoscalar superfields Vi(x,a, 6) which
iive on the coset space(~7U and transtorm under Gf,, accor-
ding to the generic formula of nonlinear realizations’/®/

(ReAf TE+1mAKAK) e1v"A" v Ak kit
e =
e e (2.10)

with Aigiven by (2.6). The transformation rule of matter
superfields ®(x,6,8) is then defined following general pre-
scriptions of refs.’ '

_ k Tk
® (x,0,8) =0F VNT
-k
T Dbeing a proper matrix representation of Tk,

A simple consideration exploiting the automorphism (2.4)
shows that the transformation law (2.10) admits the equiva-
lent form:

®(x,6,0), 2.11)

i1 i1 g
pird eviel —plr/ evi o
e e e e

(2.12)

u

(and the conjugated one, with Ty instead of T, ). Since TL
satisfy the same commutation relations as T, eq. (2.12)
coincides with the standard transformation law of N=1 Yang-
Mills prepotential/l/ In fact, its conventional form is
recovered when choosipg a particular, non-self-conjugated
representation for A

AletT! @laT', Ty =0 (2.13)

(this choice is quite permissible because the structure of Vl,
K,RV,A) in (2.10), (2.12) is determined solely by the com-
mutation relations of generators). Using the general connec-—
tion between representations and nonlinear realizations /%’
one may always pass from superfields with the standard non-
linear transformation rule (2.11) to those transforming in
G?oc linearly, according to the representation (2.13) or

to the conjugated one:

k=k ko k k+ k
‘DL = eiv A D= e—-v T d = 8_2v T ‘DR N
K=k f=1 (2.14)
, 1A LT , 1ART
d)L =8 QL, ‘DR = € ¢R .

The relations (2.14) can be regarded as describing the tran-
sition from the real basis in the group space of G°® to its
complex left and right bases, in a perfect analogy with the
connection between real and chiral bases in superspace. These
formulas were known earlier /4J°a but our approach renders
to them the clear group meaning. Note that the substitution
of (2.13) into (2.10) yields the transformation of N=1 pre-
potential in the form given by Siegel and Gates 'Y . Also,
the invariance under the right gauge group (2.8) reduces to
the well-known freedom of complexifying the prepotential.

To summarize, we have derived the N=1 Yang-Mills prepo-
tential from simple geometric and group principles similar
to those constituting the basis of the Ogievetsky-Sokatchev
formulation of minimal N=1 supergravity/3/.

3. It follows from the above analysis that the N=1 gauge
theories can be thoggkt of as a kind of generalized nonlinear
o -models * (exp{2iV ! is nothing but a "chiral field" on

* An analogous fact for ordinary gauge theories has been
established in ref.




the coset space G®/G ). So, relevant invariants and other
geometric characteristics should have an adequate expression
in the universal language of Cartan differential forms which
is of a common use in nonlinear realizations ’%. In the pre-
sent case the basic forms are spinorial ones, they are intro-
duced by the relation:

k, k k k
eV A D, 0L 16!V A o 1(wlal +alrl 10, 3.1

and by the conjugated one. Here D, is an ordinary covariant
spinor derivative (it maX correspond to the flat as well as
curved geometries on R¥*) and 0;‘5 ng'r§‘ is the spi-
nor connection on the group G :

i1 akok Kok
T IATT ~ALT
L, 1 LTL p ¢ LTL

: i
L- ilr —iA
Ba =€ LBaL e :

(3.2)
One easily checks that under the nonlinear realization (2.10)
the objects Wy s ol possess the standard transformation pro-
perties of Cartan torms. -~

It is essential that the gauge superpotentials ‘q;,(%?-(vZﬁ
are purely sub?idiary as they can be covariantly expressed
in terms of V'(x,0,8) by imposing the manifestly invariant
conditions

wl-al 2o (3.3)
a a
that is a particular case of inverse Higgs phenome on’12/ The
constraints (3.3) are algebraic with respect to Oa ,‘a , SO

they can easily be solved to give

Iod fmi
-2viT 2viTy
D e

L 1 =R L \+ ,
Ua =_i.e a . -O& =(Ua ) . (3.4)
Thus, we are finally left with the forms ol ;ﬁi which are

the connections on the coset space G®/G:

K.k kK
it ~v e vET
QaEQaT ’=re Dae ’
Kk -~ ko k (3.3)
Q.=0l7m! —LleV'T p.e-VT
a a i a

All other quantities of the theory: the vector Cartan form,
covariant derivatives and strengths are built up fromﬂa,Q‘.z

6

following the standard procedure of refs.’13/ | They have

a familiar appearance, for this reason we do not present them
here. The point to be emphasized is that our approach allows

us to obtain all necessary quantities starting solely with

the structure relations (2.1) and the standard nonlinear reali-
zation formula (3.1) supplemented by the constraints (3.3).
Perhaps, it would be of interest to relate this formalism to
the Levi'superform approach advocated by Schwarz /1% as the
adequate geometric language for treating real hypersurfaces in
complex superspaces.

4. The most interesting question following from the above
consideration is how to generalize the proposed construction
to higher N Yang-Mills theories, at least to the case N=2.
The necessity to complexify G in the N=1 case can be traced to
the fact that the fundamental superspace of N=1 sypersymmetry
is complex superspace €C%2. Its true analog in the N=2 case
seems to be a superspace the bosonic coordinates of which
form a quaternion/ls.So in the N=2 case one may, instead of
the extension T! ., §T! ,iTk}, try the extension T¥.

- iTk,infrk,“J, where q! (i = 1,2,3) are imaginary quater-
nion units. Then the corresponding prepotential should acquire
an additional triplet index. That is just what occurs in the
N=2 electrodynamics /% . A work along this line is now in
progress.

Other possible applications concern the N=1 Yang-Mills
theory itself. Once it is a kind of the nonlinear o¢ -model
on the coset G¢/G, the idea arises that the corresponding
linear ¢ -models may exist, with G® as the vacuum symmetry
group. In the conmventional N=1 ‘Yang-Mills theory, the non-
compactness of G® has no dynamical manifestations since the
vacuum stability subgroup is compact and, besides, the Gold-
stone fields associated with spontaneous breaking G°/G are
purely gauge degrees of freedom (they are contained in the
superspin zero part of Vi(m 8, 9) ). In the relevant linear
o-model, the noncompactness would result in appearance of
infinite-dimensional field multiplets, for any unitary repre-
sentation of G® is infinite-dimensional. We also note that
the geometric analogy between the N=1 Yang-Mills and Ne=1
supergravity naturally suggests their unification within a
larger theory of the Kaluza-Klein type. One may treat Re¢£5¢'
as an independent coordinate like x™ in eq. (1.1), choose
the base superspace to be R4*M# {x™ gl 9% §%}
rather than R%4%, and construct a 4+ M-dimensional exten-
sion of minimal N=1 supergravity through embedding R4+M.into

7



4+M,2 ' .
C . The standard theory is expected to be recovered as

the lowest order in a proper expansion in ¢1.

It is a pleasure for the author of thank A.Galperin,
V.0Ogievetsky, E.Sokatchev, and K.Stelle for interest in the
work and useful discussions.
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UBanoB E.A. O reoMerpHueckOM CMbICiie NpenoTeHuHana E2-82-427
cynepcuMMe TpHUYHOH N=1 -Teopuu SlHra-Mumnca

BoiaBieHa oOGmMHOCTL BHYTPEHHHX TI'€OMeTpHIl CyIlepCHMMe TPHUYHOIL
N=1-Teopnu SIHra-Mumnca u MubHuManbHoii N=1-cymeprpaBHTauuu.
llokasano, uTo nmpenoTennuHan N=1 —Teopuu SIHra-Munnca napameTpH-—
syer dakrop-npocrpancteo G%G, rme G®-kommnexcHoe paclHpeHHe
KaJM6pOBOYHOH rpyrms G .

PaGora BhmmanHena B JlaGopaTopHu TeopeTHUeckoH ¢H3uku OUIU.
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Ivanov E.A. On the Geometric Meaning of the E2-82-427
N=1 Yang-Mills Prepotential

A deep similarity between intrinsic superspace geometries

| of the N=1 Yang-Mills theory and minimal N=1 supergravity is

established. The N=1 Yang-Mills prepotential is shown to take

values in the coset G%G , G° being the complexification of
gauge group G .

The investigation has been performed at the Laboratory
of Theoretical Physics, JINR.
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