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Below we investigate the structural stability and dynamical 
properties of soliton-type solution of the two-field model 
of the classical field theory proposed by Makhankov 111• It is 
shown that the types of soliton interaction are the same as 
for solitons in the range of the Klein-Gordon equation with 
cubic non-linearity121. 

The model under investigation consists of a complex ¢ -
field (with the zero boundary conditions at both infinities) 
interacting with a scalar ~-field with a degenerate vacuum: 

¢ tt - ¢ X;I - ¢ (1 + ~) = 0 ' 

~ tt - ~ n + V1J - g~ 2 -1¢12 = 0 • 
(I) 

This system of equations may be obtained from the variation 
principle 8 (~ dxdt = 0 with the Lagrangian density 
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The energy density corresponding to (2) is 

}{ 2 2 212 2 22 3 
=l¢tl +l¢xl +(1-~)1¢1 +2(~t+~x+v~ -3~ ). (3) 

Suppose that a particular solution of (I) in the soliton rest 
frame is as follows: 
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~ (x, r) = ~ (x) • 

Because of the U(1) 
of the soliton 

synnnetry of the model the "charge" 
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is a constant of motion. 
Particular solutions of (I) are as follows: 
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a)at wo=J1-v 
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b) at w 0 .. }1- v 0 /8, 

¢ 2 = 2(1-w~) ch-1 (~ x) e-twor 

'1/ 2 = 2(1 - w~) th 2 <J w~ - 1 x). 

(6) 

(7) 

These solitons may be considered as a "bag" of the 71 -
field in which charged "mesons" of the ¢ -field are lo­
cked 111 • 

To determine the stability region of the charged soliton 
we use the so-called theorem of the Q-stability, proposed 
by Makhankov/2/. It reads as follows: 

wo dQ 
---<0. (8) 
Q dwo 

Putting (S) in the last expression we get the following 
condition for the soliton-like solution (6) to be stable: 

or 0 < v < v 3 I 2 = 0. 866. 

The stability region of (6) can be found from the minimum 
energy density condition 8 2 }{I > 0, where 
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gions are 0 < v <- (2- --) for "' and 0 < v < 0. 75 
18 1-g 

for '1/• The stability region of the solution (6) is defined 
by the following inequalities: 
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I ~ The types of quasi-
OJ soliton (6) interactions in '~ 

', II the (v, g) plane. I-III, VI-the 
' ',, IV regions where the singularity 

0 t.O 
of the field arises before 

'I the quasi-solitons interac-
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tion; IV - the region where 

Ill 
the singularity of the field 
arises as a result of the in-

-11 teraction of the quasi-soli-

VI I tons; V - the region of the 
I quasi-elastic interaction. I 
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0< v< 10/(10 +3..)2(1-g)), g<(1-..j5)/4. ( 10) 

As is shown in theFigure the stability region of the solu­
tion (6) found from the minimum energy density condition is 
smaller than calculated from the Q-stabily theorem121 . 

3. Dynamical properties of the quasi-solitons (6) were stu­
died by means of the computer simulation. Using Lorentz 
transformation we can easily obtain the quasi-soliton moving 
with velocity v (in the light velocitv units) Alone thP x­
axis: 

.J. 3v .i-1 - h-2 ( ..;-;- ( )) l(wy(vz + t) + e 1) 
¥-" 1 • 2 v - g c -g- y x- vt e 
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where y being the relativistic factor and (}.)"' v1- Jl. 

Depending on the frequency v and the coupling constant g 
the following three types of the quasi-soliton interaction 
take place in the framework of the model (I) (see the Figure): 

I) quasi-elastic and weak inelastic interaction; 
II) arasing of the field singularity at the moment of the 

quasi-solitons overlapping; 
III) arasing of the field singularity before the quasi­

solitons interaction. 
We want to stress that the quasi-elastic interaction takes 

place in the stability region of the single quasi-soliton and 
the collapse occurs on the boundary of the stability region 
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before the interaction of quasi-solitons. As a result of the 
collisions of quasi-solitons in the region IV (see the 
Figure) the collapse of the quasi-solitons arises at t~e mo-
ment of the quasi-solitons overlapping, when there 1s maxi-
mal disturbance of ea~h of them. 

In the case of the phase shift flO=" the elastic inte-
raction of quasi-solitons becomes of the repulsing charac­
ter. Otherwise at flO ~ 0 the amplitudes of the quasi-solitons 
pulsate and the field configuration becomes asymmetric. When 
~ ~ J(v ~ O) the region of the elastic interaction of the 
quasi-solitons expands (see region V in the Fig.). So as a 
result of interaction of "heavy" solitons (6) (i.e., with 
large amplitude) field singularity arises in contrast with 
"light" quasi-solitons elastic interaction. 

Computer simulation indicates that the interaction process 
slightly depends on the quasi-solitons velocity (0.09 ~ v~0.9). 

The types of quasi-solitons interaction in the framework 
of the model (I) are nearly the same as found earlier in the 

. . b. 1' . IS! range o.f the Klein-Gordon equat1on w1th cu 1c non- 1near1ty . 
According to above discussion we come to the conclusion that 
the quasi-solitons are of the pulson type and are stable for 
the limited range of v, g. 

The authors express their gratitude to Prof. V.G.Makhankov 
for his suggestion to study this model and valuable discus­
sions. 
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CayT6eKoB c.c., lliBa~Ka A.B. E2-82-413 
YCTOH~HBOCTb H AHHaMH~eCKHe CBOUCTBa COflHTOHOB B paMKax 
ABYXnoneBOH MOAenH KnaCCH~eCKOH TeOpHH nonH 

HccneAOBaHbi AHHaMH~eCKHe CBOHCTBa H HafiAeHa o6naCTh yCTOH­
~HBOCTH COflHTOHOUOAOOHOro pemeHHH AByxnoneBOH CKanHpHOH MOAeflH 
KnaCCH~eCKOH TeOpHH ITOflH. llHHaMH~eCKHe CBOHCTBa KBa3HCOflHTOHOB 
H THITbl HX B3aHMOAeHCTBHII H3~eHbi MeTOAOM ~HCfleHHOro 3KCITepHMeH­
Ta. ITOKa3aHo, ~TO THUhl B3aHMOAeHCTBHH KBa3HCOflHTOHOB rrpaKTH~ec­

KH COBITaAaiOT C 06Hapyx<eHHbiMH paHee ITpH HCCfleAOBaHHH CBOHCTB 
rrynhCOHOB B paMKaX ypaBHeHHH KneHHa-fOpAOHa C KYOH~eCKOll HenH­
HeHHOCThiO. 

Pa6oTa BbmOnHeHa B llaoopaTOpHH Bbl'·lHCflHTeflbHOH TeXHHKH H 
aBTOMaTH3a~HH OHRH. 

Sautbekov S.S., Shvachka A.B. E2-82-413 
Stability and Dynamical Properties of Solitons in the 
Framework of Two-Field Model of the Classical Field Theory 

The stability region of the soliton solution in the range 
of two-field scalar model of the classical field theory was 
investigated. Dynamical properties of solitons and the types 
of soliton interaction have been studied by means of the 
computer simulations. It is shown that the types of solution 
interaction are the same as for solitons in the range of the 
Klein-Gordon equation with cubic nonlinearity. 

The investigation has been performed at the Laboratory of 
Computing Techniques and Automation, JINR. 

Preprint of the Joint Institute for Nuclear Research. Dubna 1982 


