
J.Bartke 

ON THE DESCRIPTION 

0611BAHHBHHbll 
HHCTITYT 
RAIPHWI 

ICCIBA018HII 
AY6H8 

lt/tf-i'2-
E2-82-372 

OF MULTIPLICITY DISTRIBUTIONS 
IN MULTIPLE PRODUCTION PROCESSES 

IN TERMS OF COMBINANTS 

Submitted to XIII International Symposium 
on Hultiparticle Dynamics, Volendam, 
the Netherlands, June 6-11 1982; 

• 

"Neutrino-82", Balatonfiired, Hungary, June 14-19 1982; 
International Conference on Nucleus-Nucleus 
Collisions, East Lansing, Michigan, USA, 
Sept.26-0ct.1 1982. 

1982 



I. INTRODUCTION 

It has been shown since long that multiplicity distribu­
tions in multiple production processes contain valuable in­
formation on the production mechanism itself. Th~s, together 
with a relative ease in obtaining this kind of data in track 
detectors such as bubble chambers, streamer chambers or nuc­
lear emulsions, leads to the accumulation of a large number 
of data on the multiplicity of secondary particles in various 
high energy reactions. By "multiplicity distribution" is usu­
ally meant a set of probabilities P(n) .. an/(I.a 11 ), where an is 
the cross section for the production of n particles of a given 
kind. 

Multiplicity distributions are usually described in terms 
of their statistical moments or other parameters closely re­
lated to the moments. These are: average multiplicity <n> = 
= t nP(n), dispersionD-~,skewness Y=ll 3/D 3 , kurtosis 8=~o~/D4, 

k /1/ etc., where lolk denotes the k -th central moment, '1k=<(n-<n>) >. 
Other choices are: normalized moments Ck=<rf>/<n> 121, binomi­
al moments Fk, and integrated correlation functions fk 131• 

Experimental investigation of the multiplicity distributi­
ons ot secondary particJ.es in various reacLium; :situw" i..itc1i.. 

parameters related to higher-order moments (k > 3) are almost 
energy-independent, and the first three parameters: the ave­
rage multiplicity, the dispersion and the skewness may be 
sufficient to parametrize the multiplicity distributions 111 

In practice, especially for not very big samples, only the 
first two, average multiplicity and dispersion, are usually 
quoted. The dispersion, D, is often replaced by the integrated 
correlation function r 2 ... <n(n-1)>-< n>2 -D 2-<n>. 

Experimental data on multiplicities, obtained by counting 
tracks in a track detector, could pertain to all charged se­
condaries, P(ncb>• or to a given type of secondaries. Most of­
ten the multiplicity distributions of negatively charged se­
condaries, P(n_), are quoted. There are several reasons for 
this choice: 
a) selecting particles of definite sign prevents us from 

constraints resulting from charge conservation (the distri­
bution P (n 0 b) must vanish for certain ncb and thus can 
never be a Poisson distribution; the r~b are non-zero 
even in the absence of any dynamical correlations) 14•61; 
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b) experimentally, to a first approximation, all the negative 
particles produced in nucleon-nucleon collisions can be 
regarded as negative pions (the same is also for nucleus­
nucleus collisions); 

c) predictions of many theoretical models take a simple form 
in terms of n_ 
The aim of the paper is a description of experimental mul­

tiplicity distributions in multiple production processes 1n 
terms of a new set of parameters introduced in ref. 161• 

Taking the above arguments into account, we shall restrict 
our analysis to multiplicity distributions of negative secon­
daries, P(n_). 

II. COMBINANTS, THEIR DEFINITION AND PROPERTIES 

Standard parameters used to describe the multiplicity dis­
tributions of secondary particles in high-energy reactions 
(see INTRODUCTION) are related to the cumulant expansion in 
probability theory~ The cumulants, the first two of which 
are the mean and the variance, are expressible in terms of 
the moments, each of which involves an infinite "cumulative" 
sum over all the P(n). Thus, the cumulants and other related 
parameters are calculated from the entire multiplicity distri­
butions. 

In ref. 161 it is proposed to analyze multiplicity distri­
uuL.i.uu::; .i.u L~r·m::; oi anoLil~r seL oi prooao111t:y coerr1c1ent:s, 
C(k), related to the probability ratios P(m)/P(n}; C(k) are 
the coefficients in the particular expansion of the generating 
function of the multiplicity distribution. 

Consider the distribution P(n) with properties: P(O)> 0, 
"" P(n)~,O for n-1.2, ... , !. P(n) .. t, 
n!O 

and its generating func-

tion ** 
oo n 

F(A) = ~ .\ P(n). 
nlo 

It can be shown that for the Poisson distribution 

<Jl>n -<n> 
P(n)- -e 

n! 

* The cumulant expansion is the power series expansion of 
the logarithm of the generating function. 

** Note that the Mellin transform is taken instead of the 
Fourier or Laplace transform which is used to obtain the cu­
mulant expansion. 
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the generating function is 

F(A)- exp [(A-l)<n>]. 
As multiplicity distributions observed in multiple production 
processes are usually not very different from the Poisson 
distribution, the authors of ref. 161 propose to take the ge­
nerating function in the form 

"" k 
F(A)=exp [ ~ C(k)(A -1)]. 

kll . . . c . 
where the expans1on coeff1c1ents, (k), for k ;::2,character1ze 
the deviation of the distribution from the Poisson form. For 
the Poisson distribution C (l).<n> , C(2)=C(3) ...... o. 

Taking the Poisson distribution as a reference is certain­
ly justified, as for a wide class of theoretical models assum­
ing weak correlation between secondary particles (thermodyna­
mical models, Fermi-gas model, Regge pole model with exchange 
degeneracy) a Poisson multiplicity distribution is expected 
both for hadron-hadron collisions 15 •61 and for nucleus-nuc­
leus collisions with fixed impact parameter 171 . 

The expressions for C(k) are the following: 

C (1)· P(l)/P(O), 

C(2)= P(2)/P(O)- .L[P(l)/P(0)] 2
, 

2 
C(3)· P(3)/P(O)-[ P(1)/P(O) ]( P(2)/P(O)] + ! ( P(l)/P(0)] 3

, 

rot-,-. TaTn .,....,... ... ,.... t-h...,f- n.,,..\, ,.,llr\ ;..,. nH.-......-~,~·~·;\,1,... .;~, +-H __ ,. -C : .... ... 
,,_ ··--- -··-- ---•• _., •• , ... ~ ~ •• , • ..._~•-'u4-LJ.O.~ ..0.&& ~..__,..u.._.. ,J ..... '""""" 

the first k probability ratios: P(l)/P(O) , P12)/P(O), .... ,P(k) /P(O). 
This stands in contrast to "cumulants", each of which involves 
the infinite number of P(n) in its ddinition. 1t is propo­
sl.'d to call C(k) "combinants". 

Combinants possess an "additivity property": any random 
variable, which is composed of a sum of independent random 
variables, has for its combinants just the sum of thP rPspec­
tive combinants of its componPnts, C(k)-lCi(k). Cumulants al­
so have this property. I 

III. PROTON-PROTON DATA 

In Fig.la we present the valuPs of the first thrPe combi­
nants C(l), C(2) and C{3) for the multiplidty distributions 
of negative pions produced in proton-proton collisions for 
energies between 6 and 400 GeV /B-19;' Dashed 1 i nPs show the 
behaviour expected for the Poisson distribution: C(l)=<n>, 
C(2)-C(3)• 0. 

In the investigation of pp collisions it has been establi­
shed that at low energies (be 1 ow .,.n~l. 7 or F. P:: 50 GeV) the 
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pion multiplicity distribution is narrower than the Poisson 
distribution(D 2 <<n>, or r2 <0), while at higher energies the 
distribution becomes wider (n2><h>, or f 2 > 0). These features 
are clearly recognizable in the behaviour of the combinants, } 
at least in C(l) and C(2). Reminding the very simple formula 
for C(1), it is amusing to find that the qualitative informa-
tion about the shape of the entire multiplicity distribution 

is contained alr~ady in the first two probabilities! One can-
not, however, exclude an accidental character of this obser-
vation, as for pp collisions a relative contribution of the 
diffractive component to the low-tm!ltiplicity part of the P(n} 
distribution changes with energy, and for Fermilab energies 
it becomes dominant. 

IV. NUCLEUS-NUCLEUS DATA 

In Fig.lb we present the values of the first three combi­
nants for the multiplicity distributions of negative pions 
produced in collisions of relativistic light nuclei with nuc­
lear targets. The data come from the Dubna 2 m propane bubble 
chamber (PBC) with thin tantalum target plates installed in­
side the chamber volume, exposed to beams of p, d, He and C 
nuclei at p/A=2.2 to 5.4 GeV/c'20 - 221and from the Dubna 2m 
streamer chamber (SKM-200) exposed to He and C beams at p/A = 
= 4.5 GeV/c 123 •24/. The numbers of events recorded in various 
exposures of these detectors are given in Tables I and 2 • 

Table I 

Numbers of events recorded in the propane bubble 
chamber with tantalum target plates exposed to beams 
of relativistic nuclei 120

-
221 

p0 /A, GeV/c 2.2 4.2 5.4 

Beam 
Target c Ta c Ta c Ta 

p 1212 842 1620 1475 1220 390 

d 1235 699 2308 

He 1250 995 1676 

c 221 686 1587 

Table 2 

Numbers of events recorded in the streamer chamber 
exposed to beams of relativistic nuclei 123.24/ 

p0/A, GeV/c 4.5 

Beam Target 
Li c Ne Al Si Cu Zr 

He 4026 1099 988 1239 804 

c 2033 2224 1553 1170 883 

pb 

1048 
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The non-Poisson behaviour of the combinants for <n> ~ 1 is 
clearly seen. This dependence is very different from that for 
pp collisions and reflects the fact that for nucleus-nucleus 
collisions the multiplicity distributions are very wide due 
to fluctuations in the number of interacting nucleons 1211• In 
the case of P(n) showing KNO scaling to a smooth curve, lf'(z), 
with lf'(O)" 0, one \\'ould asymptotically expect C(l)=l ,C(2)=1/2, 
C(~=l/3, etc. The data seem not to contradict this conjecture. 

The points marked with letter "C" in Fig. lb are for "cen-
tral"CC collisions (for selection criteria see refs. 125·26/ ). 

The first combinant, C(l), for these events does show a very 
different behaviour from that for inclusive samples, while the 
C(2) and C(3) have errors too big to make any significant state­
ments. 

V. CONCLUSIONS 

1. It has been shown that for pp collisions the combinants 
reveal the known behaviour of the shape of multiplicity dis­
tribution with changing energy. 

2. Description of multiplicity distributions in terms of 
the combinants may be useful, especially for a detailed study 

of the low-multiplicity part of the distribution. Also, combi­
nants appear more appropriate than the standard parameters for 
thP .1PQt,rintinn nf th,, Tmtlt-inli,.itn rlirt-ril ... ,,t-..;'~,.;r• ~,(" 

l .. - - I - - - " .I ·- ~ -· - ~ - • ,. - - ~- • • •• ' - • •• ... ~ 

particles (antiprotons, charmed particles, etc.). 

3. Such a description 1weds high statistics and, especially, 
a high accuracy in detPrminingP(O) what is experimentally 
difficult as P(Q) is subject to systPmat i c errors conm•cted 
with the separation of elastic and quasielastic scnttcring, 
diffraction dissociation, l'tc. 

The author would like to thank the 2 111 PBC and the SKM-200 
Collaborations,' and in particular Drs. A.P.Cheplakov, E.N.Klad­
nitskaya and G.V.Vardenga, for the data on multiplicity dis­
tributions. He is also grateful to Professors V.G.Grishin and 
M.I.Podgoretsky for reading the manuscript and helpful remarks, 
and to Dr. K.Fialkowski for interesting connnents. 

REFERENCES 

6 

I. De Wolf E., Dumont J.J., Verbeure F. Nucl.Phys., 1975, 
B87, p.325. 

2. Slattery P. Phys.Rev.D, 1973, 7, p.2073. 

3. Mueller A.H. Phys.Rev.D, 1971, 4, p.l50. 
4. Fialkowski K. Phys.Lett., 1972, 41B, p.379. 
5. Frazer W.R. Phys.Rev.D, 1973, 7, p.2647. 
6. Kauffmann S.K., Gyulassy M. J.Phys.A: Math.Gen., 1978, 

II, p. 1715. 
7. Gyulassy M., Kauffmann S.K. Phys.Rev.Lett., 1978, 40, 

p.298. 
8. Gellert E.R. LBL 784-1972, Berkeley, 1972. 
9. Blobel V. et al. Nucl.Phys., 1975, B92, p.221. 

10. Campbell J.H. et al. Phys.Rev. D, 1973, 8, p.3824. 
II. B~ggild H. et al. Nucl.Phys., 1971, B27, p.285. 
12. Jabiol M. et al. Nucl.Phys., 1977, Bl27, p.365. 
13. Ammosov V.V. et al. Phys.Lett., 1972, 42B, p.519. 
14. Bromberg C. et al. Phys.Rev.D, 1977, 15, p.64. 
15. Erwin J. et al. Phys.Rev.Lett., 1974, 32, p.254. 
16. Morse W.M. et al. Phys.Rev.D, 1977, 15, p.66. 
17. Bromberg C. et al. Phys.Rev.Lett., 1973, 31, p.1563; 

Phys.Rev.Lett., 1974, 32, p.83. 
18. Barish S. et al. Phys.Rev. D, 1974, 9, p.2689. 
19. Firestone A. et al. Phys.Rev. D, 1974, 10, p.2080. 
20. Angelov N. et al. Yad.Fiz. (Sov.J.Nucl.Phys.), 1979, 

30, p.J590. 
21. Abdrakhmanov E.O. et al. Z.Phys.C, 1980, 5, p.l. 
22. Baatar Ts. et al. Yad.Fiz. (Sov.J.Nucl.Phys.), 1980, 

32, p.l372. 
23. Aksinenko V.D. et al. Nucl.Phys., 1979, A324, p.266. 

al. Nucl.Phys., 1980, A348, p.518. Z4. 
25. 

26. 

Aksinenko V.D. et 
Angelov N. et al. 
33, p.I046. 

Yad.Fiz. (Sov.J.Nucl.Phys.), 1981, 

Anikina M.Kh. et al. Z.Phys.C, 1981, 9, p.l05. 

Received by Publishing Department 
on May 24 1982. 

7 



WILL YOU FILL BLANK SPACES IN YOUR LIBRARY? 

You ean receive by poet the books listed below. Prices - in US I, 

including the packing and registered poetage 

013-11807 Proceedings of the III International Meeting 
on Proportional and Drift Chambers. Dubna, 1978. 14.00 

Proceedings of the VI All-Union Conference on 
Charged Particle Accelerators. Dubna, 1978. 
2 volumes. 

01,2-12450 Proceedings of the XII International School on· 
High Energy Physics for Young Scientists. 
Bulgaria, Primorsko, 1978. 

D-12965 The Proceedings of the International School on 
the Problems of Charged Particle Accelerators 
for Young Scientists. Minsk, 1979. 

011-80-13 The Proceedings of the International Conference 
on Systems and Techniques of Analytical Comput­
ing and Their Applications in Theoretical 
Physics. Dubna, 1979. 

04-80-271 

D4-8D-385 

04-80-572 

02-81-543 

010,11-81-622 

The Proceedings of the International Symposium 
on Few Particle Problems in Nuclear Physics. 
Dubna, 1979. 

The Proceedings of the International School on 
Nuclear Structure. Alushta, 1980. 

Proceedings of the VII All-Union Conference on 
Charged Particle Accelerators. Dubna, 1980. 
2 volumes. 

N.N.Kolesnikov et al. "The Energies and 
Half-Lives for tne a - and p-uecays or 
Transfermium Elements" 

Proceedings of the VI International Conference 
on the Problems of Quantum Field Theory. 
Alushta, 1981 

Proceedings of the International Meeting on 
Problems of Mathematical Simulation in Nuclear 
Physics Researches. Dubna, 1980 

01,2-81-728 Proceedings of the VI International Seminar 
on High Energy Physics Problems. Dubna, 1981. 

017-81-758 Proceedings of the II International Symposium 
on Selected Problems in Statistical Mechanics. 
Dubna, 1981. 

01,2-82-27 Proceedings of the International Symposium 
on Polarization Phenomena in High Energy 
Physics. Dubna, 1981. 

Orders for the above-mentioned books can be sent at the address: 
Publishing Oepartment, JINR 

Head Post Office, P.O.Box 79 101000 Moscow, USSR 

25.00 

18.00 

8.00 

8.00 

8.50 

10.00 

25.00 

9.50 

9.00 

9.50 

15.50 

9.00 

BapTKe E. E2-82-372 
06 OnHCaHHH pacnpeAeneHHH no M~O*eCTBeHHOCTH 
B npoueccax MHO*eCTBeHHoro PO*AeHHfl B TepMHHaX KOM6HHaHTOB 

06CY*AaeTCfl HOBbill MeTOA OnHCaHHfl pacnpeAeneHHH no MHO*eCT 
BeHHOCTH BTOpH~HhlX ~aCTHU B npoueccax MHO*eCTBeHHOro pO*AeHHfl. 
MeTOA npHMeHeH K npoueccaM coyAapeHHH npoToH-npoToH H flApo­
flAPO npH BbiCOKHX 3HeprHflX. 

Pa6oTa BbmonHeHa B ITa6opaTopHH BbJCOKHX 3HeprHil 01151¥1.. 

Bartke J. E2-82-372 
On the Description of Multiplicity Distributions 
in Multiple Production Processes in Terms of Combinants 

A new method of analyzing multiplicity distributions 
of secondary particles in multiple production processes is 
discussed and applied to high-energy proton-proton and nucle­
us-nucleus collisions. 

The investigation has been performed at the Laboratory 
of High Energies, JINR. 
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