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The methods of perturbative QCD are widely used to success
fully describe the hard processes11 ~ All perturbative calcula
tions are carried out for free quarks and gluons, and the 
conversion of these colour objects into hadrons is now descri
bed phenomenologically using the soft bleaching hypothesis. 
The factorization of soft and hard stages (physics of short 
and long distances) and the independence of the kind of a 
processes makes it possible to use the universal distribution 
and fragmentation functions which play a decisive role to 
deter~ine the features of hard processes. In ref. 12 ~ we ob
tained the equations describing Q2 -evolution of rnultiparton 
distribution and fragmentation functions utilizing the parton 
interpretation of perturbative QCD theory diagrams in the 
leading logarithm approximation/3/, The equations obtained are 
not identical, but the solutions are the same under definite 
initial conditions and coincide with the jet calculus rules/4< 
The standard conjectures about hadronization enable us to 
generalize these equations for describing the process of 
parton fragmentation into hadrons. And it was shown in/2/that 
the solutions of these equations contain as initial conditions 
the phenomenological multihadron fragmentation functions, in 
the same way as it is necessary to set initial distribution 
of partons in a hadron to have multiparton distribution in 
a hadron. 

In the present note we investigate the dependence of the 
asymptotic (Q 2~ ~ ) behaviour of distribution and fragmen
tation functions on the initial conditions (which generally 
speaking, are arbitrary and must be extracted from experimen
tal data). It is shown that multihadron fragmentation func
tions "remember" the initial correlations in the region of 
finite x , unlike the distribution functions which "forget" 
the initial conditions. But new phenomenological functions are 
unnecessary to define correlation of an average hadron number 
in a jet, whereas it is necessary to know the initial distri
buti<•n of partons in a hadron for defining their average num
ber. 

Attempting to make a complete interpretation here we give 
the equations for one-and two-particle distribution and frag
mentation functions. Then we consider the basic asymptotic 
properties of multiparticle distribution and fragmentation 
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functions obtained as solutions to cbrresponding equations by 
exploiting an example of the model with one sort of partons. 
Eventually we present the result of investigation of these 
properties in qua~tum chromodynamics. . 

The one-parton distribution function D~ (x,t) defines the 
probability to find a parton of sort t ( j means a quark, an 
antiquark, a gluon) with fraction x of the longitudinal mo
mentum in a hadron h ·and with any virtuality up to Q2. These 
functions satisfy the equations/3,4,5/ 

. j 1 . ' X 
aDh (x,t) "" ( .Q.x' D .J (x t) P., . ( --; ), 
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nr is the number of quark flavours and J.l.2 is the distinctive 
value of virtuality for which the running coupling constant is 
perfectly small to use the perturbation theory. The explicit 
form of the kernels P(x) and their moments 

1 n 
p., . (n) = ( X p., . (x) dx 

J ... J 0 J ... J (3) 

~s well known and may be borrowed, for example, from papenf1. 4 ·~ 1 
The two-parton distribution. functions Djh1i2(x

1
,x

2
,t) define 

the l;robability of finding in a hadron h partons of type j 
1
,j 

2 with fractions x 1 ,'1 of the longitudinal momentum and with a·ny 
virtuality up to Q . The equations for these functions were 
obtained in ref / 21 by Lipatov 1 s method /3/. Here we write down 
the equations for the moments only 
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where we introduced 

j 1 n j 
M h (n,t)= ( x D h (x,t)dx, 

0 
(6) 

and the explicit form of the kernel Pj..,. iti (nt,n
2

) is defined 
~vith the probability that a parton of typi j with fraction x 
of the longitudinal momentum decays into two partons of type 
h .,j 2 one of which has fraction x1 of the longitudinal mo
mentum and may be found by the method of ref /31. 

The single particle fragmentation function ·j)~(x,t) defines 
the probability that the parton i with virtuality up to 'Q2 

fragments into a hadron h with fraction x of the parton lon
gitudinal momentum. The moments of these functions 

- h 1 n -· 
M i (n,t)= ( x D

1
h(x,t)dx 

0 (7) 

satisfy the equations14~ 1 
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i" 1 1-f'l (8) at 

The two-particle fragmentation functions 5~1h2(x 1 ,x 2 ,t) 
define the probability that a parton of type i with virtua
lity up to Q2 fragments into two hadrons h1,h

2 
with fractions 

x1 ,x2 of the longitudinal momentum. The equations. for the 
moments of these functions 

-· hth2 1 n1 n2 -h1h2-
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are of the following form 12•6 •7 •8 / 

. -hth2 
aM 1 (n 1 ,n 2,t) -h

1 
h 

2 -----~- = I M., (n1 ,n2 ,t)P 1 ... 1- (n1 +n2 )+ at 1' 1 

_,h 1 -h2 
+ l' M1 (n 1,t)M. (n

2
,t)P

1 
... 

1 1 
(n

1
,n 

2 
). 

. . 1 12 1 2 1112 

(9) 

(IO) 

3 



In Ref.
121

, we found that the solutions of Eqs. (5) and 
(10) may be put down in the forms 
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where M~ti 2 (n 1 ,n 2 ,0) is the initial condition for distri-
bution functions, M~1 h2(n 1 ,n 2,0). is t~e. initial condition for 
fragmentatidn functions and Mf(n,t), M { (n,t) are the moments 
of distribution and fragmentation function at the parton level 
for which the following initial conditions are valid 

j - j 
M i(n,t =O) .. Mi (n,txO) ... aij (12) 

It may be seen already from (II) and (II 1
) that the initial 

conditions for distribution and fragmentation functions are 
provided in the solutions with the different t -dependences. 
i-le shall now demonstrate the char:acter of this depenO.ence at 
first in a toy model ·with one type of partons only (for in
stance, ¢ s_model in 6 -dimensional space or QCD without 
fcrmions). In this case the expressions (II) and (II 1 ) become 
simpler 
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The asymptotic behaviours of distribution and fragmentation 
functions will be defined by the smaller values of P(n

1
)+P(n

2
) 

or P(n 1 tn 2 ) and thus we have two different asymptotic regimes. 
I) P(n 1)+P(n 2)> P(n 1tn 2 ), in this case have 
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He can see that the asymptotic behaviour of the fragmentation 
functions is independent of the initial conditions iVJh1h2(n

1
,nz0), 

unlike the asymptotic behaviour of distribution functions 
which contains the initial distribution of protons M~(n 1 ,n 2 ,0) 

f) P(ut)+P(n2)<P(n 1 tn 2), on the contrary, in t:his. regime 
the distribution functions are independent of the initial 
conditions, but the fragmentation functions "remember" their 
initial conditjons 
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we have that P(O) +P(O)> P(O+O) , but P(n 1) + P(n2)< P (n 1+ n2 ) for 
n 1 ,n2 ~,2 , it means that both asymptotic regimes are realized. 
Therefore, the behaviour of distribution functions and frag
mentation functions even at large t depends on the initial 
conditions if we are dealing with these in the whole range of 
x1,x 2 • However, if we are interested in finite x1 and x2 , 

that is, the region defined by large moments n 1 and n2 
where only one of the asymptotic regimes is realized, we have 
the dependence of the fragmentati.on functions on the initial 
conditions and the independences of these of the distribution 
functions. Recalling that the zero moments define the average 
number of hadrons in a jet for the fragmentation function and 
the average of partons in a hadron for the distribution func
tion, we zet the opposite picture for these quantities, 
namely, the correlation of an average parton number in a had
ron depends on the initial correlations whereas such a depen-
dence for the correlations of an average hadron number in a 
jet is absent in the region of large t • 

It is easy to understand that the asymptotic regime of 
distribution and fragmentation functions will be determined 
with ar\ analogous relation between the maximum eigenvalues of 
A(n 1+n 2 ) and A(n 1)+A(n ) , which are found from the equa
tions for single-particle distribution and fragmentation 
functions when we have several types of partons. For this 
purpose it is enough to express the single-particle functions 
through the eigenvalues of appropriate equation to substitute 
them into (II) and (II'), and to take into account the lead
ing contributions only. Now we get two asymptotic regimes of 
the behaviour again. 

I) A(n 1)+A(n2 )>A(nl+n 2), the asymptotic behaviour is thus 
independent of the in1tial data for the fragmentation func
tion. 

2) A(n 1) + A(n2) <A(n 1+n 2 ) , we have the asymptotic behaviour 
independence of initial data for the distribution functions. 

Using the explicit form of the kernels P (n) and the ex
pressions for the eigenvalues A(n) in QCD /1,7,8/ , we have 
the realization of ~both regimes of asymptotic behaviour, as 
in the model example. Therefore, the prediction of the dis
tribution and fragmentation functions in the whole region of 
x-1 and x 2 changing even at large t demands setting the' 
initial conditions which are extracted from experimental data. 
But as in the ¢3-model, we have the relations A(n 1 +n2)>A(n~+A(I\;J) 
(at large n it will be A(n) --lnn) in the region of large 
moments, consequently for finite x1,x 2 the distribution 
functions "forget" the initial conditions, whereas the frag
mentation functions do not. The same result for the 
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fragmentation functions was discovered in raf/7/ • The in
teresting point is the relation between A(O)+ A(O) and A(O+O) 
that defines the influence of the initial conditions on the 
asymptotic behaviour of the correlations between the average 
parton and hadron numbers. Unfortunetely, in QCD the quantity 
A(O) is infrared divergent, so it is impossible to state 
strictly, as in the ¢ 3-model, the dependence on (or indepen
dence of) the initial conditions. However, if we use the 
simplest regularization of the dimensional type when n-+ 0, 
we get A(n)+ A(n) > J\ (2n), i.e., the asymptotic regime is 
available where the fragmentation functions "forget" the 
initial data. We may predict in this case asymptotic ratio 
for the correlations of the average hadron number in quark 
and gluon jets. 

h1h2 
M q (n,n,t) 
-----------·---1· h1 • h2 t->oo 
Mq (n,t)Mq (n,t) n-+O 

3C p+ C A·-]_ 
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3Cr 
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ht h2 
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n ... 0 
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where Cp,.(N2 -1)/2N , CA"' N, N is the colour number. The 
result is independent of the hadron type and coincides with 
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