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Properties of the Algebras ~~~ ) 

We consider properties of the algebra of all operators 
which together with its abjoints transform a given dense 
linear manifold of an Hilbert space into itself. This 
algebra admits inner *-automorphisms and derivations only 
and there is an algebraic characterisation of this algebra. 
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1. Definitions, results. 

Let JT be a dense linear submanifold of the Hilbert s1>ace 

?J. • With t•(.tr) we denote the set of all such linear 

operators Q. from JJ into JJ , CL 1J S JJ , for which JJ 
is in the domain of definition of a.* and Qlft. JJ ~JJ. /!(~) 
is an algebra with respect of the ordinary addition and 

multiplication of operators.l+(JJ) becomes a -lfit-algebra by 
+ + 

the involution <l. -t 01. • where a is defined to be the 

restriction of a.• onto ./! 
We shall prove the following theorems: 

Theorem 1: Let "!:' be a •-isomorphism from i.tJJ:,) ontoltl!). 

Then there exists a unitary map u. from JJ1 onto JJ._ 
(1) U. JJ., • JJL 

witn 

(2) 
-1 

"'t'(Cil) = u. 0- u. for all Cl. f ~+( lJ). 

~~ Every ._automorphism 'to' of /.YJJJ is an inner 

one, i.e., there is a unitary element u. t .t!{-0') with 

'"l'(.a.) • u.o.u.-4 for all Q. c tf+(JJ) . 

Theorem 2 is an obvious consequence of theorem 1. Note that 

these theorems suggest the existence of a "space-free" definition 

of t+(JJ) (theorems 4 - 6). 

Let us now remind that a derivation of t .. ())J is a linear 

map of l+(JJ) into itself satisfying 

(3) f (a. b) = fCa.)·b + a.·fCb) 

Theorem 3 (P.Kriger): Is 'f a derivation of iYJJJ , then 

there exists an element )( t itb') with 

(4) f Ca.) : xa.- a.x- • 

Hence every derivation is an inner one. [~] 
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::'~1.:. !:no·.·::; (t) that £1'1) ,where Jf is ?. Hilb:.rt s:oa~·2, 
is t,,,,. ··•c•'" L ~un.tmn alg.:;bra of all boum.leu ope:rTtors. VoH 

::e>J;:,<ilL! ~a,- l·~·oved taat every left ideal o.:: tuis alr;ebra 

i. ''""Lt ··l b~: a i•r·cjoction, i.e., un operator p v1ith 

p ,. p",. pa. ( ,,ee for instance r~J ) • The technique of this 

;:roo!' :tlso work:c it1 t!.~ more e:;cne ral Cetso of the ! + (.lf) 

algv. r:,.:;. ·;;c now expL:lin shortl:;, how one can use these 

:.cel.ni:!ues to ch. rscterine the algebras t•(JJ} abstractly. 

12~.!}.!litiur~ j_;_ Let ...4 be a 41-algebra. -.A is called an 

alr;;·bra with "property I" if und only if 

(i) every proper left ideal contains a minimal left ideal, 

( ii) cv"ry d.r.iual left ideal is generated by a minimal 

lH'oJection, and 

(Hi) every clement of ever;y subalgebra --Ao , which ~ontains 
'111 identity eo • has a non-empty sr>ectrum. 

Let us ,'ir,;t add some remarks. A projector p is minimal 

itl ..A iff p ~ 0 und p 'l = 9- p implies p, = P for 

evvL'J ;rojoctor CJ of ..,A • If ..A. is an alll:ebra with 

ideJ.tit;r e. , ti1en the spectrum of one of its elements a. 
is trw -:et; o:' all complex numbers ),. such, that (0.-AE'a )

_, 

Joes ;.~.ot o:x.ist i.J1 ~. • 

'Fe no·.v construct an exam_i-·le of a •-algebra with property I. 

Let T be an index set (an abstract set) and assume to be 

associated to every t ~ T an algebra ;t-+(Jjt) • Then tne 

•-algebra 

(5) lr t\JJt) t+(JJt ,t~T) 
t ci 

4 

consists of all functions t. -t JC' l t) defined on T with 

xlt)" ,t•(.l\) together with the composition laws 
{X.+ X'.)(t) • l(',(tl+ l(',.U). \~~".x.)lt) • x.lt)x.lt) 

(X'+)lt) = Xltl+ , (:>-.Jr)lt) ->.xltJ 
This construction provides us with a ._algebra. 

Theorem 4& .! .. (~. tET) satisfies property I. 

Theorem 5: Let ,.4 be a •-algebra with property I • Then 

there exists up to *-isomorphisms one and only one algebra 

:fY lJt,ttT) and a -*-isomorphism 1:" of ...4 into t•(~t' hT} 
which maps tile set of all minimal projectors of A -onto 

the set of all minimal projectors of i+( ./4 1 t t T} • 

Definition 2& A •-algebra is called a "type let algebra" if 

the following two conditions are fullfilledz 

1) .A has property I 

2) Let 't' be a *-isomorphism from ~ into a •-algebra 

~ with propertJ I • If "t' maps the set of all 

minimal projectors of ..A onto the set of all minimal 

projectors of b , then 1:' maps ..,4 ~ /J. 

Theorem 6: A *-algebra is a type Id algebra if and only if 

it is ~-isomorph to a certain algebra JC+{Jrt,t•lr} •. 
According to theorem 6 the centre of a type I~ algebra is 

a discrete one, i.e.,it is generated by its own minimal 

projectors. Especially, a type I~ algebra, which is to an 

• algebra of bounded operators isomorpnic, is a W -algebra with 

discrete centre. 
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2. Alsebras witn property I. 

To prove tne tneorems we need some furtner insight in tne 

considered cl8SS of algebras. 

Tneorem ?1 For every •-algebra witn property I tne following 

(6) 

statements are true1 

1) If p is a minimal projector, tnen tnere exists a 

positive linear form f witn 

f"'P • f<o.>·p for all a. • .A. 

2) If ..A contains only one minimal projector ,. , tnen 

p. is tne identity element of ..4 and .A is 

isomorpnic to tne algebra of complex numbers. 

We beginn with tne second assertion. For every non-zero 

a. • ..A tne left ideal .A~ contains a minimal projector p • • 
Tne case .A«= o can be excluded, because in tnis situation 

a and tne zero form a left ideal, tnat nas to contain a 

minimal projector and tnis is impossible. Now tnere is an 

element a.' witn Q." o.'p. ~d thus («-o.')p. aO • By tne 

seme reasoning Q.-o.'" .. Po and from p.3." P. it follows .. = o.' • 

So we see a.p • .,. a. , p. 01.* .. o."' for all o..t...J and p. is tne 

identity of .A . For every «t. '-"' there· snould be a complex 

number ").. sucn that a.-). f• is not inversible. It follows 

a.-= >-ro because otherwise .A <•-'-1'•> t f'o wich contradicts 

tne assumption tnat ).. belongs to the spectrum of Q. • The 

second assertion of tne tneorem is now available and the f:lrst 

assertion becomes obvious a The subalgebra I".A r -.A. , wnere 

p is a minimal pro;1ector of v4 , has to satisfy property I 

too. In virtue of the m1n1mality of p , no projector different 

from p is in ..A • • Therefore, vii. is isomorpnie to the 

algebra of complex numbers and p a. p • f (G.) p witn some 

number fl•) . Clearly, f depends linearly on Q. and 

6 

p01.•0tp. f · p nas to be a positive element of .A • Hence 'I 
is a positive linear form. 

Tne property (6) is an essential cnaracteristicum of minimal 

projectors for property I algebras. Tnis snows 

Tneorem 8: Let v4 be a *-algebra. Denote by 'R:(..A.} tne 

set of all sucn projectors y. of ..A for wnicn (6) is 

fulfilled witn a certain linear form I· 
..A. nas property I if and only if 

POl. r ... o 

implies a. = o in ...4 • 
for all p • nl (..A) 

The proof proceeds in two steps. Firstly we need 

Lemma 1: 11(..4) consists of minimal projectors of .A . 

(?) 

(8) 

From po. p ~ fl•) p for all o..• ..4 and f<r..•t..)4co we nave 

and 

, \:, r ~"If (b ... > 4: ;n(..A) 

, (1 ~ .. 

IC b•a. b) 
fu.''b) ., 

We see this in tne followins way: f>-. 1ft (..,4.) and ti -= ; 

implies /(i) p • P\P = ;,. =; for projectors i and tnus 

pw; . Tnerefore 11[(..4} consists of minimal projectors onl7. 

The otner part of the lemma is a straignt-forward application 

of equ. (6). 

We can cDow be sure tnat "JJ(.A.J consists of all minimal projector.s 

if .A has property I • In this case .A Cll 2 .A,.. witn a certain 

p•11l(..A) for a given a.to and we get bo.• p • How ltpbo.) +o , ( . ) . . . 
illplies by positivit,' &0 pb ,._ and we obtain&;rbo.l,;pb.&;alo+O. 

According to lemma 1 it is '·).~ r~ •11l witn some i\ and 

'-. , + o • To pro..-e the other part of the theorem 8 we choose 

an el.•ent a.>t o out at a given left ideal I . According 

to the assuaption we can find pt.11l with f'-. I" +o • By (6) 
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one shows {<ca\+O and the positivity of f implies 

X"'~fc•u•*H•O. Now~- Actp~ td" 11t shows that -;} contains 

the minimal sub ideal ..A 'f and theorem 8 is proved, 

As a consequence of theorem 8, every •-algebra with 

property I is a reduced one [~] • 

Theorem 8 implies theorem 4 in virtue of 

Lemma 2: Let ,A • f1.1Jtl tET). For every §t E; -0'~ 1 < ~., \t) a1 

the element (t:'X')\t') ., 0 1 
t•t' 

lP"') lt),~ • (. \t'•tt) i~ "l-t ~ lJ #: 

is a minimal projector and there are no other minimal 

projectors in u4 
Indeed, every projector 'l of ..A defines new projectors by 

~H:),. llf-tlt) 1 1tlt') =o for ~+t' . ,t is smaller than , 

and if' , 

that 1~ 

was minimal and ''h =t- o then 'l ,. 'l t t One sees 

projects ~t onto a one-dimensional subspace of 

)Jt provided l!ft is a minimal projector. On the other 

hand, every one-dimensional subspace of ~t defines its 

projector and this projector is a minimal one. 

Let us mention two further properties of t•(,nt,-teT). For 

every pair of projectors t'• "t E 7tC. we distinguish two possibi

lities: Eithe£ they project into the same or in different Jft • 

Let us denote by 1J(-t the set of all minimal projectors that 

are defined according to lemma 2 by the subspaces of JJ-t • 
Then 1Jl. is the union of the 11tt 1 t.~ T and 'llt. "'Ult' 

is empty for t .p t' . One illllediatel;r sees that two projectors 

belong to the same 11{t if and only if there is an Q. 
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with p a.~+ o • Of course, the later condition can be 

extended to an arbitrary property I algebra, the proof of 

this fact is e~dent. 

Lemma 3: Let ~ be a ~algebra with property I. There is 

an index set T and a decomposition of 111.(cAJ in disjunct 

sets 'mt(.A.), -tE T such, that ,,pE-al((...4) belong to 

the same t if and only if there is an a•.A with pa.<J:+O. 

Now suppose 'lbr :f:O for <i•fE-'Mf.t(-.4). The element d.=,_b 
satisfies dpc{A=~bp6''J=A, and ,\,j.Q , for ..4. is 

t 
reduced and A~ =('\bp)t'l! bt>) .This gives 

Lemma 4: ~,,e'altt(-..4) if and only if there is a positive 

linear form / and an element be...A such, that 

equ. (7) and (8) are valid. 

3. Representations. 

Let 

(9) 't' ~ _.,. · 't"(OL) , 01. E v4, 

be a •-representation of the ~-algebra A ·with domain of 

definition .!J'l: , If 'fE 1r.Cv4) and 't"('l)* 0 , then the 

functional 'J defined by ,.Q.,. = ?(Q)' is a vector state 

of 't" • Indeed, for ijE.lT-r and 'f=1:"(')~ +o we have 

<'f,n~l·h='i<"'><'f,i> • If now (7) and (8) is valid for 

the projector pt 1Jt(v4) , we conclude ·np)+o and with 4 
I I f. :J.'t' as defined by (6) we have <'f,'t'<o.)i>•rCa)<r, ) with a vector 

'f="t'<.p) j 1 
• Now 't'<p) is a projector and hence 

~(p)<i,"'f> • <i•'=<P>t> ~ l<.'f ,~{r>i.'>l~ 
( {o, ~o} 
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for all ! .. Setting f ... "f
1 

we get 

1(1') .,. l<i'.'il>ll/<i~>''('f'li') 
and the equality sign holds for Y 1 

• 't"tl') f 
Theorem 9: For any f'•, ~ 11lCo..4) and 

(1o) pOtp = f<q'lp 1 ,Clr.'l = f<«>~ 1 cu..,4 

every *-representation 't' of ...4 with ~Cp)"/rO satisfies 

(11) Q.lp) ... fey). ~ ... r l<f, f'>l:t. 
(J ('f,"'f~<i',f') 

where the supremum runs over all y,'f'' ./JT: with the 

restriction 

(12) "t:{f) i . f ~l,)i' 1 .. f' 

We are now in the position to show theorem 5. Let v4 be a 

•-algebra with property I. With T we denote the index set 

given by lemma 3. For every t E T we choose Pt ~ 1Rt ( ..4) 

and define ft b, Pt Ol ft • ft<eo) Pt • Let us now perform the 

GNS-representation "t't of ..A determined by (., with domain 

of definition ~t and cyclic vector !t~~t 1 ft<a.> .. (f..,)l .. )ft>. 
It is 1:'t llVft ~it . If for some ff .!J-t we have 't"t (ft) i • f 1 

then 't't{ftcx.)t"tll\)J • 'tt(f'a)f and with the help of (6) we find 

f depending linearly on ~ •• This shows that ~(,.f-) is 

a one-dimensional projector. The same conclusion can be drawn 

for every 'tt C'f.) with '1i-1rftl..4) by similar arguments. Lemmata 

1 and 4 now indicate a one-to-one correspondence between 

1ntl"") and the set of all one-dimensional subspaces of Jft 

l 10 
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Hence the vectors (12) form one-dimensional spaces and 

equ. (12) is valid without performing the operation "sup" 

We construct the direct sum ~ of the representations Yt , 

t ET, and the result is a •-isomorphism of .A into .t'lJ.T~,ttT) 

with properties required by theorem 5. 

We consider now a second • .. rl!:present!l_tion -t t.+ -into {~t-,tf-T) 

with the same properties. Then the one-dimensional subspaces 

of ~t and JJ-: are given by "tflP .. l .()t- and i'"<r+> .b: and 

there is a one-to-one corresptndence 

(13) -l: lf\.) ~t ~ "Clft)~t 

As proved above, the transition probablllties between one

dimensional subspaces remain unchanged by the mapping (13). 

Applying a theorem of Wigner [~] there is a unitary or anti-..., 
unitary one-to-one mapping lA.* from .llt onto .(Jt with 

(14) ~lPtlu, • ut 1"ltt) 

Considering now with the help of (14)the validity of 

~(,)~~ta.)llt-U~"t'\lll)l~(,\ .. , i"'('fCLq.)Ut-U.t1:(, .. ,,\ = 0 

for every minimal projector '1" we get 

(15) 'U. _, ~ (Ck) \A. • '\"(ell) I U = ~ L(t 

Applying this to iQ. too
1 

one proves linearity of \.t 

By this way we have not only proved theorem 5 but also a 

generalisation of theorem 1. Indeed, let ...4 • t•(JJ*,f~TJ, 
'l: the identi~ automorpllism and -? a !.isomorphism onto 

.tt(.a: ,·U T) • Tllere is a unitary map u of the direct sum 

of all ~t onto the direct sum of all jjt- which illpliments -'t". 
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The last part of the proof of theorem 5 contains the following 

statement: 

Theorem 10: Let "t' be a ~-isomorphism of i.+(.lJ.._, t ~ T) onto 

;;t+( ~~ 1 t'ET J . Then there exists a unitary map u.. 

from L JJt 
1 
t~ T onto :2. .bt', t'E- T and a map "3 from 

T onto T with 

u. ~t 

and 

"'t'(o..) 

.15. 
2tt) 

--1 
u.o..u. a..E !.+(_a-t,hT). 

Theorem 10 implies the theorems 1 and 2 and shows how to prove 

theorem 6: We have to consider an imbedding 

..A " i.\~t ,t ~ T) s f:, with 11((..4) = 11{(:6-). · 

Theorem 5 tells us, that we need to consider the case 

A_J:.+(JJ {:E-T) S J:.*"{$ 1 ttT)•~ 'IJ{(v4.)ciJ8l(.t.) 
..A - t• t I 

only. Further, v4 and !:, have to be •-isomorph (theorem 5) 

and hence the1e is a '*-isomorphism from fy onto ...A , i.e., 

into lj. that leaves stable the set of all minimal projectors 

as a whole, This ~isCIIllorphism has therefore to be an -fc-auto

morphism and it follows /.,. • ...A 

4. Proof ~f theorem 3. 

Let 1 be a derivation of £.+(./J) • Using an idea of P.Krager 

we construct the element X of eq, (4) explicitely, For any 

two vectors ~.-, of .lJ we define P\,"'1. by 

( l\,~) "1.. = ~ (l\,,)~ 1 
= 0 , ....... u tz.' .1.. ., 
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Now ' ..., l't,"l is a linear lllaf of alJ 

for all OlE L"t~). have Cl P • ..., : P., 
• l "'i•"t 

Uow we define 

into J~(JY) ar•d we 

)(' ,_ = f( ,'t·~) i 
and e;et a lin8 ''r map '7.-+ Jf' (. from /J into JJ . :low 

<f.. ((X) • X'Q.- Q.)(' I 0t. ~ J...f.()J") 

is a map of .(J into .(J for every a. f:: l +(_a-) and 

1'~'0l)"l = CJ(P.,."'.,Ii) ~- "'flP"t,tH-= { f(ap..,,\) -Ol'f(P"!.~)f! 
shows that 

<f,<C()¥Z = y><o..)f"l,t~ =- y>Ca.)'?_, 

Hence <f, " '! , Substituting a.= P"'t, i we get <\,X' ~ > = o 

Next we consider "fCa.>"' 'f'Cet•).lt • 1' is again <• deriv:•tion 

and we construct as above 'j 1 " 'f( r;,, r f so ttat 

""f(Q.) : [ 'f I Q.] and 

< (y,c:t] 'Y/.,'l'tt > ={'It, I [l(,O<. .. ]"f,> 

Choosing "'t.= \ , Cll= p'i•\ we obtain with{t,Jt:'f)~(t,~,\).o 

( y"' •"'t.> =- (if,X' "t.> 0 

l! ow 'j maps )J into .lJ and )(' +::- 'j so that 

)(',yE- t+c.b-) and the the oren. is proved, 
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