





1. Introduction

Recently various composite models, such as quark
model, parton model and others, have extensively been
used in the elementary particle theory. In this connection
the problem of a self-consistent relativistic description
of interactions of composite particles is of much impor-
tance. The effective method of describing the properties
of relativistic composite systems is the quasipotential
approach in quantum field theory /1.

In the present paper we develop a theory of the form
factors of composite systems on the basis of the relati-
vistically covariant quasipotential equations 2 . The
relativistically covariant quasipotential approachis based
on a relativistic generalization of the notion of equal time
in the description of a particle system.

We recall the main aspects of this approach in the
simplest example of two scalar particles. The Bethe-
Salpeter amplitude

X p( X1,% )=<0]T(s (x/2)¢, (=x/2)) |P > (11

is known to contain an ’unphysical” (from the point of
view of quantum mechanics) variable of the relative time
of two particles. In refs./2/ one suggested the following
definition of the equal time wave function

gp() =xp ()] by Lo - (1.2)
Thus, the relativistic wave function of two particles

is determined by the values of the Bethe-Salpeter ampli-
tude (I.4) on the space-like surface Px=P(x;-x, ) =0



In the c.m.s. (B - the equal time condition (2)
means that the particle times coincide ¢, = t, , while
in an arbitrary system this equality holds for generalized

. . »ras . . _ 1 Px. ).
invariant ’times’’ of particles r; \/—__P_r( X ).

In the momentum representation the definition (1.2)
for the relativistic wave function of composite particles
takes the form

l/ip(n)a fo da xp(an+17), (1.3)
where 'the variablés a and Ty are determined in the
following way '

p=1(p—-p)=an +7

po 200 Py T Ty
P ; I.49)
n,= £ _ . (Pa)-o0.
VP

As is shown! in refs.”?/ the wave function (I.3) obeys
the relativistically covariant quasipotential equation
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where Up(",”') is the mtegral operator defined for
(P2)=(Pz’)=0; o i=vVm¥-nZ .

The following normahzatlon condltlonv holds.
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is the inverse Green function of a system of interacting
particles. The problem is to express the vertex functions
and the related form factors of composite particles in
terms of the relativistically covariant quasipotential
wave functions.

3-6/

In refs./ one suggested a general representation
for the matrix element of the local current operator
between bound states

<PJO[Q>= fdnda’d (am) (a7 ) % ()T (B, 75 Q, ") Yol )
(1.8)

with a certain vertex integral operator I' (P,#;Q, »* )

A detailed study of the currents of composite particles
in the method of coherent states is given in ref. 71/ The
present paper is based on the results of refs. 1=%/ and is
a further development of them.

Depending on a specific character of the problem in
consideration a choice of other surfaces is possible,
which differs from that made in definition (I.2). As long
ago as 1949 Dirac had pointed out the advantages which
emerge in using the so-called ’’light-front’”’ variables:

x - Xt X3 . +
T 7T ¢ PyT Ryt Ry (1.9)
In particular herewith ’’linearization’’ of the square
root in the expression for a particle energy takes place
and the negative energy values vanish. Variables (1.9)
appear to be especially convenient for investigation of
the behaviour of form factors and scattering processes
of composite particles at high energies and momentum
transfers. In fact as the momentum values in the mentioned
case are much larger than the particle masses, so these



particles to a certain extent may be consideredas ’’light-
like’’ objects.

As a result we come to the following definition of the
quasipotential wave function

U’/ (x ’;J. )=XP(x)lx

p(*_ (1.10)

+=0

thus given on the hyperplane of the ’’light-front’’

x0+x3=0.

This approach will be discussed at greater length in
Section 3.

2. Construction of Relativistically Covariant Form
Factors of Composite Particles. The Vertex Function
of a Composite System

The reaction of a composite systems on a weak exter-
nal perturbation corresponding to the local field A(x)
is described in quantum field theory/s/ by the expression

<P,al25_1Q,8>]  =@m) *5(P-g-k) <Pa| J(0)|Q,8>.
5 Ak) A=0
(2.1).
Here J(x) is the local current of the system
Jx)=1 _5§_s+, (2.2)

8 A(x)

|P,a> and |Q, 8> are the state vectors of composite
particles with momenta P and Q and the sets of
additional quantum numbers « and 3 , normalized in
a relativistically invariant manner

<p,a|Q,'B>=2P0(zn)33(13’—Q’)5 (2.3)

af ’
Below we suggest a method of constructing relativis-

tically covariant form factors of composite particles
in terms of equal time quasipotential wave functions
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We consider the quantity R defined by the vacuum
expectation value of the chronologically ordered product
of Heisenberg field operators of the scalar particles
¢ ;(x;) and a certain local current J(x)

R(xl,xz,yl ,y2)=< OIT(qS (x )¢2(x )](0)¢+()’ )¢2+(Y2»|0>=
" (2.4)

—i i(p]x.—q y‘I
R(pl,pz;ql,qz).

~—— [ dp, dp,dq dq,e

(277)16

Introducing new variables, relative coordinates and mo-
menta '

2.5
o | - (2.5)
_pl+p2’ p=_2

_ g 9149
Q=q,+49,5 9= —5—=

we rewrite expression (2.4) in the form
—i(PX~-QY)—i(px —qy)

) 1
R(X,x,Y,y)_(277 )16—_ { dPdpdQdqe X
(2.6)
X R(psP’Qaq)

As is known’ °/ , the quantity R can be presented in the
form

R - GI'G, @.7)
i.e.,
R(X,x;Y,y)=/G(X~- X5x,x )X x5Y 5y ) x
(2.72)
xG(Y’'=Y,y4y) dX‘dx"dy~ dy’
7



or

R(P.p;Q.q) = [ Q(P;p,p)T(P,p’,Q,q7G(Q.q,9)dp"dq". (2.7b)
Here

G(X X" x,x") <0 T(g (x])¢2(x2)¢r(xl’)¢;(x2’))|0 > =

(2.8)

—iP(X=X ") = i(pr—px )
1 S dPdpdp’e 1 PR G(P,p,p")

) (27)8

is the two-particle Green function of scalar fields ¢ i (x))
and the vertex function I' is the sum of all two-particle
irreducible diagrams for 5-point Green function (2.4)
(see Fig.1). .

H :
=1

R G r G

Fig. 1.

Passing to the relativistically covariant equal time
description of a two-particle system we consider the
quantity

R( p,n;Q,ﬂ')=fdada'R(P,p;Q,q), (2.9)
where
P
P=an+mr; n= —; (Pz)=0
3
VP (2.10)
q=a’n “+7’5 n"=—=—; (Qr")=0.

vQ?

The quantity R can be presented in the following form
R=GT G, (2.11)
i.e.

li(P,?T;Q, 7)) = fé(P; T, ")I:(P, 7”,Q,7 ") x
(2.12)

2

% ‘a(Q;TT”’,TT’)(dﬂ ;;)P (dﬂ”’)Q

where (da), is an invariant volume element

2.1
(dﬂ)P =d4575(nn); ( 3)

and T(P,#;Q,#»") is the vertex integral operator.
Let us show that the quantity I defines the form factors
of composite particles. Starting from the spectral pro-
perties of the 5-point Green function (2.4), it is possible
to show that the quantity R has double pole singularities

~ P, 0 , + n’
R(P, 73Q, 7 )= [i( 20412 0a P AOIQE> v ()

2 2 2 2
(P2-M2)(Q*-M })

p2 , y2
a

Q* M3

(2.14)

where M, and Mg are the masses of composite particles
with quantum numbers a« and B , respectively. One the
other hand,owing to the knowledge of the pole singularities
of the two-particle Green function

- ‘ 4
G(P;n,n)Y=1i(20n)
pZ.m2 a
a

(2.15)

we find from (2.12)
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P,a

R (P,7;Q,7") = [i(27)%2

P2, y2 (P*-M2)(Q* -M%)
Q2 - Mg (2.16)
Xflp;,a(n)l:(ﬁ (P’n;Q’ﬂ’)l)bQ"B(”’)(d”)P(d”’)Q ,
where
Fog( P Qua) = F(PLaiQua’) | g
N (2.17)

2
P M,
Q%=mg

Comparing equations (2.14) and (2.16) we get a relati-
vistically covariant expression for the form factor

<P,a|J(0)]Q,8>= ¢P+a (n) FQB(P,”; Q,n") x

lp TT’ dTI (dTI ’

in terms of equal time wave functions and the generalized
vertex operator (2.17).

The Ward Identity and Relativistic
Normalization of the Wave Functions of
Composite Particles

The Ward identity for the vertex functions correspon-
ding to the conserved vector current is tightly connected
with the relativistic normalization condition of the wave
functions of composite particles.

For a system of two scalar particles the generalized
Ward identity is of the form

10

(P-Q), I:#(P,T/;Q,rr')=i(2.’r)4Z[G~-l (P;n,n’) —

_ (2.19)
-G Q7,7
or

(P-Q), ﬁF(P,”; Q,7")=i@2n) ZIC(P;7, 7Y =C(Q, 7.7 .
(2.20)

The quantity Z is the charge of the two-particle system
corresponding to the conserved vector current J#

<P,a|nxf=0do#]# (x)1Q,8>=Z<P,a|Q, B>. (2.21)
It is not difficult to verify relation (2.20) comparing
the residues at the pole singularities PZ- M2  and
Q 2-MZ in the left- and right-hand sides of this relation.
Rewritting identity (2.19) in the form

~—l o~
G~ (Pin,a’)-G(Q;mr)

R 1
v P? - yqQ?

a5, (PriQur )= i2n) 21

(2.22)
and passing to the limit P2-Q2+ 0 we find the relation

~ —_ ~—1
. ’, . 4‘ 2 Y ’

nl, (P,a;P,r")=iQn) 2yP Z 3Gap(2pﬂm> (2.23)

which establishes the connection with the normalization

condition (I.6) of the relativistically covariant wave

functions of composite particles.

Perturbation Theory for Vertex
Operator

Formulas (2.7) and (2.11) give an explicit expression
for the vertex operator of composite particles



Fg(PomiQua )= fim [ G (Pimn™) x
P2 M2 (2.29)
Q2-M2g
)([‘GF}G](P,ﬂ”;Q,ﬂ",)G_l (Q;Tf’”;ﬂ’)(dﬂu)P (dﬂn;)Q

in terms of 4- and 5-point Green functions, G and R
Using the perturbation methods of finding the functions
G and R it is possible to get by means of (2.24) a power
series in the coupling constant for the vertex operator
of composite particles.

To demonstrate this method we consider the so-called
”impulse’’ approximation for the vertex operator I
which corresponds to the limit of ’’weakly coupled”’
(noninteracting) particles (see Fig. 2).
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Fig. 2

For the vertex operator corresponding to the conserved
vector current we find from (2.24)

L =[,(0), 1 © (2.252)
gl 2u

- /-\._—/ -
1) _[§ @ -G OO g0 [ -1 (2.25b)
ip ip
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where

O _ (5 ~q 6P (p T (226
L -0n) Z, (pva), 8 (=g NGV (p1T (2:20)
l;éj
Here
©) c® (e O y_2E 2 2y
G (P.p)=6 " (p)G " (p,) = i" I (p} —m()

1

(2.27y

)
1

o)

6Q.9-67" (4,)6,” (a) =i2fi (q2-m2)~!

1
are the two-particle Green functions for free particles
with masses m; and charges Z;

Then the vertex operator takes the form

L, ®,mQ)-i%2n*z 16, m17 & " ¢ x

}o dBdB’ (P+n B+7+Q+n'B’+7"), 8(4)(n'ﬁ’+n ‘—nB-w)

x +
™ [@B+m?® —m2 +icll(P +nf+m)” —m 2id((Qn B ‘vr )-my +ie

+(152). (2.28)

Next, dividing the argument of the 4-dimensional 6 -func-
tion into longitudinal and transverse components with
respect to the direction of the four-vector Q and inte-
grating over 8 ° by means of theone-dimensional 5-func-
tion of the longitudinal component we have

}"dﬁ W (078 +a=np 1) =5(3) (r"—(ren’ (0" 7))
~B(a=n’(m7)) (229
B '=(nn)B + (nn),

where, according to (2.9), the three-dimensional 6 -func-
tion is defined in the following manner

I3



[ (78D (ron Y n” ) =), (2.30)
Q Q

The remaining integral over B can be taken with the

account of only pole singularities in the denominator

(2.28). To simplify the expression (2.28) within the fra-

mework of the ’impulse’’ approximation it is possible

to neglect ’small’’ quantities proportional to

(yP2- \/mf—nz - mg_nz )

and

(VQT = vm?-n? _ym2?)
which cbviously is equivalent to rejecting terms of the
order of the interaction potential between particles in

the r.h.s. of equality (2.18). Then for the invariant form
factor ¥ of a composite system defined by the relation

<P|],@]Q>=(P+Q), F(A"), A- P-Q  (2:31)
we finally get

F(a?)- 220) 2, f¢‘;(n)¢Q (7=n"(70") =, (n=n"(nn" ) x

p2 2 —_—
wgloVP? - L(P-Q)% @n)ps w =yl —aZ.
pL -;-(P—Q)2 (2.32)

Using the explicit invariance of this expression we pass
to the Breit frame of reference, in which

> -»> nd 2 1 2 a
P--Q-14; Py-Q,-E-v M’ . L& (2.33)

(P-Q)2 - -AZ.

Introduce a new three-dimensional integration variable

L>'%7 =©0.3); (Pr)-=0,

P (2.34)

14
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where ’LP is the matrix of a Lorentz transformation
such that

- 2.35
'L"PlP -(M,0). (2.35)

Employing the transformation properties of the wave
function by the Lorentz transformations, for eq. (2.32)
we get finally

- g P o
2 3 * oz . Ap 0“2
-A%2)=2(2 S AP L (p+ A( - )) %
F(-4%)-20m) 7 f(/IM,O P ¢M,0 P 2 M2 M2
- (2.36)
wz(mlM+}-A2) :
X 5 dﬁ+ (1&2)
2 1%
M + —Z- A

which is in agreement with the result obtained in refs /6/ .

From a comparison with the normalization condition
we find the required value for the form factor at the
zero transfer

FO)=Z,+Z, . (2.37)

3. Quasipotential Method in the Variables of the ’'Light
Front”’

In this section we develop quasipotential formalism
using ’’light front’’ variables which have been introduced
by Dirac/!9/ . Consider the Bethe-Salpeter amplitude

X (xl,x2)=<01IT(¢1(ﬁ)¢2(x2))|P,a>=

P,a

(3.1)
—-iPX
=€ xP,a (x).
The variables P, X and x are defined by the formulas
(2.5). Let us introduce the ’light front’’ variables



X3

+ > R pi= Py ipa R Pi = P0 + P3 (3.2)

and pass to the momentum representation

> 4 —ipx
(x) = X ,x ,x )= (d =
XP,a XP,a( - W)= Jdpe XP,a(p)
(3.3)
) - —~ilp,x_+ p_x+—p1x_l) .

=5 Jdpdp _dpie Xo (p_.p, Py )-
Determine the function

Vp o (PP ) =_£ dp_xp,a (p_.p, Py )- (3.4)

It is easy to see that the function l/lpya(p ,[)’_L) depends
on the values of the Bethe-Salpeter amplitude on the
hyperplane

X +X,= 0.

03 (3.5)
In fact, using definition (3.4) and the Fourier transfor-
mation (3.3) we get

S - ilpx _~pyx))
wP,a (P+ ’pJ‘)k (277)3 fdx+dx"dx-1- 8(x 'F)e
(3.6)
X )<P’a(x+,x_,x_L ).

We now consider the two-particle Green function (2.8)
and determine the Fourier transform of the ’’two-time’’
Green function '

o0

ra(p;p+,pl;p'+,gi)= [dpdp  G(Pip,p).  (3.7)

- 00

For free particles we have

~(0
G()

" .
p.p )= % b-p ) -

i (3.8)

G(O)(P;

(5 +p)2_mf+i€][(§-p)2 —m2 +ic]

¢ (P,p)o @) (p-p"),

Performing an integration according to the definition
(3.7) we obiain

r1(0)

> , _’, ~(O) nd s 2,
G (Pip, .p5P;, P)=0®OI1-0G (Psp,.p 3P7 P ),

-

(3.9)

where

( 2) > >,
o, s, 4mid(p, —p )8 (pL—pJ)
(Pip,py3p7,p7)= e 2 2

Px( 1-x)[ P +P, - - 2]

X 1-x

(2

) > >,
(J_—p ).

~Co 5 ,
EG( )(p;p+’p.L )8(p+-"p+)5 I

(3.10)

In (3.9) the variable x is introduced according to the
formula
X = 1 + E .
I "P, (3.11)
It is obvious that when the variable x changes in the limits
O<x<1 (3.12)
the variable P, changes in the interval
~P/2<p <P /2. (3.13)

We pay attention to the projection properties (the presen-

17



ce of ¢ -functions) of the function G . It has been shown
that such a kind of projection properties is attributed to
the Green functions calculated for a wide class of pertur-
bation theory graphs /16/

Let us define now the inverse operator by the relation

—P, /2 .

d ’» _’;; —-l . g , _,; p Jou 4 —)If' , _,r —
_Pf+/2p Ydp7 67 CPp py P P )G(Pp P ip )=

5, —p0® @, -5, ) (3.14)
For the free particles we have
6(0)_1 (P;p+ ’6i;p; ’51 ):am)-] (P;p+ ,pi)B(p+—pjr’)8( 2&;;.__{).1)'
Introduce a quasipotential (3.15)
¢~ (Pip,.p, ip)pY) -6 —l(P;p+ Py 08 (p,—p) %

(2) (3.16)

5 P )- Lovep Bip P
X0 by P )= == V(Pip, S PP

After simple trimsformations the equation for the wave
function tﬁP(X,p_L ) takes the form

=Y > 2 -» jd 2
2 (pl+1/2-x)Py)  (py H{1/2-x)P, ) >
[(P" ~ x '_‘—r_—;———]lﬁp(X,Pi):

(3.17)
_ 1 1 ’ P . 4 . , 2, ’—y,
g of dx fd_f’i V(P,x,pl,x ,pl)tﬁp(x,pl).

The obtained equation defines the wave function of
a bound state with arbitrary transverse components of
the total momentum. Comparing it with the equation in the

frame B, = 0 and taking into account the transformation
properties of the quasipotential it is not difficult to show
that

¢P(x,PL)=¢P»

o (B ¢ /20 ).

(3.18)

Applying the methods similar to those suggested in
Section 2, for the matrix elements of currents of compo-
site particles we obtain

P, /2
+ ) > -, + o
<P,alJ(0)|Q,B> = Pf dp,dpl fdp dpy . (xP)x
—-P /2
— R . . (3.19)
Xr(p;X,P_L ;Q’x ,pl)lﬁQ,B (X ,PJ_),
where the vertex operator I' (P,x,p, ;Q,x ", p; ) is
connected with the function R by the ralation
’I’{‘ =’(‘;'F G ’ (3.20)
~ o
R = [dp_dq R(P,p;Q,q). (3.21)

An analogue of formula (2.32) is

(277)3

2

1 .
<P,a|J ©[Q,B>= Qizzl{)dx(l_x)fdpLx

P-Q :
+ P—Q I St
AP )y s By +—5—X2p+P), ¥

’

Q,B(p+’pl)+

+ analogous term with Z, }. (3.22)

Passing to the frame of reference where
- —»2 > - 2 .
P,=Q, ; (P-Q%=-A] =-(P,-Q))

and accounting for the transformation properties of the



wave functions (3.18) we get

3 >
2y L ,Z_J(zn) I dx dpy (I)t (x,p; +(0 =x)A ) x
F(-A]) = 5 Of x(l-—x)f Py P =0 Py 4
(3.23)
x®, (x ’[;i ) + analogous term with 7 5
P, =
1

i) =P+ x (1-x) ¢

The formula of this kiI)d was derived in ref./10/ by the
methods derived in ref. !/

We now consider a somewhat other choice of »’light
front’’ variables when the light front normal is oriented
in the direction of the total momentum of the system.
This choice is more tightly related with the variables
(I.4) of the covariant quasipotential method. To this end,
we introduce the following parameterization of the rela-

tive momentum

. 3 . p
p:LPp:an+ Eeipl ; n=—,

i=1 v p2

where the Lorentz transformation L, 1s defined by
equality (2.37) and, consequently, in the c.m.s.

(3.24)

A4 v

p= (a, ﬁ )
and three linearly independent four-vectors e, possess
the following properties

(e, n)=0; (eiej )=-—3ij (3.25)
and in the explicit form o
ko P P'P’
(S i )
VP (P, +yvP")

We define the new basis vectors

e, =nt*e, (3.26)

20

with the properties

(>ne+ ) =1; e2i =0; e e =2

and expand in them the vector of the relative momentum

L74

\ 2 . i
P=p,e, +P_e€_ + i2=l(p._L) e, ,

where the new variables

\, _ _ \v] . _ 1 A, ¥4
p_~(e; p)=at P, a_:z-(p++p_). (3.27)
An interesting property of this choice of variables is that
the total momentum vector has no ’’normal’’ component
B _ _ Pt
P_L =0, Pi _(e; P)=y P% .
Further it will also be convenient to use the variable 7
defined by

Avd

K P (3.28)

Now by analogy with (3.4) and (3.7) we define the
quasipotential function

\,
\Y4 w

¢P(p+,p4,) =_£dp_xp(p+,p Py) (3.29)

and the Green function
,h N ’ ’ °° v \" - ’ 1
G( P;p .p, P )= [dp dp G(P;p,p ). (3.30)

In particular, for the free Green function we find the
expression '

Ao (2) v, Y.
o v S v, 5, AiomOUaB(n-n )57 (P, -B] )
G (P;p+,p_L; p ,pi)= -

- [V
2 . m2 52,2
i3'L 1 P +m,

1 1-n

nd=p)[ P -
(3.31)

2



and, correspondingly, the quasipotential equation will be

) ‘é2+m2 ‘I»’)z . m2 .
Pr- 2L - d 2 )y (g.8)=

1 1-n (3.32)

1 v

1 [ dp(dp cV(Pin B i B (nha B ).
n(l—n)of 7’ fdp | n.Pysm e ¥ (7P

The form factors of composite particles can be consi-
dered in a similar manner. h

Note, that in a number of recent papers (see,
e.g./10,13,14/ y composite particles are described on
the basis of the old-fashioned three-dimensional pertur-
bation theory in the infinite momentum frame, which
has been applied to the relativistic theory some years
ago by Weinberg /11/ A close analogy was indicated
between the equation of ref./11/ and the equations of the
quasipotential type /1,2:15/ | Equation, which has been
obtained in the present section, reproduces in the lowest
approximation the equation of ref. /11/° At the same
time such an approach provides a regular method of
constructing the quasipotential in higher approximations,
possessing correct projection properties.

4. Conclusion

It should be noted that the propagation function for
two free particles the coordinates of which are related by
the condition of belonging to the ’’light front’’ hyperplane

has the form
G — .
> 2 2 > . g 2
p? _ ( p_L+(1‘/2—X)P_l) wmy (p+(1/2-%)P ) +m§

X 1-x

which coincide with the propagation function usually
assumed in the free partons model.

In the general case of interacting partons the wave
function should be sought as the solution of the quasi-
potential equations (I.5) and (3.17) with normalization
condition (I1.6). This fact should be taken into account,
e.g., when analyzing the density distribution of partons
in a hadron.

The authors are deeply grateful to N.N.Begelubov,
A.A . Logunov, R.M.Muradyan for stimulating discussions
and valuable remarks. Thanks are due to D.I.Blokhintsev,
V.G Kadyshevsky, S.P.Kuleshov, M.D.Mateev, R.M.Mir-
Kasimov, D.V.Shirkov, A.N.Sissakian and L.A.Slepchenko
for useful dicussions.
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