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L, Introducti oa 

In this paper we shall develop further the idea of 

stochastic pseudofields 1 ' 2 regular and generalized ones, and 

indicate their possible use in quantum field theory. We will 

show that a mathematical scheme of the probabilistic type 

dealing w1 th pseudof1elds ( ? - fields for shortness) incorpo­

rates the main results of the functional methods, The word 

•pseudo• iDiicates that we are using a complex-valued 

pseudomeasure in defining average operation instead of a 

genuine measure as in theory of probabilities J, 4 , This differs 

our approach from that by Nelson and others ''
6 

developing 

the so-oalled stochastic quantiization program which although 

rigorously deals with the quantities of not direct physical in­

terest. Our scheme based on the use of pseudoprocesses and 

pseudof1elds, seems to be vexy natural in the framework of 

quantum mechanics but is formulated on the physical level, i,e., 

it is so far forBial. We believe, however, that it may be made 

rigorous following the ideas which recently appearied in the 

literatare 7 ' 8 , 

2, Basic def1n1 tion,s 

Let as is usual in theory of 

of elementary events W E Q and 

probabilities gQ mean a set 

JS(n.) some o- algebra of 

its subsets. Let further S 
a mapping 

be a real random variable, i.e., 
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5:.n.~lR 

f(A)EJ6(n) 

for all Borel subsets A of lR 
We assume that a complex valued average operation Q , 

( p- average), is defined on some random variables 

Q:$ ~QHlE ( 
such that 

1° oL!l_~ +~"11 =~QLn+R,Q111 

for any complex numbers ttl k and 

2° QL11:;: 1 . 

The probrtbility amplitude of an event A is given by 

M(A~ = Q{XA t , 
where 'XA ifl the indicato:r of this event. 

(2.1) 

(2. 2) 

We shall write formally the p-average operation as an 

integral over the amplitude and its distribution corre~ponding to 

given l; 
(2.J) 

Qtfo5} = ~{ot: Cw)M(olw) = )fCct)~(do..) = )f(ct)dm1~(o..) , 
.Q 1R 1R 

where ~0~ is a composite function, and 
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~. 

JA.(do..)= M{5E[~t.,do..J} = dJWt(o..) 
'f t (2.4) 

IYYl (A.)= M{f <:o..J E . 

81.111larl.7, when we have a function of s&Teral variables 

1-J =f(:;l.)•. '.)~-) (2.5) 

then we 1111.7 write 

(2.6) 

Qh} = f GL diWL"'(o..) = ~f(o..~, ... Jan,)~ (da.,, ... Jda...), 
1R 'R'I\. ~., .. ') t, 

where 

t: (olo.,) ... ) da...)::. M[ ~1 f[ o.~)ola.,L ... ,$..._ E [a-..) ~limn . (2. 7) 

~.,. ")~ .... 
B7 the characteristic fUDDtion of a random variable 

we mean the p.-&Terage 

Q t e i.>..;} = J e .:>.a.oltWL (o..) 

1R ~ 

(2.8) 

We oall the two random variables $.)1YJ equal when the;r 

are equivalent under the Q - operation sign, i.e. , 

(2.9) 

Q{f"sl = QHoi} 

for aQ1 bounded continuous fUnction f. 
We will IB7 that the random pseudoprocess (P-process) 

is given if to each teT a random variable s(t) is given. 

S1111larl;r, we will talk about the P-f'ields over some sxace M 
( of aore than one dimension) when for eaoh X E 'M the randOJD 
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variable 4>Cx) is given . 

If for some test fUIICtions "l(x)) ... , 4>.,., (x.) E K 
the random variables cf'(lf',L. "J cp(tf..,) are given such that 

1' q>(ot<t>, + (!> 412.) ::: o( q>(~) + i'd~(~l.) 

2o lU-M Q{-fo4'(4'K)l ==. Q{.fo~(<v)} 
1(-+-

when 4>" ~4> in the space (.( and f is an arbitra-

r;r bounded continuous function, then we say that the generalized 

random p-field is given. 

As is known from the theory of distributions lo we may 

always perfom the following operations on the generalized 

p-fields: 

(i) Addition and multiplications ~ numbers 

~cf, +r.Pz,lf>)= oltf,(4')+~4>z.(<~')) 

(ii)Multiplioation qy a function 

({t'P) = 4>(-f<p) when {tpf k' J 

(iii) Defferentiation 

(arct>Jlfl) =- c:f(0,.£P) 

(iv) Shifting 

<f~,(lfl} = 4>(1.f',.) 

l.f'._ (x) = (fl(x-1..) 

A~ generalized p-field generates functionals on K by 

6 

means of taking its moments 

Q{l}Cc.pJJ = fa.d.m(o-) = n(<P) . 
1R cj.{q.) 

(2.10) 

According to the linearity of generaJ.ized p-field and Q -ope­

ration we have the saBe property for n(!f), 

n (oUp1 + tlfL): o( n (c.p,) + ~ n (4Jz_). 
(2.11) 

For aay generalized p-field we may write the decomposition 

q:>(<p) == 4'o(4J) + lf>J<+') 
' 

where 

cto(Cfl)== n(cp) 

iS not a random linear func tiona 1 on K' and 4', ( lfl) is a 

random generalized p-field with vanishing average value. 

The second moment a! the generalized p-field is called 

the correlation functional 

\t<(4l,t\') == Q{4(lr)·<f(<f)1. 

Clearl7, it is a bilinear functional on K . In the same 

way we may introduce higher moments as well. 
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2, 9au8s1an genera1ized p-~ 

The generalised p.fiel.d 4>('P) is called Gaussian one 

when for ~ linearl;r independent functions Cf't.> •.. , <f-.. 
we have 

-.li (J,l.) 
Q{{[4><1P,)

1 
•.. Aflf .. )]}= [G'z'lT~)'kcietB...) ).f{et,) ... ,a,.)exp{-~ (l(~,o.)}cl~ 

~- ' 
-1 

where ~... is a positive-definite BJ111111Eltr1o 111atrix containing 

Sllal.l imaginary part ( e..a.l for regularization and ). 

is an imaginary nuaber) ).. = cr , We classify all the Gaussian 

p-fields into two ol.asses according to the sign of r) y > 0 

the first class, y 4( 0 - the second one, 

If we put far f(A,~ ... ,a..)=tljt:l" we w1ll haTe fr0111 (J,l.) 

for the correlation functional 

-.k; 

Q{ q(~.)q((fJj = [~-rr~ttlet13-J ~ftt.itt"~p{-t (:a:~)tt)j d~ := 

1R'"" 

= f-l)~()j~ke>t-}>{- ~ (?JE,..p)J, = .\{B,.)Jk 
y>:o 

From this we have obv1ous1;r 

;). "B~ = II K(~J Cf,_)J~ . 
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(J,2) 

(J,J) 

For the characteristic functional ef tae Gaussian generalized 

p-f1el.d we 15hall. haTe fro. (3,1) and (J,J) the fol'lllul.a 

-~ 2. 

L{tpJ = Q{&piq>(IPJ}= (2:1r~ defB1} fe.cp{i~- 2~S. ~cb. = 
1R 

=- e,cpf- i B,1= exp{-ft.<(IP,'IJf · 

(J.4) 

In a regular case when if(&.)= .f(x) makes sense as a 

rand011 Teriable ( bk - is the Dirac ~ - function located at 

the point x f M ) and M is the one-dillensional. space 

then we will say that a random p-process is g1Ten. AS an e:xample, 

we shall coDS1der the Wiener p-process on a real line defined 

as follows 

z (t) 6 1R 1 
J z (o) == 0 

and for 0-' -!1 ' • • • ~ ilk. we haTe 

{ -~ 
Q f[~(t,), . .. ,tf'(t.,.)} =[(21T.-'ti, (tz-t1) ·- • (t,..-:k,...,)] . (J.5) 

. ftco.,)··-,"-~)&c.r{-~[-f-+ (tea,)~ .. ·+ (o.,..-a,.,..,t"J2d"'o. 
I &.-t, :l..,.-.f.,.., J 

'"R.' 
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Hence, for s < t we will find from it 

~~~=A II:: :II 
and, using the general relation (3.3) 1 we inter for the 

correlation fUnction 

K(s/~)= Q{ tt(s). ~(i)J =A ~(s,i) 

and far the correlation fUnctional we will get after some 

simple calculations 

Oo .... 

k'(4'1 !J.) =A )ds Jt~t Cf(s.)'f(i) ~(s.,t) = 
0 0 

- t. - s 
=A \o!t tl'Ct)j~s Cf(s)s +A Jols Cf(s) )ctkt\-(t)i: = 

IJ 0 II 0 

-==A)[ ~(t)-~C-))[4(t)-~(-J]dt , 
0 

where we denoted 

" s 
<p(s.) = f '('(-ddt: , 

(3.6) 

(3.7) 

(3.a) 

(3.9) 

There are of course two classes of the Wiener p-prooesses 

depending on the sign of "( • Both are needed for the construc­

tion of the relativistic p.-processes which is use:rul in relatiTis-
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tic quantum field theory 11112 • His role :Is analogous to that 

pl~ed by the relevant Wiener process in Euclidean quantum 

field theory 13114 • 

±• Connection between the Gaussian genera1ized p=fields ~ 

~ suaatum field§. 

Let 

space r(M) 

{e ..... (,.)t~ be an orthogonal oase in the Hilbert 

of square integrable functions on M • Let 

be a generalized random scalar p-field then, according to the 

formula (3.1), we have 

Q{.f[ct>(e,)) ... ,q(e,.)]J = 

= [~'lT..\)~ det:B,.,.j~f-f (o.,) ... )a...) exp{- 1;. (13~ 1a.Ja.) J d"b.. 
1R"" 

and extending the matrix -:B,.,_ beyond the n.-th order we 

get 

(4.1) 

(4.2) 

= 
r~ (_o..) ... )0.,.) exp{- i>. t: (B"')jiL aja,. 1 n cia I< 
________ ___;J'"~' kc:t 

rex'fC..,\ f_ (:B')i ... aJ·tt..2 fida .. 
l .L/'0 Jtl<"l r J ltCI 

where the integration is carried out, in fact, on the Hilbert 
2 ~ t 

space R. since the presence of the regulariz.1ng term- EL-a ... 
-1 1,&.&--J 

whioh is hidden in 13 • We may consider the variables of 
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integration ClK as the Fourier ooefficients of some function 

~ (x) with respect to the base f e,., 1, ... 
o...l(..-= ('I,· e") =. q·ej( = )qCx)e"(x)a'x . (4.J) 

M 
Moreover, we may write for the matrix elements 

@')J~t = (ei, -B'eK) (4.4) 

_, 
where the operator -:B is defined by its aotion on the basic 

elements 
_, Ql. ( _,) 

-ael(.=~ 'B d·~~..eJ (4.5) 

Thus, using the completeness relation of the base we will have 

the formulae 
Ow _, 

~ ('B')i~~.a;a~e.=L'/,J"BCf,) 
,jtlt::r 1 ' 

fe.<r{- d>. j;:, (-B')J"-~·a"] ,.firJa.. == f ex'P{- .z'>- (q_,13q) 1 dtt 
i:(M) 

f { 1 00 ( "') -f(o.,) ... ,a....)ex\0 -..,._?: -s i~<.ttiaw."2nda"" = 
I 4;, ,jrlt=r • 11 .!.,.::1 

= f f[Cq,)e,)) ... ,c1)e,..)Jexr{-1~ (q;Bq)l o11 . 
L2.(M) 

12 

(4.6) 

(4.7) 

(4.8) 

I 

f 
I 

Therefore we obtain finally for the p-average 

J f('J.·e,_, ... ,'J;e,..)ex-p{-~ (q):Bq)~dq_ 
Q[t[cp(e,)> ... 

1
<f>(e,..)]J=- t.t(M) _, 

J exp{-d_>.(q 1"Bq)}dq 
L_2(M) 

=- ) -f ( 1· ~\> ... ) 'l· e,..) ~ ( ol1) , 
~(M) 

where 1-B (d'{) denotes the pseudomeasure 

-I 

(d ) = exp{-bC'tJ "B'q)Jdq, 
~ 't j exp{-~ (q.,"B't)~olq_ 

L_Z-(M) 

-1 . ..:c 2. ) 
It we put -i>. 'B = iK-E =- 2 0-I'III'L +21E 

,,.9) 

(4.10) 

(4.11) 

then according to the well known connection between the 

functional and operator formulation of the quantum field theor,y, 

we me,r write 

f .f( q;e1) ... ,1-e ... ) exp(t'f. KlJ)d~ (4.12) 

l1 (M) * 
J (. ) =(OITf(a.·e1)···,a.-e,.)lo> 

exp ~Cf.K't. d'J, 
[ M) 
where a..(x) is a free scalar neutral quantum field 

(o- fWL
2 )o..Cx) = o 

~(x).l 0..(~] =- i. 6(x-~j tm) 
(4.1J) 
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In this case we shall call the corresponding p-fi1ed ~(x) 
the free, neutral scalar random p-field. We have the following 

connection between various averages 

Q{t(q.e,) ... 
1
4'-e..)} = <oiT't(a-e,) ... , a.-e,.) I D)= 

j-H'L·e,, .. . 1't·e-..)ex-p( ~ ct}<tt)dq 
= LIL(M) 

) e:><p ( i:'f. Kq_) dq_ 
13-(M) 

(4.14) 

In particular, we may write for the generating functional 

of the 'L- functions 

"Jl J = <oiT*exp(t:a.-p)S[o..]!o) == Q{ exy:>(ttf·r)S[4>J} 
? (ol s[a..]lo) Q£ s[q.J 1 -

(4.15) 

J ~p{ ~~ K~ + c:Lv.Jfi] + lGJ.P J dq 

- )€?c.r1 ~qJ.<:q+LL,·..+[ttn dq, 

where the integration is carried out over the Hilbert space 

L7{M4) , M
4 

is the Minkowski space, The S...ma.trix is 

replaced in the second part of the above formula ~ a functional 

5[4>] = exp(L LJ4'1) , (4.16) 

*" i.e., the T -product operation sign is removed and the fie1·J. 

operator <l.. is replaced by the p -field ~ in the integration 

fUliCtional Lv....t[o.l 

14 

According to the well-known formulas forthe functionals 15 

we obtain for T[f] 

T[rJ: N~ ~p(iLi..+f-~frJ)&<pf~pKr )= 

= N"~exr(- i p~~)~rCtfrKf,. )ex-p(n •.•. k~rJ), 
-I 

- \( =6.c. 

with ~ determined by the condition 

"J"[o]=1 

As a simple example, we shall calculate the two-point 

function in the case of vam.shing interaction 

!ILT[p] * 
T(x,, X:t)= (:-t: )z. 6 p(x,, A"~:>flll)) = (o IT CL(x,) a.(x.~)lo) == 

~=0 

~ z . (. 
Q{ 4>(x,)4>Cx:t)1 = .SP(><,)5p(xz> exf{~ f.ap)Jf=o 

. ~p(x,-X;L) 
• c.t ) ~. r e d4 = -U:~; LKr-X2. = -(2'1f.f) __ , ·-• :r 'f' • 

(4.17) 

(4.18) 

(4.19) 

One sees from this that at the coinciding points this p-average 

does not make sense which indicates that 4>Cx) is a generalized 

random p-field for which a smearing w1 th some smooth fUnctions 

is :oeoess&%7 in order to IIS.ke the multiplications of random 

variables possible. 
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The generalization to the case of several indepelldent gene-

ralized random P-field lf
1 1 ... ) cp,.._ is str1ghtforward 

J1p
1

, ... ,p_]= (oiT*exp(i~a."':~)s lo) == Q{exp(iL,t·P.t-)5}_ 
(ol Slo) Q{S} -

(4.20) 

= N~ ~ exr{i ~,q)<~ + l Ljq,, ... 1 1,.._] + i ~ 'tt Pot} d91• .. d1..._:::: 

_, ( ~ 6 ) I . ~ _, ) 
=t.J.ex'f' tLJ"l~>· .. ,-iSfJ ex~\-~ £;-,~K~ = 

_, f · ~ _, ) ( · '1'\. ~ d ) 1 -' -' ) 
=N·exP\ 2~aKp.. exp ~t;:/a Kbg_" e.xp\tLJ":K~,..-,-\<f) . 

The notion of 1Diependence of the random variables is 

understood in the sense of the theory of probabilities 
16 

while 

the independence of quantum fields means , as usually, their 

commutativity on space-like distances. 

In the case of n-eTen we may introduce the complex fields 

as the combinations of the basic real ones. We shall demonstrate 

this oo nstruction on the simplest case of the two fields. 

Let ~- ~ = t, 2 stand for one of the fields 'P > 0-. A-. a . 
L \i. Ll'f'L l fL 

'fhen we i:ot roduoe the complex quantities as follows 

16 

~~tt-~+~~)) ~=~(~-() 

~=~(~+.:$:t)J 5*=~(~-L~2) 

r _j_c~ F ) $ i. {6 r J 
~= \12 E~ + ~ J 6$:t ='12:'~~ -,~ 

and the notation 

F[~1Jz]= F[if(t+rj,fi(~-f}J~ F[_~,f] 

F[-i~,-L6~J = F[~(~+sr)~~(4 -0~)J~ F(-i~J-t~~~J 
d~, d'i"z = c: d~ d~*. 

We w:!.ll get from the formula (4.20) at 1'L = 2 

J[f,pJ = (oiT*e.xp(ia.., +ttX-p)S[a.AtJ/o) _ 
<ol S[a.A+Jio> -

= Q{€-,<p(~q,.p+itf.p)S[~tf>j1 _ 
Q{S[~tPj] ~ 

= N1r ~p{ i.q Kf+iLJq,{J + i.q·p+t{ Pfdq,d( 

_, ( r r I) ( -''*) = N· €,('f l L~)-isrrisp]fexp -i. pK p = 

17 

(4.21) 

(4.22) 

(4. 2.3) 



• 4 1 -' *) ( f L) ! _, -' .. ) .::.N.e.xpclrKp exp i.df>KD~ exp\i.Lj;Kr.,-"'r] . 

A generalization to the case of several complex variables is 

strightforward. Thus we completed the considerations of fields 

with integer spins. For the sake of oompleteness we shal.l consider 

also a case of the Dirao spin 1/2 field. In order to fixe the 

notation we shal.l write formulae relevant for the free Dirao field. 

Hamely we have for tt(K) and IJ-(1<) operators the conditions 

(~trar -IYY\) tM--(x) =0 

,.,C,.J(i'f,..dr+IYYl):: o ) '1\'(.c)='r+Cx)( 

{tflC.c),'lj>(~)J= -LS(x-(J), 

where the ~- matrices satisfy the conditions 

t~"t+r~r"=2~r~ ) a .. =-~1(11.:: .-! .> 1£=1,2,3 

(rr )\:: ~r-r o"" . 

(4. 24) 

(4.25) 

The simplest pa:rtiaular realization of this algebra is given 

by the formulae 

,r ~(' -1 ) '(\~( I') -I ; -I 
- I (4.26) 

1 ( . -l) 
Q = -i. i. L ) y' ~ (_' 1 

1 -1 
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A generating fUnctional for the 'T- functions of the Dirac 

field is given by one of the equivalent expressions 

_ f ext>(l'fP!.J. +i Lu.J~~J +t~cf+iq; ,)dt~- d~ 
JttYJ~"?]: = J exp(icfDI} + i. LJ4-,q:J)d4 !iiV 

= N
1

• &r(iLiJ-i.r;}L.~J)~Pt-l·'Yis1) 

= r\(exptLi s1) ex~(-l~ n~)exr((LJ-s1J-lijs)) 

= (DFIT*ex'f(l'~'j +i.-5"41') S[ct,~j)OF) 
(Opl S[lll'/lfJIOF) 

( I OF)- the mathematical Fermi vacuum). 

The notation used here is 

D = c:-orar- -IWl 

S(x) = (Lo~"or-+ fVYI )t.(x) 

Sc:(x)=(Lo"or--t-IW1.)6c{x} 1 

19 

(4.27) 

(4.28) 

(4.29) 

(4.JO) 

(4.Jl) 

(4.J2) 



,1 ~ areantioommuting spinors , t~e derivatives over the• are 

both left and satisfy the conditions 

{$,,c~)J=6(x-d) , h~cx>;,-(~)j :8(x-0), 
(4.33) 

{$/Yf(l)f=O ) {r~(x) 1 '1(1)J-= o. 

The factor N is determined "IV" the noxomalization condition 

Jto,o] .:.1. ( 4 • .J4.) 

We introduce now the sp1Dor P-fields tf{_l<,l..o)) and -ip(x,w) 
as random variables over the llinkowski space, .XE M4 J WE _Q · 

They separatel7 anticoiDIIute, and lf~) and ~(~) become 

iDdepeDi ent random variables when X-'} is space-like. Using 

these fields one ma;r express the T("),"ii] generating functional 

in the form of P-&Terage over the pseudomeasure 

t;, (olo/J oil)= e.x\?(i if'D4) di}d~ 
~exp(~4=D4 )d4-d4 

Bamel;r, we haTe the fo:rmula 

J["']/~1] == QFfexp(t:1"4·+l~"'))S[~,i~J} 
Q",{ S[tl-,i}J J 

20 

(4.3') 

(4.36) 

from which the 'T- functions may be calculated. 

We shall close this :paper with a remark concerning the 

symmetry principles and their form in the stochastic framework. 

For instance, the relativistic irrvaria.nce of a theory means, e.g., 

that for scalar p-fields , the random variables 

4(LX1+a..))···J4'(Lx..,+o..) and cP(x,)J ... l4'(x""-) (4.J7) 

have the same p-distri but ions for all L E. rr:c1R) and all t:l E M4. 

It means that the variables 4(Lx +o..) and 4>Cx) are stochas­

tically equivalent. Similar, conclusions, with usual complications 

for multicomponent case, may be established for fields of higher 

spins. 

The author wishes to thank Prof.D.I.BJ.okhintsev for his kind 

hospitality during his sta3 at the Laboratory of Theoretical 

Phys 1o s of JINR in Dubna. 
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