


1. INTRODUCTION

The generalized coherent states (GCS) were introduced in
principle by J.Klauder ’V as an example of his overcomplete
fawily of states (0FS), which realize continuous representa-
tions of Hilbert space H and are convenient for the study of
the general relationship between classical and quantum mecha-
nics. In the second paper”/V an OFS was defined as

(e, =V, )|Dy> = exp(l, L )dp>, (1)
(sum over repeating indexes)

where NJ > is a fixed ("fiducial') vector in M and V(¢ ) is

a un1tary irreducible representation (UIR) in H of a Lie
Group G,f, being the canonical group parameters;and Lg,the ge~
nerators of the representation V(I ) (2=12,....7).In Ref.

it was noted that the states (1) form automatically an OFS

for UIR of compact groups but the example that has been tho-
roughly examined is connected with the representation opera-
tor ’

V(q.p) = exp(~igP +ipQ), [Q.P] =il (2)
of the Weil-Heisenberg group Gy and
19(a,0y> =V(@.p)|®,>. (3)

The same OFS was independently studied by Glauber 72/ in the
notations

la> =Da)|® > Dla}= exp(aat~ a*a) =V(p, @ , (4)

where to within a factor, the parameters g and p are the real
and imaginary parts of the complex number « and a,a* are the
knowm lowering and raising operators for the harmonic oscil~
lator. Glauber has called such states "coherent" (CS). The CS
(3) (further called usually CS or Gy¢CS) possess a number of
remarkable /ph gical and mathemat:.cal })ropertles and later ma-
ny authors’ ¥ {(see also Refs’ and references therein)
have introduced and studied more general CS, generalizing dif-
ferent properties of the usual CS but one of the best genera-
lizations is just the first one, proposed by Klauder by the
Eq. (1). The (over) completenesses of the set of vectors (1)



as was shown in Ref.”” holds for any UIR of a Lie group G.

In the same paper a factorization of the OFS (1) over the
stationary group KCQ of the fixed vector [®,>was also pro-
posed since the physical states are defined up to a constant
phase factor:

Vplkg> = e @M i@ >, heK G, )

'M)x > = Vs(x)‘l‘tbn'}, .‘ xcX=0/K, (6)
where 8 is a cross-section in the.group fibre bundle (G,X,.;;)“f/
i.e., s(®) is a representative of the coset x=gK, g<G, Such fac-
torized OFS have been called systems of GCS. We shall use in
this paper both terms.

The propertles and applications of C§ and GCS are w1de1y
discussed in the literature/Yt¥ 5o we would not list them
here. We shall only elucidate in Sec.2 the geometrical mean-
ing of GCS as images of cross-sections in the fibre bundle
(M,X,p) associated with the fibre bundle (G,X,#). The relation
with the X -measurements in sense of Holevo’ 18/ is pointed out
also.

In our paper we discuss two main aspects of the dynamics
of GCS — their exact time evolution and their stable evoluti-
on. {By stable evolution we mean that an initial GCS, when
evolved in time, remains a GCS of the same type at all times,
i.e., the set of GCS is invariant under time evolutlog)

The dynamics of the usual CS is completely examine 1,5,11,16-21/
Their exact evolution was explicitly found for quadratic sys-
tems”/ 5202V and in Ref./ 22 a method was proposed to const-
ruct usual CS for any system, The stable evolution of CS was
considered by several authors’ 18-19/  The most general form of
the Hamiltonian which preserves all CS stable was found at
first in Refs.”1®17 and later by other method in Refs,”18:19/

The main results of the present paper are the following.

In Sec.3 we give a method for comstructing GCS for any Lie
group and any quantum system by the realization of the repre-
sentation Vg, of O in the space H of solutions of the Schré-
dlnger equatlon For this purpose one may use invariant lower-—
1ng and raising })erators Alt), A (t)/a' 1/ and express Vg

in terms of them’/2¥2®%, This method permits one also to con-—
clude that the dynamical symmetry group of quantum system may
be any group G, which has UIR in the Hilbert space H. Using

the sufficient conditions (21}, (22) we prove that the N-di-
mensional oscillator preserves stable the GCS for any Lie
group G, which representations are generated by the operators
a a , at aJ s aia:' (1,j..1 2,..N)Some applications of developed
methcd are con31dered in the subsequent paper (see Ref, ).
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2. GCS AND QUANTUM MEASUREMENTS

In this section we briefly consider the factorization’/V
of the OFS (1) and elucidate .the geometrical meaning of GCS
defined by Eq. (6) as well as the relation of the systems
GCS with quantum measurement theory 15,27/,

Let K be the stationary subgroup of the vector 9 >s ﬁL‘rd)d):
= ela(dy1d, > , heK CG. Then it is clear that two vectors |® >
and |®g > differ from each other by a phase factor iff g2=31€3
i.e., 1ff g, and g, belong to the same coset gK, The state
is determined by the point x&X=0/K.One can construct an
OFS according to (1) choosing a representative 8(x) from eve-
ry coset gK. The so-obtained OFS factorized in this mannper
was called a system GCS'/?/, The function &x) is evidently
a cross-section in the group fibre bundle (G,X,n), = being
the canonical projection. For a given &X) every element gcQ
can be written as a product g=s8(xp)hy ,where x_ denotes the
coset to which g belongs. Thus

AP L L o
1o, > =2 ‘[tbxg > )
The operators of the representation V; act on |[®,> transi-
tively to within a phase factor:
‘Vs'ld)xb =V8V.B(x)'l‘d>0'> = exp(if(g, X)) [¥ - >, g (8)

where x* is determined from the equation gs(z) =s(x (g, x) Intro-
ducing the mappings 8:GxK -+ G, 5(gh) =5y (8) =gh and ¢:§xK-§,
alig>, Wy =q (¥>) = elath) ('€ being the set of unit
vectors in M ), where a(t) 1is defined by Eq. {4), one can
consider G and § as K-manifolds. The following diagram

axk -2. G
P xid 1 [ @ (€))
8§xk 2.6 @:g P>

is commutative and consequently the map ¢:G>% is a morphism
in the category of K-manifolds’ !4 The set of such morphisms
Homg (G, ) is in one-to-one correspondence with the set

of cross—-sections @ in the associated fibre bundle (M,X,p), where
M=(G x®/K and p:M> X is the canonical projection: poy =
= go pr ./ Y(Here y:0xGoM satisfy the following condition
A&, [ >) = y(gh, on{lY>)), hexK) The correspondence ® +& is pro-
vided by the commtative diagram:

g -14x®, gx8 (10)
[ 4
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From this diagram it is easy to obtain
@ =y@Id >, scrim. | (1)

Defining y(g,|¢>) = exp(a(h,))|y> we may identify the system GCS
'{(Dg-> with the image of the cross-section @.

The most important property of the system GCS is- their
overcompleteness, expressed by the equation: ’

[u(@xy|®, ><d | =1, : (12)
where u(dx) is an invariant measure on X. Eq. (12) implies

that the family of operators
“M(A) ‘:Bf p(@m) @ _><d | AcR(X)

(A be’i'n'g a Borel set in X, B(X) -~ ¢ - algebra of Borel sets)
form 2 generalized resolution of identity (or positive opera-
tor-valued measure on X ) 1% According to a theorem due to Da-
vies and Lewis/®% there exists at least one measurement <, de—
termined by the formula ' :

&€, (o) = trpM(A) : (13)

(recall that the measurement § on X is a linear continuous map
€:8(X) > At T(H) , J(H) being the space of trace class opera-—
tors in H, such that tréy (o) =trp _ and the positive cone J(H)*
is invariant under &A » AcHX)) " Basing on Eq. (13) the re-
solution of identity M(A) itself can be referred to as X -
measurement’ 1%/ (Let us note that Holevo definition differs-
from the one given above). Moreover it is clear from the
construction that this measurement is covariant with respect
to the UIRV,, i.e., the following condition is fulfilled’ %/

VEMAWY, =Me~A), A€ B(X). (14)

If the state of a quantum system is described by the density
operator p, then the probability distribution of the results
of the measurement M(A) is given by Eq. (13). The covariance
property (14) permits one to establish a relation between the
physical characteristics of the system and the resolutions of
identity in Hilbert &pace H. C
3. EVOLUTION OF GCS

The dynamics of qhantum systems is described by the evolu-
tion operator 8, '

t
S, =Texp(~ [ H(DAL),

‘where H(t) is®the Hamiltomian of the system. The evolution of
an OFS (1) is given by the relation 'ITI)S; ‘t>=St]{'®g'>i. The direct
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action by 8, on the vectors [®,>may turn to be difficult even
impossible especially in the case of nonstationary Hamilto-
nians. It is proved to be more effective the method of integ-
rals of motion, developed in Refs.)/®1V. If A is an integral
of motion then it commtes with the Schridinger operator Dg=
=id,- H, (lA,Dg] =0) and thereby one can get new solutions act-
ing by'A on a fixed solution {dg; . .t3, Thus if the operators of
the representation V(£, )=V (1) are realized as integrals of
motion, then by means of tﬁem one can obtain OFS (1) as solu-
tions of the equation of motion according to the formulae

1®, 0> = V (510, (69> = ex (L, L, )y (1> = 5

-1 - ‘ .
=8, Vs 8, .rtbo ®> =38, I‘Ilg > = i‘tbs,to,.
Here the generators L (9 =S‘L“ST" are formal solutions of
equation [A,Dg}=0and consequently are integrals of motion.

Because of the completeness of system of vectors (15) eve-
ry solution of the Schrddinger equation may be realized in
the carrier space H of UIR Vg(t). The group with such a proper-
ty is called dynamical symmetry group of the quantum system.
For nonstationary systems the dynamical symmetry was studied
in refs//1L2%/ Thys if the vectors @ >=V [§, > form on OFS in
Hilbert space M then the related group G g111.::137 serve as a group
of dynamical symmetry for any quantum system. This assertion
is in agreement with the results of Refs:/ 1129/ yhere it was
shown that for N -dimensional system the noncompact group UN,1)
can describe dynamical symmetry. Now we get from Eq. (15) that
dynamical symmetry can be described by any Lie group G, which
has UIR in H.

In practical calculations the more efficient way is to
solve equation [:A,DS]—_-O, looking for solutions ‘A(t) of some
special form, say linear in generators L,.Since L, may be
expressed in terms of the lowering and raising boson operators
a,a*, it is convenient to construct first the invariant opera-
tors

A=8 as7! A'-8,atsy? (16)

and then to use them for construction of generators L (f). We
follow this way in the subsequent paper /26/in constructing of
exact time evolution of OFS for some groups and quantum 8ys-
tems. Here we would like to say that integrals of the form
{16) are constructed explicitly for any quadratic Hamiltoni-
at/ 20:2and for some nonquadratic ones/ 1V, '



Let us turn to the question of stable evolution of OFS. The
Klauder condition 8,Cc€, @ being the manifold of GCS,may
be written more explicitly in the form:

S V(2L )1®y> =8, [0(E, 1> =]0(2, M)>=V(L, ®)IE,>, (17

i.e., the whole time-dependence of the vectors from OFS is
contained in the group parametétrs f, (). It is apparent that
Eq.(17) holds for any fixed vector |®y> iff S, is an opera-
tor of the same representation: St=ng . Moreover I.A.Malkin
has proved the following

Theorem /254, Arbitrary system of GCS (1) remains stable
under time evolution iff the Hamiltonian of the quantum 8ys-—
tem has the form

H=f, WL, , (18)

where f,(f) are arbitrary functions.

On the face of it this theorem contradicts to the well known
fact/ 1% that the most general form of the Hamiltonian which
preserved stable the system of usual CS is

H=ot)a*a +F)a* + Ft)a + B(t) ' (19)

which is nonlinear on a,a*, Let us note however that the ope-
rators 2 "2, a, a*, I form a projective representation of
Lie algebra of the two~dimensional Euclidean group E(2).=T2950(2).
Then using the relation

exp(Aa*a + ya+va™t) = exp(ua ) exp(zata)exp(va) exp(w),
where 2z, wuw v, w depend on the canonical parameters A, g, v,
one can see that GCS for this representation of E(2) and|[¥p =
=10>, coinsides with the usual CS. The Hamiltonian. (18), pre-
dicted by Malkin theorem for E(2), has just the form (19).

Let us now consider the special case when the fiducial vec-
tor [®y> is stable under the action of the evolution operator:

8 1®g> =¥y, (20)
Then for the stability of OFS Vg, [®9>) the evolution opera-
tor §; ought not to be operator from the representation V..

8y can be an (external) automorphism of the group of repre-
sentation operators:

S
S, V87 =V, g=(2,) (21)

. The OFS (Vg.|®0>) for which conditions (20), (21) are satisfied
may be called superstable relatively 8, (or corresponding Ha-
miltonian). Another explanation of the above-mentioned seeming
contradiction can be given if one observes that the system of
usual €S is superstable relatively to the Hamiltonian (19).
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A superstable OFS may be realized also when the generators
of the representation are homogeneous functions of a,at and
8, is the evolution operator corresponding to harmonic os-—
cillator. Then

exp(f, L (1) =em(t, ®OL,) ; (22)

which can be easily proved using the formula' /307,

exp(sata)F(a,a’) exp(~sata) =F(ae™%, a"e®). (23)

Obviously this result can be easily extended to the case of
N -dimensional oscillator. If X (i=1,2,...p+d are generators
of the -Xé%@af. (p+q)-representation of Lie group U{p,q), then
the following Hermitean operators

p+1 _'ap +q )
are homogeneous generators of U(p, Q). Thus we derive that N-
dimensional oscillator preserves stable GCS (Vg [ @) for any
Lie group G,V; being generated by the correspondlng subset
of operators (24) and:f®,> any statlonary state.

The stable evolutlon of the OFS is correctly determined
by the functions Za(t} / which are solutions of Euler equations
for the functional

If) = [dt(i<f|d/dt|f> - <f|H[f>) . (25)

whose domain is restricted on the OFS-manifold, i.e.,|f>= [(IJ >,
g= (Ea(t)/) Mln:l.mlzlng functional (25) onre gets the following equa-
tions

_3 _ + + T
2 S R L S MR T (24)
é =(a+,....a*‘ -a
P

@,Ry-0pRE, = 3,1, 9, =d/3L,

HaH(g, ) =< H|T, >, g=(0,), a=12,..1 26)

R = (1-exp(- £,C0LC) 1 v vkvy),
v, =i<@ L, 1% > €, g =c:b ’

where ch are structural constants of the group Q. The classi-
cal action functional assumes the form:
1= fa®t, ~Hn. - - @n
If the matrix 0 aa ), Ry abR is symplectic, i.e., the 2-form

Q.= 9 p ¥ dly 1s nondegenerate,‘ closed (d2 ,=0) and exact
(g dQ 1) %then the classical system described by Eqs.(26) was
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studied by R.M.Santil1i”*" and called by him Birkhoffian sys-
tem, H being the Birkhoffian of the system. It is not diffi-
cult to see that the matrix ,;, is symplectic iff it is
nondegenerate. The group manifold in this case has symplectic
structure and may be regarded as a classical phase space. In~
volving the matrix @2P, inverse to the matrix ., one can
write Eqs. (26) in the form

f =(2,, M), a=12,..r,
where the brackets (,) are defined by

N
(AB) = 0*°3 A4, B

and apparently are generalized of usual Poisson brackets:/ 8182/

In the case when (,, is singular (e.g., for groups with
odd dimensions/V) the equations of motion (26) do not deter-
mine the solution Ea(t) uniquely. Then the dynamics of stable
OFS can be effectively described by classical equations of mo-
tion in the quotient space X =0G/K, (K being the stability
subgroup of [®;> ) which can be treated as phase space. The
symplectic structure on X was constructed by E.Onofri /3%,

© = 1(9°1/az, 9z% )dz Adz}, (28)
where Z; are (complex) local coordinates on X and f=f(z, z*) =
=In{<®y |Vg|g>["® is the so-called Kihler potential. Then on
X there exists the Poisson bracket

(4.8 =g" (3,401 B -9ra3B)
(29)

4 A=dAjon, d*A =aA/ozt,

where €Y is the matrix inverse to the matrix j[;|i62f/62.az’!'iﬂ‘,.
Gonsequently the equation of motion for z;=z,(t) has the Form
z; =(2;, H) =g'9¢ X, X being the classical Hamiltonian.

Finally we s{‘nall consider the time evolution of the pro-
bability distribution w,(A)=trpM(A) when the density opera-
torp evolve in time: p(t) =8 pS L Suppose that the system GCS,
determining the resolution of identity M(A) (Sec.2) is stable
under evolution operator S,.Then § =V (y and making use of
covariance property (14) one immediateiy derives

Woey (8) = (o () MA)) = treM(e™! (D A) = w,y (g™ 1) A),

i.e., the probability distribution is only translated by means |
of the group transformation g'l(t),providing some moticn on |
phase space X. Thus the quantum evolution is represented in this
case as a classical motion on the manifold X, -
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