


1. Introduction

Construction of infinite-dimensional irreducible highest-
weight repreeentations (KWR e} of complex semisimple Iie algeb-
reg represents a problem interesting both mathemsticelly snd phy-
sically [1,2} . There exists, of course, the claseification theo-
rem [3] ,but the known infinite-dimensional AWR s act on certein
fector spaces, and therefore &re not very suitable for pracitical
celculations (cf. [1-4] for & wore complete discussion and biblio-
graphy ).

The purpose of this note ie to illustrate the method in
which the representations are obtained from canonical {boson) or
matrix canonical realizations of a given algebra, in particular
those described in Ref,5 . Using purely canonleal realizations
{61, we have conetructed in Ref,2 the so-called maximal repre-
sentations of sl{n+!1,€) , further we have found the sufficient
conditions under which they are 1rredqcib1e HWR's . In thie way,
complete description of irreducible HWE s is obtained for n=1 .
Starting from g1(3,{) A/‘z , 8 gAp opend hetween irreducible
finitedimensional and irreducible maximal reprecentations. As
for s81(3,0) , we have filled 1t pertially in Ref.7 constructing
two classes of the so-called miyed repreesentationa.

In the present peper, we resuse briefly the results of Refs.
2,7 wend cometruct one more class of mixed representations. They
are irreducible HWR'es of 81(3,§) corresponding to the remaining
weights (the set J[1{12) - see below) ; it means that our method
¥ields irreducible B¥R's of 81(3,8) for sll weights with excep-
tion of those to which irreducible Finite-dimensionsl HWR s cor-
reepond. Purthermere, explicit form of these repreesentations me-
kes calculation of matrix elemente of their generstors straight-



forward. Pinally, let us remark that in view of many common fea-~
turee of the mentioned canonical realizations [5] ome can hope
to perform analogous conatructions for An » 123, as well as
for other complex sexisimple Lie algebrae and their real forms.

2 eliminarjes

The standard g1(3,). generators °13 » 243=1,2,3, obey

[eij’eklj = kaeil'gilekj . (1) |

Separating the center, we get the simpile subalgebra s1(3,0) with
dimension 8 and rank 2 . We shall use the following Cartan-
Weyl basis

t = %2y

e, = e e (2)
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f1=812 N f2-623 ’ f3=°l3 .

A representation @ : 81(3,€) > [(V) is called representation

with the highest welght A = “‘1"‘2) 1f there exists Xae V

such that
) @ydxy = Ayxy , 1=1,2 ,
{i1) go(ei)xo o , i=t,2 ,

(111) X5 1is eyelie for al :P(Usl(},c))xo=? » where UL is
the universal enveloping slgebra of 1 ,

[}

"To each A , there ie, up to equivalence, one and only one irredn—

cible representation of 81(3,€) with the highest weight A [3],

In particular, an irreducible HWR ie finite-dimensional iff both

the A, A, belong to n0={0,1,2,...}. i
We divide the set of ell weights A = (/\1,/\2) into five mu. !

tually disjoint subsets :

£ =00, VDU RV ROD UL, (3)

where -



Rﬁnzﬂn,znz):{l\:Aieuo,1=1,2} ,
.Q(a):{/\:/\@no,/\z#lio} ,
au2) = {A: Ad Wy, AyeBy § (4)
a2y = fAAd Ry, 10,2, 1+/\1+;‘\2€N°} .
gmx=.ﬂ(m={l\::\iéno,1=1.2.1+!\1+/\2¢n0} .

As noticed above, the irreducible HWR s corresponding to Ae;ﬂtin

are finite-dimensional; they are well-known (cf.,e.g.,[é],
sec.10.1).

3. The sets (] .. , {1(1) and f(2)

The canonical realizations of L = 8l{3,C} are homomorphisms
of I into the Weyl algebra 'ZN , which is the associative al~
gebra with unity 1 genereted by q .pj y 1,320,048
obeying

[pyopy) = fagoay] =0 4 [pyeayl = Jij‘l ’ (5)

or to the matrix Weyl algebra 'ZN,H s Which 18 the tensor product
of 'ZK with the aseociative algebra of Kx N matrices. The rea-
lizations used below etem from the formulae (6] :

T(hy) = =qPy + 4Py * Hy

T(hy) = -a;By - 2250, = 3 Hy + %1

T(eZ‘) =gy, + My, 1(832) = -Py » T(931) = =Py
Tley,) = qqPp + Wiy (6)
Tleys) = qpla Py + 4Py + 3 Hy — )+ My

T(e‘j)

L]

9Py + a5Pp -

nl= ol

By —ad+ aly, o

where H1 = 2l22 ’ l12 ,l21 are generstors of a realization of
8l(2,C) commuting with 942P1195+P5 and o 1is a complex para-



meter. Then we have either the purely cancnical realizations
A
‘Tnax P L ¥, given by (6) with « = /\2 + -% A, and

HI = -2q3p3 + ATI ’

X, = “P3 N

M2 = 93(45P5 - Ap)
or the matrix canonical realizatfoms T.":lx P L 14 ox+1 * ¥ =0,
L

'%- i ;'g »++s o with (7) replaced by (2k+1)-dimensional irreducib-
le matrix representations of 81(2,€) and A = (AysAy) =
= {2k, & =% .

Purther we introduce the vector spaces V and Uk y k=0,
—é,l ,‘23- y «+s 4, Bpanned by

l: nI y @,N,BE Ho s and

(8)

un“ » BNEN, , 8 =-k,~k+l,.,.,k ,

respectively, and the annihilation and creation operators n1 »
Ei y 121,2,3 , bj . 'Ej s 3=1,2, on them :

R R o B L AT YR

a, .32 and 33 ,33 act analogously on the upper right and the
lower indices of : n + Tespectively, and similarly for b;} .
'53 and the corresponding indices of H]; n
In order to get representations from the canonical realizae
tions, one haes to represent elements of the used Weyl algebra,
Let us denote s T the representation '6 - [{7) generated by

+

@ag) =8, , Mpy) =8, 1=1,2,3 (10) i
and ng ¥y the representation "4,2}:”"’[‘“1;) in which

velay) =By, Ve(Py) = by, ge=1,2 (1)

and a matrix A is represented by the operator ;Jk(A) the



matrix representation of which on esch subspace spanned by "2 n”,
m,n fizxed, E=-k,~k+1,...,k , iz given Jjust by A . In perticu~
lar, we may write

vy |3 Bl = e [1\2-111“ ,

H

it

LN R R

The last mapping we need here is the automorphism ? of al(3,C)
generated by

v, ]2 0 = e-s) {5, (12)

fhy) = B, o plh) = hy
F(em) L PP F(e32) =85 F(eﬁ) = -eyz (13)
pleyp) = ep3 0 flegy) = e v Plogs) = =6y

The following assertions were proved in Refs 2,7 @

Proposition 1 : (a) Py =Ro Th. given by (6),(7) and (10) s

the irreducible representation of 81(3,f} with the hlghest
. - |100
weight A iff Aed i in this c!:B? xg = ]0 l .
- 1) _ A
(b)Y If A e (1) with Ay=2k , then M,'" = Ve ® Toix given by
{63¥,(11) and (12} 4is the irreducible representation of

81(3,0) with the highest weight A =and the highest-welght
vector xo = 20” .

—

(c) Let Ae.il(2) with A,= 2k and denote A" = (AysAy) then

(”XZ) =(“€1)° P o= chlriixo P 1is the irreducidle represen-
tation of 81(3,0) with the highest weight A and the hig-
hest-weight vector Xy = ]g 0, .

4, The get [2(12)

In order to get the HWR & corresponding to Ae.0{12) , we
change first the representation of the canonical palrs. We iIntro-

duce &, @ 1'4'25{”4.[('01[) by



Gk(ql) = bT » 6k(P1) = "b1 ’
(14}
Olap) = B, L 6 = b, ;

the "matrix rart* of Gi coineides with that of ok y 1.oe.,

ﬁi(A) = vk(a) « Parther we denote by X the following auntomor.
phise of 81(3,¢) :

ARy) < <By-hy Ay = h,
f(QZI) = 913 » %(332J = 932 » ?((931) = '3‘2 » (15)

Meorg) = o3 0 Jlogs) = 05 4 gery) = s, .

If Aef12) , then A" = (T+A + A=A -2)e (1) g0 that
fﬁax exists. For 1 +AT :Az = 2k¢ Ho » We can define the repre-
sentation ‘agfz) = Gi° tﬁixo X of 8l(3,€) the explicit form
of which follows from (6),(12),(14) ana (15) :

#&’2)(h‘) = -2B,b, + Szbz - % Hf - %(Aa-ﬂl+l)1 ,
APy Byby - 2B,p, - 1 B . %Mz“ A -DT
&‘2)(921} = (=Byby 4 T, - ] By - %“‘2 “Ay e, 4 hz’"ﬁ ’
' ey = b,
&5‘12)“31) SR (16)
dé:?)(eiz) = 3, s
‘4(;2)(&23) = By-B,by + B0, 4 3 HE - 3hy =Ry~ 1)) 4 bk,
5\12)“13) = BB, - "12‘1 '

k
;here Hy = Gk(H1) ’ ij = Gk(uij) . The followinglassertion
oldse :

Trovosition 2 : Let Ae(12) , then «{'® given by (16) 1a
the irreducible representation of 8l(3,€) with ths highest

weight A and the highest-weight vector % =15%°.



Proof @ Let us denote (auz)(e and H, #&12)01 Y.

is easy to check that xo obeys the conditiona {i) end (i1). Let

further Z be & non-trivial invarisnt subspace of ('c,\’ 2) , then

there existe at least one non-zero vector ¥y = Z_ amsug nﬂ
mns

which belongs to Z . We sbbreviate

n

=max[n:ams¥0} ’
§=max{a:am—m%0} v
1 = mex {lll : a = # 0 } .
Since (E?_‘)m(Em)a*k(E}z)ny =cazzz (A -m+1) (A, ~m+2)...
< (A -I)Alxo with & non-zero c¢ and a--- , we see that the

assunption A1¢NO implies X, Z . Applying further

n n mn
(312) (E23) to x, and using Az#‘ N, we obtain u-k "e 2
for all m,neNo « Finally, the relation

AL BN Fatkiatt Y [

shows that each hm n| belongs to Z . Thus 2 = U, and (uf,\m)
is irreducible ; &t the same time we have verified the condition
(iii) of the definition. [ |

5. Concluding remarks

If AcX1) , then the mixed representations are obtained
directly from the matrix canonical realizations of 81(3,€) .

For A €.dl(2) , we have used the fect that if 4 is a representa-
tion and )oe Aut 81(3,%) , then Mop ‘is again a representation,
in general non-equivalent to & . We believe that in the same way
ona can obiain mixed representations of 8l(n+1,C) , for which

up to now the maximal representations were consiructed only.

In the case of A€ (12} , we have used ancther automorphism
of 81(3,C) in combination with an alternative representation
of the canonical pairs ; the latter is itself composition of Yic
with an automorphism of 'l'4 Ske] Some generalizatioms to
higher n seem to be posaible too, but the problem is much less

tranaparent here.



Let us finelly notice that our method yielde irreducibdle
HWR's of 81(3,t} for Ae N01), q(2) and {2012) , while the
standard HWR's {elementary representatlions or Verms modules -
ef. [1]) are reducible for these weights.
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